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Ground-borne vibration in buildings is a recurrent design concern for new developments in the vicinity
of surface or underground railways, a common question being whether or not a building necessitates
some form of vibration mitigation. This question is commonly tackled by comprehensive numerical
modelling of the source of vibration (train excitation), the propagation path (the ground) and the
receiver (the building), allowing interaction between the different parts of the complex system with
the main focus on the vibration and re-radiated noise levels in the building. Although numerical
modelling may be necessary for absolute predictions, it is computationally expensive and not suitable
for design purposes. In such a context, different configurations of the foundation and the building
may be investigated in order to minimise vibration levels.
A widespread measure of mitigation is base-isolation: the building is mounted on an isolation
system composed of either rubber bearings or steel springs. The goal is to de-couple the building
from the soil-foundation system in order to reduce the levels of vibration and re-radiated noise in
its interior. Despite innovations in the bearings themselves, it is not yet clear how best to evaluate
the isolation performance, which relates to the level of attenuation provided. In this dissertation, the
Power Flow Insertion Gain (PFIG) is adopted as the main metric for the isolation performance. In the
context of design, it is desirable to consider simplified methods and models that are able to capture
the underlying physics of the problem and to provide an estimation of the isolation performance in
terms of the PFIG.
A new design analysis framework is presented that can be adopted for this purpose with reference
to a staged approach, which relates inherently to the topic of dynamic soil-structure-interaction (SSI).
The design analysis framework considers the free-field vibration represented by incident plane wave-
fields, in the form of P-, SV- or Rayleigh waves. A series of simplified methods and/or models are
then adopted to account for the added-foundation effect (AFE) and the added-building effect (ABE)
associated with the construction of the foundation and the building respectively. The design analysis
framework introduced here is conceptually general, but it is contextualised to the case of portal-frame
buildings and surface foundations.
The different assumptions related to the design approach are systematically tested against a
rigorous approach that involves the modelling of the building and the soil-foundation system by means
of the Dynamic Stiffness Method (DSM) and the Boundary Element Method (BEM) respectively.
The frequency-dependent value of the PFIG obtained by the design and the rigorous frameworks,
for different incident wave-fields, is in good agreement. The design framework can be then used
to inform the design of a base-isolated building, based on the attainable isolation performance, at
a limited computational cost. For the specific case of a purely vertical input motion at the base of
the building (i.e. normally incident P-wave), the design framework leads to an approximate closed-
form expression for the PFIG. The latter has conceptual significance and, together with the design
framework presented in this dissertation, may form the basis for future guidelines on the design of
base-isolated buildings against ground-borne vibration.
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slab foundation to the layered ground. . . . . . . . . . . . . . . . . . . . . . . . . . 135
4.20 Resulting transfer functions related to the magnitude of the horizontal (left) and
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û(F)f /û
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1.1 Motivation for the research
Ground-borne noise and vibration in buildings has become an important matter of concern in crowded
cities, due to the pressure to build ever closer to urban railways. Road and railway lines are located
either at the surface or underground and, although not being an exclusive source, the induced vibration
is referred to as ground-borne vibration. This leads to important serviceability considerations in the
built environment, which may involve both vibration and re-radiated noise within existing buildings
and/or future developments still being designed. Moreover, evidence suggests that the urban population
is expected to grow in the next decades [5] with a simultaneous expansion of the railway infrastructure.
An example of this is the city of London: a population growth of about 8.8 % is expected to follow
in 10 years time [6]. To accommodate this increase, railway expansion projects are taking place to
connect peripheral areas of the city as well as increasing railway links in the city centre. Examples of
this are the Crossrail project [7], which is intended to deliver the new Elizabeth line running across
London from east to west, and the more recent Crossrail 2 project [8] connecting the far north-east
part of the city to the south-west.
Existing buildings are subject to these new railway routes, which make urban areas, once deemed
quiet, potentially vulnerable to vibration and re-radiated noise. The Elizabeth line [9] is now close to
completion and expected to open on March 2021 [7]. The line includes both surface and underground
railways. Apart from having implications on the built environment during its construction (e.g. ground
movements and possible building damage from tunneling operations [10, 11]), the opening of a
new railway route changes the vibration levels in the surrounding. This is the result of a rather
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complex interaction involving the source (including a possible dynamic interaction between railway
tunnels [12]), the built environment and all of what lies in between in the ground. There is evidence
to suggest that this last part may involve complex subterrenean structures, since a mapping of seven
boroughs in London has counted over 4500 new residential basements [13], comprising gyms, pools,
cinemas and wine cellars [14] of different sizes, which have been granted planning consent since 2008.
The presence of such man-made underground structures, paired with the inherently complex nature
of the ground, makes the task of vibration and noise predictions an arduous job for the practising
engineer.
A different scenario may be encountered in practice for the development of new buildings. In
major cities, the limited availability of quiet sites often leaves no alternative but to develop in the
vicinity of an existing surface and/or underground railway. An example is the redevelopment of the
Shell Centre at South Bank in London [15]. The 9-storey wings of the iconic Shell Centre have been
demolished to make room for 7 new and tall residential and office buildings. A genuine question
then arises on whether or not ground-borne noise and vibration will affect negatively the life standards
of the occupants of the new buildings, the latter being generally different from the pre-existing ones.
This is part of ground-borne noise and vibration assessments that may involve scoping, empirical
methods [16] and/or predictions based on numerical modelling [17]. The goal is to ascertain whether
or not vibration and re-radiated noise levels within the building are below accepted thresholds provided
by existing standards [3, 18] and/or studies on human well-being [19, 20]. Occasionally, the concern
is the disturbance of sensitive equipment in specialist manufacturing or research facilities [21].
A recent study of a collection of 56 commercial vibration assessments [22] from 9 different
countries, reports that ground-borne noise and vibration predictions are above the allowable limits in
the 31 % and 44 % of the investigated cases respectively. The limits dictated by existing standards,
paired with the increasing public awareness [23] and the future growth of the urban population, make
the use of vibration abatement measures inevitable for controlling vibration and re-radiated noise
in buildings that are prone to unacceptable levels. Different mitigating measures are available for
reducing vibration and re-radiated noise levels and they will be discussed in Chapter 2.
A common mitigating measure is base-isolation: the building is mounted on an isolation system
composed of either rubber bearings or steel springs. Base isolation of buildings has been used since
the 1960s [24] and still represents a valid mitigation technique. It relies on the decoupling of the
building from its foundation [25] for reducing the levels of transmitted vibration and re-radiated
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noise within the building. Different types of building have been mounted on springs in the past,
including offices and apartments [17, 26, 27], and specialist buildings such as concert halls [28, 29],
cinemas [30], broadcasting studios [31] and hospitals [32]. Despite being a commonly adopted
strategy, there is still a lack of guidelines covering the design of base-isolated buildings.
The practising engineer is required to evaluate the benefit of inserting isolation, once the latter is
deemed necessary. At the moment, this is often addressed by consideration of a mass-on-a-spring
model, in which the building is represented by a rigid mass on the spring representing the isolation.
There is enough evidence to suggest that this overestimates the isolation performance [33, 34].
Moreover, no account is given to the soil-structure interaction, hence completely disregarding the
presence of the ground underneath the building.
The current research presented in this dissertation has the aim of developing practical guidelines
for the evaluation of the isolation performance in ground-borne vibration. This is undertaken by
a first-principles approach and by breaking down the complex soil-foundation-building interaction
by assuming incident wave-fields as representative of ground-borne vibration, thus without mod-
elling the source explicitly and neglecting any source-receiver interaction. The aim is to provide
a rigorous but efficient methodology for the practising engineer, based on a staged approach that
considers the dynamic soil-foundation-building interaction. This research project has been proposed
by Dr. J.P. Talbot and the industrial partner WSP Ltd with the intent of forming such guidelines for
the design of base-isolated buildings against ground-borne vibration. It has been inspired by the
aforementioned Shell redevelopment project to be constructed just above the Northern and Bakerloo
lines at South Bank in London.
1.2 Objectives of the research
The primary aim of this research is to provide the basis for a design analysis framework of base-isolated
buildings against ground-borne vibration. This is to be achieved by developing simplified methods and
models for addressing the dynamic soil-foundation-building interaction in the context of ground-borne
vibration. For this purpose, a staged-approach is considered in order to have control on each part
of the dynamic soil-foundation-building interaction. Different objectives for the research can be
identified as follows:
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• to summarise the basics of the underlying physics and to break down the dynamic soil-
foundation-building interaction into two parts that define a staged approach: the soil-foundation
interaction and the soil-foundation-building interaction;
• to introduce a reference problem that may be approached by both a rigorous and a design analysis
framework; the two analysis frameworks are related by means of simplifying assumptions that
are tested by comparison;
• to introduce and to test a simplified method and model for considering the soil-foundation
interaction of a concrete slab foundation;
• to introduce a simplified foundation-building model for addressing the soil-foundation-building
interaction;
• to compare the results of the isolation performance obtained by the design and the rigorous
analysis frameworks in order to validate the former;
• to seek experimental evidence of the soil-foundation and the soil-foundation-building interaction
by means of a measurement campaign undertaken during the construction of the Shell rede-
velopment project.
Both the design and the rigorous analysis frameworks refer to numerical modelling undertaken with
programs written specifically for this dissertation using the technical computing software Matlab [35].
Moreover, rigorous models of the soil-foundation system have been implemented by means of the
Matlab toolboxes EDT [36, 37] and BEMFUN [38], kindly provided by Prof. Degrande and colleagues
in Katholieke Universiteit Leuven.
1.3 Outline of the dissertation
This dissertation is divided into five different parts, which are tightly connected.
An overview of the previous work related to ground-borne vibration and relevant to this dissertation
is presented in Chapter 2. The general problem is introduced with a discussion on the source of
vibration, and on the response and modelling of the ground, the foundation and the building. A
summary of the commonly adopted measures at the source, at the receiver and in between the two is
presented with the main focus on base-isolation. A review on the available metrics for the evaluation
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of the effectiveness of mitigating measures is presented. The chapter concludes with a summary of
the current practice as to decide whether to base-isolate a building.
Chapter 3 presents a single-point coupling model aimed at investigating the salient aspects of
base-isolation. A simplified foundation-building model is then presented with reference to surface
foundations and portal-frame buildings. This model is used to evaluate the isolation performance in a
simplified manner starting from an input motion. The chapter concludes with design considerations
relevant to base-isolated buildings.
Chapter 4 focuses on the investigation of the soil-foundation interaction of a concrete slab
foundation with consideration of incident wave-fields. The consideration of rigid regions at the
free-surface of the slab is then discussed in Chapter 5 with the review of Iguchi’s method as a
simplified method to obtain the response of such regions, which is the input motion for the subsequent
soil-foundation-building interaction.
Chapter 6 presents the suggested design analysis framework, assembling together the simplified
methods and models investigated in Chapter 3, 4 and 5. A rigorous analysis framework is then adopted
for comparison and validation of the design framework.
Finally, Chapter 7 reports salient experimental results regarding the measurement campaign
undertaken at the Shell redevelopment project at South Bank in London.
The dissertation concludes with a summary of the main outcomes of the research and of possible
future research efforts to be undertaken for both a better understanding of the performance of base-




Many researchers have investigated parts of the problem related to ground-borne vibration generated
by railways and road traffic. Here, at the University of Cambridge, several doctoral theses have been
produced on the topic of ground-borne vibration. Research has been carried out on vibration from
surface vehicles by Hunt [39] and Ng [40], and from underground railways by Forrest [41]. The
latter has been extended by Hussein [42] with the development of the easy-to-use PiP software [43],
with the purpose of helping practising engineers to predict vibration levels from an underground tunnel.
Transmission of vibrations in piled foundations has been studied by Lo [44] and, more recently, by
Kuo [45] with additional reference to twin-tunnel systems. A study on commonly adopted simplifying
assumptions for the contact at the soil-tunnel interface, and for soil layering and inhomogeneity has
been carried out by Jones [46]. As far as the transmission into buildings is concerned, Cryer [47]
approached the problem of modelling the complex building-foundation-soil system by making use
of simplifications from periodic structure theory [48]. Talbot [33] extended the latter model, based
on the Dynamic Stiffness Method [49], and developed a model of the pile foundation based on the
Boundary Element Method (BEM), for studying pile-soil-pile interaction. Moreover, he introduced
the concept of Power Flow Insertion Gain (PFIG) as a scalar metric for studying the performance of
base-isolated buildings against ground-borne vibration. This thesis has the main objective of extending
the work of Talbot [33], not to increase the complexity of the foundation-building modelling, but
rather to search for simplified methods and models that may provide guidelines for the design of
base-isolated buildings. The part that follows in this chapter is a summary of past research efforts in
the topic of ground-borne vibration of buildings.
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2.1 The problem of ground-borne vibration of buildings
Figure 2.1 illustrates the general problem of ground-borne vibration in buildings. The level of
re-radiated noise and perceptible vibration in the building is the final output of an intricate physical
problem which involves the mutual interaction of the building with the surrounding ground and the
vibration source. Excessive levels of vibration and/or re-radiated noise may cause disturbance to
building occupants [50] and/or disruption in specialistic buildings such as, for instance, hospitals [32]
and/or concert halls [28]. A number of strategies are available for addressing this problem, the goal of
these being to act either at the source [51, 52], through the transmission path (e.g. wave barriers [53]),
or at the receiver (building). A particular example of the latter is base isolation, whereby the entire
building is supported by springs [54]. As it will be seen in Section 2.6.3, many examples exist of
base-isolated buildings located close to different sources of vibration such as underground and surface
railway lines. Base isolation of buildings has been used since the 1960s [55] and essentially relies
on the decoupling of the building from its foundation [56]. Although it represents a popular technique,
Fig. 2.1 A general problem of ground-borne vibration of a building in the vicinity of train lines
and roads. To reduce the transmitted vibration into the building, the latter is mounted on rubber
bearings above the basement level. The figure is a re-make of that of Talbot [33], and it is inspired
by a diagram of the Wellington Hospital, London, by Grootenhuis [32].
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there is a lack of knowledge about the key parameters that influence the dynamic behaviour of the
building and the efficiency of the isolation. This dissertation aims at filling this gap by providing
an understanding of base-isolation via simplified methods and models. In the following, a summary
of the different parts of the problem, as illustrated in Figure 2.1, is presented by starting with the
description of the sources of vibration.
2.2 Sources of vibration in the built-environment
Sources of vibration in the vicinity or within buildings can be either natural or man-made. The first
type is represented by earthquakes, tremors and wind. The second type can be direct, such as machines
or occupant activity (walking, jumping, etc.) within the structure, or indirect, due to construction
activities and the passage of vehicles and trains on roads and railway lines. The vibration generated
by the latter is commonly referred to as ground-borne vibration.
2.2.1 Seismic vibration
Seismic activity originates at a geological fault where different tectonic plates meet [57]. Because
of continental drift, a shear stress build-up manifests along the fault until the frictional resistance
is overcome and the plates slip over each other releasing strain energy. The latter travels in the
form of waves through the earth’s crust reaching the surface and inducing a relatively strong motion.
The latter is characterised by a peak-ground-acceleration (pga), often registered at the bedrock, and
by a frequency spectrum, which hardly shows relevant components higher than 10 Hz. Hence, a
low-frequency, predominantly horizontal, ground motion is considered as an input in more or less
advanced analyses of the soil-foundation-building system [58]. Although, earthquake engineering
has theoretical concepts in common with ground-borne vibration problems, especially regarding
soil dynamics, the different frequency range and the presence of possible non-linearities lead to a
somewhat different engineering perspective. It may be worth noticing that the non-linear behaviour
of soils influences greatly their properties and may become significant when the shear strains are
in the range 10−2 − 10−3 [59], which is often the case during large-magnitude earthquakes [60].
Conversely, in ground-borne vibration, experimental evidence, provided by Connolly et al. [61],
suggests shear strain levels of the order of 10−4 in the far-field of a surface railway. This indicates
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the use of linear-elasticity for the modelling of soils in ground-borne vibration for locations that are
sufficiently far away from the source.
2.2.2 Construction activities
Construction activities that lead to vibration in the surrounding built-environment include piling,
tunnelling, compaction of ground, excavation and blasting. These are temporary vibration sources
that rarely affect the cosmetic and structural performance of nearby buildings, and generally concern
the nuisance of their occupants. Hiller & Hope [62] give an overview of the levels of peak-particle-
velocity (ppv) that can be expected for different activities and compare them with acceptable thresholds
of the British Standards for both human perception [63] and for possible damage levels in build-
ings [64]. As of today, construction works are often located in urban areas, the piling activity covers
particular interest, with several techniques (drop-hammer, vibro-hammer and press-in piling) having
a different effect in terms of induced ground-borne vibration [65, 66]. Levels of vibration due to
construction activities typically lie between 6 and 160 mm/s [62] and the frequency content, which
depends on the specific activity, is generally lower than 100 Hz.
2.2.3 Road traffic
Experimental work on traffic-induced ground-borne vibration has been carried out by Hunt [39],
who has highlighted the influence of the type of road surface on the frequency-content of the resulting
spectra, which can be confined below 40 Hz (e.g. trunk road) and/or have content up to 100 Hz and
more (e.g. concrete motorway). He also reported a main feature of the resulting spectra having two
peaks below 20 Hz, which correspond to the body-bounce and wheel-hop frequencies of vehicles.
This has been also demonstrated by the experimental work of Hao [67], who reports a magnitude of
the associated velocity response spectrum between 0.1 and 1 mm/s. An additional consideration for
traffic-induced vibration is the presence of speed control cushions and humps. This has been explored
experimentally by Watts [68], who concluded that such measures may lead to perceptible levels of
vibration in residential areas.
2.2.4 Underground and surface railways
The mechanisms through which moving trains induce ground-borne vibrations in the surrounding
ground have been reviewed in a recent paper by Lombaert et al. [69], while a discussion of the main
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vehicle and track parameters affecting the induced vibration levels is offered by Thompson et al. [70].
Three mechanisms are important for the production of vibration: quasi-static loading, parametric
loading and the loading induced by the wheel/rail roughness.
The quasi-static loading results in a low-frequency vibration from 0 to 20 Hz and it is associated
with the deflection of the rail-system under each bogie of the train. As the the train moves, these
local deflection ‘bowls’ move with it, thus inducing an harmonic excitation at a fixed location in the
surrounding soil.
Parametric excitation results from periodic features of the rail-system, including the associated
supporting structure. The periodic change can be stiffness related and usually involves the presence of
regularly spaced sleepers on which the rails rest. As the wheels of trains pass from the suspended
rail to the supported rail, a sudden change of stiffness is experienced, which results in parametric
excitation at the sleeper-passing frequency. This depends on the velocity and the sleeper spacing
and, for common railways, can have values between 40 and 140 Hz for ordinary or high speed trains
respectively [69]. Experimental measurements by Heckl et al. [71] demonstrate the importance of such
a phenomenon, with a clear identification of the sleeper-passing frequency for trains with different
velocity on the same railway. Although this is the most noticeable cause of parametric excitation,
any other spatial variation of the track and/or the subsoil can induced such a mechanism; this may
involve, for instance, variation of the ballast conditions, variation of ground properties and any other
defect of the infrastructure (e.g. badly aligned rail joints).
In general, the wheel and/or the rail roughness is considered the predominant cause of ground-
borne vibration for conventional railways [72]. The rolling noise is caused by undulations of the
wheel and the rail surfaces, which may result from rail corrugation. This has been categorised
by Grassie & Kalousek [73] in six different categories, which occur because of different damage
mechanisms and result in different wavelengths of the rail roughness. The latter, together with
wheel circumference and the train velocity, are the main parameters for the definition of the induced
harmonic forces at the wheel-rail interface. Without any detailed description in this summary, relevant
studies on this topic have been carried out by Remington [74, 75] and Thompson et al. [76]. How
the induced vibration propagates through the soil and reaches a building via its foundation is reviewed
in the next section by discussing the ground and foundation dynamic response.
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2.3 Ground and foundation response
This section gives an overview of soil dynamics, associated with both incident wave-fields and
forced excitation, as well as summarises the existing modelling methods for the dynamic response
of foundations.
2.3.1 Wave propagation in soils
The simplest idealisation of the ground is a homogeneous, isotropic, linear-elastic half-space. This
representation is traditionally adopted in soil dynamics because offers a useful interpretation of wave
propagation in a solid [77, 78, 57]. The latter can support two different body waves: P-waves or
compressional waves that are characterised by a particle motion along the direction of propagation and
S-waves or shear waves with a particle motion that is perpendicular to the direction of propagation.
Shear waves may be further divided into SV-waves that are polarized in the vertical plane and SH-
waves with a particle motion constrained in the horizontal plane. Body waves are non-dispersive
and correspond to wave equations obtained from the dynamic equilibrium of a continuum as reviewed
in Appendix C. The propagating speeds VP and VS, related to P- and S-waves respectively, depend
only on the Lamé constants λs, µs and the density ρs of the soil.
While propagating body waves travel undisturbed in a homogeneous full-space free of obstacles
and/or boundaries, they undergo mode conversion next to boundary conditions, for instance, in the
form of a stress-free horizontal plane, which materialises the half-space condition. In the latter, a
third type of non-dispersive wave exists known as Rayleigh wave, after the pioneering work of Lord
Rayleigh [79], which propagates at a speed VR along the free surface as discussed in more detail in
Appendix C.
In general, all three types of wave propagate from a localised source at the free-surface [80].
The partition of the average radiated power among the three wave types was first investigated by
Miller & Pursey [81, 82] with reference to a flexible circular vertical source (i.e. constant stress
distribution). Based on this assumption, the calculation of the radiated power, performed at a great
distance from the source (i.e. in the far-field), is based on the superposition of point loads composing
the flexible source. No phase difference between waves originating from different portions of the
source is assumed, which is true only for the limiting static case [83]. For a vertical circular source on
the free-surface of an elastic half-space with Poisson’s ratio νs = 1/4, Miller & Pursey found that
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about 2/3 of the total radiated power is carried by Rayleigh waves. This classical work is commonly
referred to as a benchmark in soil and foundation dynamics [84]. For instance, Woods referred to a
schematic representation of the results of Miller & Pursey as an introductory understanding of the
vibration field generated by a localised source at a free-surface. This was part of a larger experimental
study on the effectiveness of trench barriers as mitigating measures from vibration sources [85]. After
about 25 years, Meek and Wolf [83] revisited the approach of Miller & Pursey [82] for the calculation
of the radiated power by considering the actual dimension of the circular source. This was achieved
by means of an integration method adopted by Gazetas [86] whose specifics are beyond the scope
of this review. The main outcome is that the radiated power quota associated with different wave
types is not frequency independent, as for the point-load solution, but strongly dependent on both the
dimension of the source and its frequency. In particular, Rayleigh waves carry an amount of radiated
power that decreases with increasing frequency and dimension of the source [83]. This is an important
outcome for the adoption of a strength-of-material approach when evaluating the radiation impedance
of localised sources by means of cone models [87, 83, 84]. The latter are adopted throughout this
dissertation with further details discussed in Chapter 3 and the formulation reviewed in Appendix A.
Elastic waves are attenuated by two mechanisms: radiation damping and material damping. The
former is associated with the increasing area of the wave-front of the propagating wave. Based on the
classical result of Miller & Pursey [81] for the vertical point load solution, the area of the hemispherical
wave-front for body waves increases proportionally to the squared distance r2 from the source. The
total radiated power, which is proportional to the squared amplitude of the displacement [82, 84],
has to remain unchanged so that the displacement amplitude must decrease proportionally to 1/r. The
latter is indicative of the general radiation condition for body waves, although a more accentuated
attenuation is expected near the free surface typically proportional to 1/r2. Surface waves are confined
close to the free-surface, typically within one wavelength, so that the wave-front is cylindrical with
an area that increases proportionally to the distance r. It follows that the displacement amplitude
associated to Rayleigh waves is attenuated proportionally to 1/
√
r.
Additional attenuation of waves is also related to the dissipation of energy by friction during the
cyclic compression or shear deformation in the soil. This mechanism is usually referred to as material
damping and will be discussed further in Chapter 3. In the following an overview of the modelling
strategies for foundation systems is presented.
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2.3.2 Modelling of foundations
Significant literature exists on the response of foundations. This is a topic of interest in many
disciplines such as structural and earthquake engineering, and vibration engineering. This conceptual
sub-division is related to the different cases in which the compliance of a foundation system, beneath a
super-structure (e.g. building, nuclear power plant, off-shore structure, etc.), has to be considered
for the determination of static loads and/or differential settlements at the foundation level, for the
definition of an input motion to be considered for the structural response to earthquakes at relatively
low frequencies, for the definition of an input motion due to ground-borne vibration at relatively
high frequencies and/or for considering the dispersion of energy in the soil starting from a vibration
source in the interior of the super-structure (e.g. vibrating machine). It is seldom required to consider a
foundation model for the sake of obtaining its response, but rather as part of a theoretical and/or
numerical strategy to account for a dynamic soil-structure interaction (SSI) analysis adopted, for
instance, for the response of a soil-foundation-building system. Such strategies refer, as reviewed
by Wolf [84] and Kramer [57], to two different approaches: a direct method, in which the soil-
foundation-building system is solved at once, usually referring to the same theoretical or numerical
approach; and a substructure method, in which the soil-foundation and the building domains are
considered separately, typically by referring to different theoretical and/or numerical approaches,
and then coupled together by ensuring compatibility and equilibrium conditions at the foundation-
building interface. An extensive use of the second method is made in this dissertation. The dynamic
soil-structure interaction encompasses many different aspects, as stated by Kausel [88], which can
be connected, yet having important differences. Those of interest in this dissertation are related to
the response of both a soil-foundation and a soil-foundation-building systems to incident wave-fields,
with the aim of studying their influence on the variation of vibration levels as the construction of a
building progresses.
The foundation system of reference that is discussed in the following is a surface foundation, as
assumed in the rest of the dissertation. As it will be seen in Chapter 3, it is then required to consider
both the soil-foundation interaction of a foundation system to incident wave-fields and to refer to
a forced-excitation of the foundation for the coupling with a building. Besides this conceptual
distinction, the surface foundation may be modelled by different approaches depending on whether
the rigid or the flexible conditions apply. The first assumption may be deemed valid in earthquake-
related problems, which involve low frequencies and long wavelengths, and therefore allow the
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foundation to respond rigidly. In contrast, the frequency range associated with ground-borne vibration
from railways, which is the subject of this thesis, lies between approximately 25 Hz and 250 Hz. The
resulting wavelengths of the incident wave-field are therefore relatively short and comparable with the
dimensions of a typical foundation. In this case, the flexibility of a foundation must be considered.
There are different approaches that have been used to study the response of both rigid and
flexible, surface foundations. What follows is not intended to be an exhaustive summary of research
contributions to the topic, but rather a discussion on the available theoretical models and on the
existing, approximate, foundation models. The study of the dynamic response of foundations dates
back to the pioneering work of Reissner [89], who explored the behaviour of a circular disk on an
elastic half-space subjected to a vertical, time-harmonic load. Since then, many researchers have
contributed to the topic by considering different shapes for the foundation, different contact conditions
at the soil-foundation interface, and different theoretical and/or numerical approaches for obtaining
the foundation response. An exhaustive review of the main contributions is given by Kausel [88],
who introduces the work of Veletsos & Wei [90] and Luco & Westmann [91] as the beginning of the
modern era in SSI. These refer to the response of rigid foundations. The first study has considered
the lateral and rocking response of a rigid, circular foundation with relaxed boundary conditions at
the soil-foundation interface such that the horizontal translational motion is evaluated independently
of the rocking motion (and viceversa). A result of this study is the definition of stiffness and
damping coefficients of an equivalent spring-damper representation of the soil-foundation system.
This introduced idealisation is of paramount importance in earthquake engineering, with several
following studies using both theoretical and numerical methods to obtain the frequency-dependent
sping and damper coefficients associated with a rigid foundation. Luco & Westmann [91] have
approached rigorously the problem of the dynamic response of a rigid, strip foundation with a
welded contact at the interface with the elastic half-space and subject to time-harmonic vertical,
shear and moment forces. The solution refers to a plane-strain problem and is obtained in the form
of Fredholm integrals for the vertical, horizontal and rocking response of the foundation. In another
study by Wong & Luco [92], the response of surface, rigid foundations of arbitrary shape is obtained
by a numerical procedure by making use of three-dimensional Green’s functions for the elastic
half-space. A constant stress distribution is assumed on each element defined by a discretization
of the foundation domain. A similar approach is used by Karabalis & Beskos [93], but with the
definition of a time-domain boundary element formulation. Alternatively, a strength-of-material
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approach is used by Meek & Veletsos [94] and by Meek & Wolf [95] for obtaining approximate,
frequency-dependent expressions for the spring and damper coefficients of a rigid foundation of
arbitrary shape. The theory behind these models is reviewed in the book of Wolf [84], and discussed in
this dissertation, in Chapter 3 and Appendix A, for the development of simplified foundation models
that can be adopted in ground-borne vibration problems.
Additional attention in the literature has been devoted to the response of rigid foundations to
incident wave-fields in the form of P-, SV- and/or SH-waves. Among others, Wong & Luco [96]
and Qian & Beskos [97] have studied this problem by looking at either a single or two adjacent
rigid foundation respectively. Of particular interest, as used in this dissertation, is the work of
Iguchi [98, 99], who introduced a method (Iguchi’s method) for obtaining the approximate response
to a single and/or adjacent rigid foundations to incident wave-fields. This, together with a boundary-
element formulation for surface, rigid foundations, is discussed further in Chapter 5. Moreover, the
context in which both the simplified models for the force-response relationship of rigid foundations
and Iguchi’s method become relevant in ground-borne vibration and in this study are discussed in
Chapter 3.
There are few studies, in the context of earthquake engineering, which remove the assumption of
rigid response of the foundation. Iguchi & Luco [100] presented an approximate method, based on
the subdivision method mentioned earlier [92], for studying the out-of-plane response of a flexible
foundation. A comparison is then made on the stiffness (spring) and radiation (damper) coefficients
between the flexible foundation and an equivalent rigid foundation of the same area. A complementary
problem which considers two adjacent, flexible foundation subjected to incident SH-waves has been
studied by Tham et al. [101] by a combined boundary-finite element approach. In the context of
dynamic SSI in ground-borne vibration, Auersch & Schmid [102] have considered a combined
boundary-finite element formulation for studying the response of a two-dimensional (i.e. structural
wall) and a one-dimensional (i.e. flexible foundation as a beam) concrete structure to an horizontally
incident wave in the soil. Although the two-dimensional feature of a concrete slab foundation is
neglected, they concluded that the response of the flexible, one-dimensional foundation follows the
same wave pattern of the excited free-field of the soil, but with reduced amplitudes with increasing
frequency. This is a general result that is confirmed by the investigation of the soil-foundation
interaction as approached in Chapter 4. A more recent study on this topic has been presented by
Auersch [1], who considered an infinitely-long, flexible, strip foundation subject to an incident
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Rayleigh wave. The outcome of this study form the basis for the investigation undertaken in Chapter 4,
where they will be discussed in detail. The next section gives an overview of the numerical methods
available for modelling ground-foundation systems.
2.3.3 Numerical methods for soil-foundation models
From the previous overview of the research efforts in foundation modelling, it can be concluded
that it is rarely possible to obtain analytical solutions associated with the response of a foundation.
Moreover, different configurations of the soil-foundation system, such as soil layering and/or irregular
geometry, make the use of numerical modelling necessary. The main numerical methods used in
ground-borne vibration are briefly reviewed in the following.
Finite Difference Method
One of the earliest developments intended to overcome the difficulty of finding closed-form solutions
for complex problems, in structural vibration, is the finite-difference method (FDM). Depending on
the problem, one-dimensional, two-dimensional or three-dimensional, and depending on the formu-
lation (e.g. elasticity, visco-elasticity, etc.), the equations of motion are derived for the continuous
domain and then evaluated at a grid of nodes, representing the domain, by replacing the associated
derivatives by finite-difference approximations. The governing equations for the domain can be then
reported to a set of algebraic equations that can be solved by matrix algebra. More details on the
procedure can be found, for instance, in a report of Blanch [103] or in the relevant textbooks. Although
this method has been adopted in the past, nowadays its use has been overtaken by more efficient
numerical methods (e.g. the Finite Element Method). However, this method remains popular in the
ground-borne vibration industry, for instance the FINDWAVE [104] package is adopted to model
ground-borne vibration from train lines [105].
Finite Element Method
Another numerical method that finds a widespread use in structural vibration is the Finite Ele-
ment Method (FEM). The method refers to the adoption of finite-sized elements for which the
governing equations are known and relatively simple (e.g. beam elements). The domain is then
meshed with a number of finite elements, which may refer to different formulations (e.g. beam,
shell, continuum elements) and then assembled together to yield a system of algebraic equations that
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Fig. 2.2 An illustration from Lysmer et al. [107] of a FEM modelling for structure-soil-structure
interaction analysis
can be solved by matrix algebra. The details of the method are beyond the scope of this review and
can be found in many textbooks available in literature, for instance the book of Zienkiewicz [106].
An example of application of the FEM to dynamic SSI is reported by Lysmer et al. [107], with
the development of FLUSH, one of the first examples of a soil-structure interaction software in
earthquake engineering (see Figure 2.2). There are two main aspects worth discussing for the adoption
of the FEM for wave propagation problems in soil-foundation-structure systems. One relates to the
assumed dimension for the finite-element mesh. The use of a relatively coarse mesh may result
in the filtering of high-frequency components for which the associated short wavelengths cannot
be modelled by widely spaced nodes. Kuhlemeyer and Lysmer [108] provide a rule of thumb for
the maximum element dimension that should be limited between one-eight and one-fifth of the
shortest wavelength involved in the wave propagation problem in hand. In reality, as it will be seen
in Chapter 5 for the response of a finite slab foundation, this depends on the formulation of the
adopted finite-element and on the type of wave propagation problem (e.g. relevance of possible
diffracted wave-fields). It should be noted that the computational cost of the method increases with an
increasing number of elements. This has an important influence when modelling the semi-infinite
extent of the ground by means of the FEM. According to the finite-element formulation, the element
mesh should extend towards infinity to address this issue. At the early stages of the use of FEM
for SSI analyses, the domain would be curtained at a ‘long-enough’ distance from the structure
without properly ensuring the radiation condition at the boundaries. This has the two-fold effect of
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increasing the computational cost of the model and to suffer from potential, spurious reflections of
waves from the boundaries that could impair the accuracy of the structural response. Much effort
has been dedicated to the development of absorbing boundaries, which, defined at the boundary of
the ground domain, may decrease the number of elements required and increase the accuracy of
the model. A first attempt was made by Lysmer & Kuhlemeyer [109]; they introduced the viscous
boundaries, as used in FLUSH, consisting of damper elements based on the properties of the soil. The
effectiveness of such absorbing boundary is optimal for normally incident waves, but can result in
important reflections for generally incident waves. Other available absorbing boundaries, used at the
early stages of the topic, are reviewed by Kausel [110]. Another strategy is presented by Bettess [111]
and Bettess & Zienkiewicz [112] with the definition of infinite elements; they suggest the use of
shape functions analogous to Lagrange polynomials, but including an exponential decay term. A
similar strategy is proposed by Basu & Chopra [113] with the use of perfectly matched layers that
are able to absorb, almost perfectly, outgoing waves with non-tangential angles-of-incidence. This
is a commonly adopted strategy in commercial FEM software, for instance Abaqus [114].
Boundary Element Method
In contrast with the FEM, the boundary element method (BEM) [115] is well suited to problems
with unbounded domains. Thanks to the use of the Betti-Rayleigh reciprocity theorem and the use
of elastodynamics fundamental solutions (Green’s functions), the problem can be formulated on
the boundary of the domain, thus only the boundary needs discretizing rather than the full domain.
This effectively reduces the dimension of the problem by one, when compared to a FEM model of a
given domain, with a resulting benefit in computational cost. Moreover, the radiation condition to
infinity is automatically satisfied by the use of the fundamental solutions. It follows that the BEM
is an ideal numerical method for modelling a soil-foundation system; in particular, it is adopted
in this dissertation by means of the BEMFUN [38] toolbox using the fundamental solutions from
the EDT [37, 116, 36] toolbox, both developed in Matlab [35]. Whatever is the numerical method
adopted, deterministic values of the properties of the soil and the foundation should be provided. The
following section comments on this and other aspects to highlight, in general terms, the uncertainties
associated with a soil-foundation system.
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2.3.4 Uncertainties associated with a ground-foundation system
A comment worth making relates to the actual conditions of the ground of a site that involves the
presence of a building and a source of vibration (e.g. underground railway). The propagation of
the vibration, potentially in the vicinity of vibration-prone structures, is influenced not only by the
properties and the wave-propagation within the soil, but also by the scattering of waves due to the
presence of any obstacles. These may manifest, in urban areas, in the form of services (e.g. water
pipelines and sewers) and/or any other subterranean structure. A site in such a developed urban area is
commonly referred to as a brown-field site. It may be then the case that the idealised homogeneous
elastic half-space condition scarcely materialises in practice. Indeed, even if the site of interest falls
onto an undeveloped land (i.e. green-field site) in the vicinity of a railway, this usually involves
heterogeneous ground conditions, which, in fortunate occasions, may involve only soil layering. The
complexity of the ground, in both the green-field and the brown-field sites, leads to scattering of
body and surface waves that may make ground-borne vibration challenging to predict.
With reference to an underground railway source and to the green-field condition, Jones [46]
considered different simplifying assumptions that are commonly adopted in practice to make ground-
borne vibration predictions. Two assumptions have been tested: the welded contact at the tunnel-soil
interface [117] and the homogeneous assumption for the soil [118]. Jones et al. [119] have explored
the effect of additional assumptions for a total of six commonly disregarded aspects of the under-
ground railway environment, namely, the presence of a twin tunnel, piled foundations, track with
discontinuous slabs, soil inhomogeneity, inclined soil layers, and irregular contact at the tunnel-soil in-
terface. The resulting variations due to the simplifying assumptions of not considering such conditions
ranged from ±5 dB to ±20 dB. In the ground-borne vibration community, a common level of accuracy
is in the order of ±5 dB; these results indicate clearly that the accuracy, obtained by considering
simplifying assumptions, may be poor and not acceptable in practice. In general, for any prediction
of the vibration level in the building prior its construction, it is advisable to compare measurements
at the surface of the green-field or brown-field site with the predicted vibration levels obtained by
modelling the source and the ground, in order to check for significant sources of uncertainty. Recently,
Kuo et al. [120] have suggested a hybrid procedure, consisting of a combination of field measurements
and numerical methods, that is based on the separation of the source and the propagation terms, based
on the conceptual definitions provided by the Federal Transit Administration [16]. They argue that
such a hybrid approach may address the issues related to either a strictly numerical approach, with
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consideration of deterministic properties of the involved parameters, or to empirical methods, which
are commonly used in practice and based on a collection of experimental data. This general discussion
indicates the difficulty of any absolute prediction of vibration levels because of the uncertainties as-
sociated with a source-soil-foundation system. Next, an overview is given on the dynamic response of
a building.
2.4 Building response
The advancement of building technology and the use of open-space architecture have led to structures
whose elements are lighter, wider and less damped than those used in the traditional construction
industry [25]. Primary structural resonances occur at relatively low frequency, in the same frequency
range of train-induced ground-borne vibration. Consequently, the passing trains may cause ground-
borne vibration that in turn are amplified at floor level depending on the mass, stiffness and damping
distribution within the building. For lightly damped buildings, a typical train spends enough time
passing by a building in order to trigger a resonance state [32]. Differently from other types of low-
frequency excitations (e.g. earthquake), the short wavelengths and the generally-oriented wave-field
associated with ground-borne vibration lead to an input motion with different phase and amplitudes
next to each column at the base of the building. At column-floor connections, the axial and bending
vibration of a column are partially converted in bending and axial vibration of beams, and viceversa.
Generally, the levels of vibration are attenuated up to the building (i.e. at higher floors) because of the
energy dissipated during the vibration, assuming there are no other sources of vibration within the
building. Vibration levels depend on the specific location, the direction examined and the frequency
content of the input motion.
The magnitude of ground-borne vibration rarely reaches levels that might concern the cosmetic
and structural performance of the building [25]. The main issue is related to the annoyance of the
occupants. Structural vibration of building components such as floors, walls and partitions radiates
sound, known as re-radiated noise, that can be significant within the audible frequency range, above
approximately 20 Hz. A common mitigating measure for such a serviceability issue, as discussed in
Section 2.6.3, is base-isolation of buildings. In the following a review of available modelling strategies
for base-isolated buildings, and buildings in general, is presented.
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2.4.1 Modelling base-isolated buildings
The principle of base-isolation may be illustrated by the transmissibility of a single-degree-of-
freedom (SDoF) system composed by a rigid mass, representing the building, and a spring, repre-
senting the isolation. For a unit vertical input w at the base of the spring, the response of the rigid
mass wb is reported against the dimensionless frequency f/ fS in Figure 2.3 for an isolation with
viscous and/or hysteretic damping (a discussion on structural damping is presented in Chapter 3). This
is a classical example in mechanical vibration that is qualitatively discussed here, more details can
be found in literature [121]. The response of the mass results in an amplification at low frequencies
with a maximum, for a lightly damped isolation, at about the natural frequency of the undamped
system defined as fS = 12π
√
kS
M , with kS the stiffness of the spring and M the mass of the building.
The building response is attenuated for frequencies greater than
√
2 fS. In ground-borne vibration, it
is required to reduce vibration in buildings at frequencies higher than 20 Hz. According to the rather
simplistic SDoF model in Figure 2.3, lowering the amplitude of the building’s response wb by a factor
of 10, compared to the input w , at 20 Hz requires a spring stiffness kS that provides a natural frequency
fS of about 6 Hz for a building with mass M. The frequency fS is referred to as the isolation frequency
and is a commonly accepted parameter for the design of an isolation system serving a building of
Fig. 2.3 Transmissibility for a SDoF model of a base-isolated building, where the building is repre-
sented by a rigid mass and the isolation bearing by a linear spring of constant kS . Damping in the
isolation bearing may be accounted for by (a) viscous dashpot or (b) a complex (hysteretic) spring
stiffness.
2.4 Building response 23
a given mass M. It follows that an extensive use of the SDoF system is done in practice, not only
for defining the specification of an isolation system, but also for evaluating the associated isolation
performance by means of the transmissibility in Figure 2.3. In reality, as it will be discussed in this
thesis, the physics of the problem is much more complicated and the results in Figure 2.3 tend to
overestimate the isolation performance. The latter should be evaluated by means of more appropriate
models that account for the soil-foundation-building interaction [122], the multi-directional input
representing the vibration environment and a more realistic building model. This is explored in this
dissertation starting from the simplified foundation-building models investigated in Chapter 3. Other
theoretical models for a base-isolated building, and for buildings in general, are commented in the
following as found in literature.
2.4.2 Theoretical models of buildings
Theoretical models of buildings are based either on analytical solutions, usually referring to an
idealised building model (e.g. a bar model), or on numerical methods (e.g FEM, see Section 2.3.3)
when more involved building models (e.g. complex geometry) need to be investigated.
An improvement to the SDoF discussed earlier can be made by considering the flexibility of
the building by means of a bar model. Newland & Hunt [123] and Grootenhuis [32] have explored
this possibility showing that the modal behaviour of the building as a bar, with several natural
frequencies below 200 Hz, is relevant in the frequency-range of interest with a potential reduction
of isolation performance; especially so when a simple foundation model, underneath the building,
is adopted to account for radiation of energy into the ground [123]. Similar building models are
proposed by Swallow [124] and Sharif [27], but considering also lumped masses and additional
springs concentrated at the floors level to represent their contribution to the dynamic response; it is
shown that some of the low-frequency behaviour of real building columns is captured.
While these simplified models are able to highlight some of the flaws of the SDoF, they are still
limited for their one-dimensional nature. They do not account for the multi-directional input, inducing
also bending vibration in the column, and the fact that actually a building is composed of a series
of columns inter-connected by floors. A step towards these aspects is made by Cryer [47], who
considered a two-dimensional portal-frame building model, via the application of the Dynamic Stiff-
ness Method [49], of infinite extent by making use of the periodic structure theory [125, 48]. An
approximate pile foundation model (Novak’s pile, see Appendix A), is considered beneath each
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column to account for the soil-foundation-building interaction and the three-dimensional radiation
condition. Cryer’s model demonstrates the importance of the latter with a significant amount of
vibrational energy into the ground when the soil-foundation-building system is subject to a point
excitation at one of the pile-heads. While some of the features of the SSI are captured, the model still
consider only vertical vibration for each pile without accounting for pile-soil-pile interaction. This task
is taken on by Talbot [33, 34], who developed a generic model for evaluating the performance of base-
isolated building. The model includes the same two portal-frame building of Cryer, but this time
considering a BEM model of a pile foundation beneath each column. Based on the results obtained
with this generic model, Talbot proposes a better metric , the Power Flow Insertion Gain (PFIG),
for evaluating the isolation performance; this is discussed further in Section 2.6.4.
Attempts in literature exist to model ground-borne vibration by the finite element method (FEM);
for a discussion on some aspects of the method related to SSI see Section 2.3.3. Chua et al. [126]
used a FEM model to predict vibration levels in a four-storey office block above twin double-box
underground railway tunnels. The model uses a plain-strain assumption to reduce the computational
cost and implements non-reflecting boundary to reduce wave reflections. A comparison of results with
measured value of peak particle velocity (ppv), at the floor level, is provided with a difference of about
4 dB, but the comparison between the associated third-octave band RMS values is less favourable.
A more comprehensive model is developed by Fiala et al. [127, 128] of a three-story office building in
the vicinity of a surface railway line. The incident wave-field from a high-speed train is considered
by means of lumped-parameter model of the a moving vehicle on a longitudinally invariant track.
A three-dimensional FEM model of the building and a BEM model of the ground is considered,
while the acoustic response in the rooms is computed via a spectral finite element formulation. The
study is numerical and it does not offer comparison with measured quantities, but provides some
results for the evaluation of mitigating measures; this will be discussed in Section 2.6.3. A numerical
model of a 3-story building has been adopted by Clot et al. [129] for investigating the possibility of
modelling the three-dimensional building but only with reference to the vertical degree-of-freedom.
The comparison with a complete FEM model gives some indication of the response agreement,
but no comments are made on the associated inaccuracy for absolute prediction of vibration levels.
Recently, an investigation on the influence of uncertain subsoil conditions has been carried out by
Papadopoulos et al. [130] by means of a finite element model with perfectly matched layers (see
Section 2.3.3) absorbing boundaries and by assigning a probabilistic value to the shear modulus in the
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soil. The models discussed here can be computationally expensive to a different extent depending on
the adopted formulation. However, they all are rarely adopted by practising engineers for predictions
of vibration levels, especially at the design stage.
Another method with high computational cost is the finite-difference method (FDM) (see Sec-
tion 2.3.3). This finds application in ground-borne vibration of buildings. An example is the com-
mercial software FINDWAVE [104], which can be used to model a tunnel-soil-foundation-building
system in the time-domain [105].
Statistical Energy Analysis [131] is another numerical technique for structural vibration. Craik [132]
has explored the use of this method for the prediction of sound transmission of a three-storey building
by modelling 98 subsystems; comparison between measured and calculated coupling loss factors
between different subsystems has shown a favourable agreement at relatively high frequencies, but
differences up to 15 dB in the frequency-range of interest of ground-borne vibration. Trochides [133]
adopts a SEA approach to model building vibration from an underground tunnel; comparison between
the results of the approach and measured values of the mean square velocity, in frequency-bands,
at the building’s floor of a scaled model is made. While the frequency-dependent trend is captured,
significant differences are shown at relatively low frequencies with more than 10 dB differences in the
250 Hz band. As these examples demonstrate, in order for SEA to be applied in structural vibration of
buildings, the structure must have a sufficient modal density so that individual modes are unimportant,
and the vibrational response may be described in terms of the average vibrational energy. This is
something that rarely occurs in ground-borne vibration of buildings, for which the frequency range
of interest goes down to 20 Hz where the modal behaviour of the building can be important. For this
reason SEA is considered inappropriate in the field of ground-borne vibration of buildings. In the next
section methods commonly adopted by practising engineers for modelling buildings are explored.
2.4.3 Empirical models of buildings
A number of empirical models for investigating the vibration response of buildings to train lines are
found in literature. They all refer to a subdivision of the general problem in three main terms referring
to the source, the propagation path and the receiver. These are all considered as independent and they
are evaluated on the basis of a statistical set of measurement data referring to octave or third-octave
bands.
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Two empirical procedures are presented by Hood et al. [134] for both the prediction of vibration
and re-radiated noise within buildings in the vicinity of underground railways. Both the calculation
procedures start with track-side measurement data and combine them with a series of factors or transfer
functions obtained by a statistical analysis of available measurements collected in a database. A
similar approach is followed by Kuppelwieser [135], with the difference that some of the transfer
functions along the step-by-step procedure may be obtained either by theoretical models or by database
analysis. Additional examples of similar, semi-empirical procedures are proposed by Melke [136]
and Madshus et al. [137].
While these empirical methods may be useful as scoping methods for predicting the vibration
and re-radiated noise levels within the building, they should be accompanied by a more rigorous
theoretical method that accounts for the physics of the problem. The limitations of empirical methods
are as follows: the difficulty for a compiled database of measurements to be statistically significant
for a plurality of sources, propagation paths and building typologies; and the fact that actually the
adopted factors and/or transfer functions are assumed to be independent for each part of the problem
(source, propagation and receiver), while in fact they are interconnected.
2.5 Human response to ground-borne noise and vibration
Human response to vibration and re-radiated noise is not easily identifiable since it relies on the
individual, both in terms of physical and emotional sensitivity. Moreover, measuring acceptable vibra-
tion levels does not guarantee acceptable noise levels, and vice versa. The noise caused by vibrating
structural components may be annoying even though the vibration cannot be felt. Alternatively, a
low-frequency vibration, between 10 and 60 Hz [135], could be annoying while the related noise is
acceptable.
The degree of discomfort due to vibration depends on the duration, the number of occurrences and
whether the event occurs during the day or the night. The standard BS 6472-1:2008 [3] introduces








where a4w(t) is the frequency-weighted acceleration and T is the duration of the vibration event.
Continuous, intermittent and shock exposure can be considered with the calculation of an equivalent
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Place and time Low probability Possible Probable
Residential buildings 16 h day 0.2 to 0.4 0.4 to 0.8 0.8 to 1.6
Residential buildings 8 h night 0.1 to 0.2 0.2 to 0.4 0.4 to 0.8
Table 2.1 Vibration dose values [m/s1.75] ranges which might result in various probabilities
of adverse comment within residential buildings (from BS 6472-1:2008 [3]).
VDV value. This metric of human exposure to vibration is advantageous when compared with
the RMS values because it accounts also for the duration of the vibration event and not only for
its magnitude. Table 2.1 provides ranges of VDV with an associated (qualitative) probability of
occupants’ adverse comment. Values for both VDV during the day and the night are given, being the
latter more restrictive. Other standards refer to different descriptors of vibration levels, such as KB
values of the DIN 4150-2:1999 [138] or the VdB values of the Transit Noise and Vibration Impact
Assessment document [16].
There is still a lack of guidance for what concerns the acceptable limits of re-radiated noise. Some
documents of transportation agencies (FTA [16] and TfL [139]) suggest that a sound pressure value
LAS,max of 35 dBA represents, generally, the dividing line between barely perceptible and distinctively
perceptible noise. The threshold of noise levels depends also on the category of the building under
examination. The threshold values for residences and buildings where people normally sleep are
lower than those attaining buildings with primarily daytime use [16]. Another document of the Transit
Cooperative Research Program by Zapfe et al. [140] defines the “probability of high annoyance” based
on a survey of 1306 residents in the vicinity of railway lines in five different cities. This study confirms
that the probability of high annoyance for a 35 dBA sound level is in the range of 6% to 11%, close to
the value of 12% suggested by FICON [141] for which significant average community reaction is
expected. These indications are confirmed by a recent study of the effects of ground-borne noise from
railway tunnels on sleep [20].
The human exposure and annoyance depend upon both perceivable vibration and re-radiated noise.
Howarth and Griffin [142] first suggested that a combined value of both noise and vibration levels
can better indicate the human response. Thus, while the current standards and technical reports refer
to either vibration or noise levels as indicators of the human exposure, the scientific community
is oriented towards overall railway impact descriptors that are able to consider both the vibration
and re-radiated noise levels. Peris et al. [143, 19] argue that future guidelines should pay special
attention to night disturbances when designing railway impact descriptors, since night activities on
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railways, for example maintenance operations, can induce higher level of annoyance than daytime
train pass-bys.
2.6 Measures for reducing ground-borne vibration
A number of strategies are available for mitigating ground-borne vibration in buildings, by addressing
the source, the propagation path or the building itself. A general review of the different measures is
presented in the following.
2.6.1 Measures taken at the source
Measures taken directly on the train infrastructure have the obvious result of benefiting any nearby
structure by reducing the induced incident wave-field. Track maintenance is the first consideration,
with particular attention to track settlements and damage or deterioration of rail crossings. Talbot [52]
has investigated the influence of rail crossings of a tram railway on the sound pressure levels within
the auditorium of the Royal Concert Hall in Nottingham. It has been shown that increased values
of up to 10 dB(A) may be obtained with respect to sound pressure levels induced by the tram on
a plain line of the railway. As a measure of reducing re-radiated noise, a new lift-over crossing
design was suggested effectively reducing the sound pressure levels by up to 6 dB(A). Moreover,
the comparison of the noise levels before and after a grinding operation on the line suggests that
rail grinding, as part of a mantainance operation, may reduce re-radiated noise by up to 3 dB(A),
although this consideration is site-specific. An additional measure available for surface railways is the
inclusion of ballast mats in the design of the track infrastructure. This is explored numerically by
Costa et al.[51], who conclude that this method of mitigation acts both on the train-track system and
on the induced wave-field but shows amplifications of vibration levels at relatively low frequencies,
up to 40 Hz for the examined case.
Different measures may involve the modification of the bogie design. Wilson et al. [144] suggest
that by reducing the suspension stiffness and the unsprung mass it is possible to reduce the induced
vibration associated with the bounce and wheel-hop modes. There is a number of rubber products that
are aimed at reducing noise and vibration transmission and are posed beneath the rails, the base-plates,
and/or the sleepers [33].
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An important measure taken at the source is the installation of a floating slab track (FST), often
used with underground railways. This involves mounting the whole track system on a concrete
foundation slab that isolated by means of rubber bearings or steel springs. Although it may be an
effective mitigating measure, Forrest [41] suggests that its performance can be impaired by interaction
with the soil-tunnel system. It is not always possible to act at the source of the vibration problem,
especially when the concern is about a new building to be erected in the vicinity of an existing railway.
In these cases measures are to be taken along the propagation path or at the building.
2.6.2 Measures along the propagation path
The modification of the propagation path may be an alternative for reducing the vibration associated
with an incident wave-field at given site. This often involves the construction of deep trenches or
underground barriers, between the source and the receiver, that are able to shield a vulnerable site by
diffraction of the incident wave-field. One of the first investigations on screening of surface waves
is credited to Woods [85], who set up an experimental work based on dimensionless width, height and
length of open trenches related to the Rayleigh wave at the site. A relation for the reduction factor
with dimensionless distance is obtained with the general conclusion that larger trenches are required
at greater distance from the source, in the form of a vibrating footing, to accomplish a given amplitude
reduction. An additional insight is obtained by Hung et al. [145], who consider both open and in-fill
trenches. They show that open trenches are most effective and that the effectiveness of such barriers
depends on their dimensions compared to the wavelength involved in the problem. Coulier et al. [53],
after a numerical and experimental investigation on the effectiveness of stiff barriers, arrive at the
same conclusions showing reduction from 5 to 12 dB for their particular experimental set up.
An additional method is a subgrade stiffening, mostly used for surface railways on relatively soft
soil. This consists of introducing a stiffer layer just below the railway, sometimes known as wave
impedance block (WIB). A recent study by Thompson et al. [146] shows that a reduction of induced
vibration of about 4 to 10 dB can be obtained in the relevant 16-50 Hz third-octave bands. While
those discussed here are all viable measures in a green-field condition, the presence of infrastructure
may make their use unsuited for urban areas. In this situation, there is no alternative left but to act at
the receiver, the building.
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2.6.3 Measures taken at the building
Different options may be adopted in the building to reduce structural vibration in its interior due
to ground-borne vibration. A commonly used measure is base-isolation, but other options may be
explored at the design stage of a foundation-building system.
Base-Isolation
Base-isolation of buildings is a well established technique that is adopted to reduce vibration trans-
mission into the building by inserting isolation bearings at the base of the primary structure in order
to de-couple the building from the soil-foundation system [25]. The first example of an isolated
building in the UK is Albany Court, a seven-storey building erected over St. James’ Park Underground
Station, London in 1965 [55]. At that time both the improving technology of structural rubber and the
awareness towards ground-borne vibration led the way to mounting a building on rubber bearings.
An alternative is the adoption of helical steel springs that were deemed uneconomical and lacking of
inherent damping until the 1980s [147]. Nowadays, steel springs are occasionally used in practice
but they are generally more expensive of rubber bearings. Common examples of isolated buildings
include offices and apartments [17, 26, 27], and specialist buildings such as concert halls [28, 29],
cinemas [30], broadcasting studios [31] and hospitals [32]. Although base-isolation represents a
valid mitigating measure, there remains a significant lack of design guidance for its implementation. In
particular, there is a need for generic, design evaluation methods that account for the essential dynamic
behaviour of a building whilst remaining versatile, robust and efficient at the design stage [25].
The isolation system is usually composed of steel springs or laminated rubber bearings installed
above the foundation level and below the portal-frame primary structure of the building. It is common,
especially for relatively tall buildings, to expect a structural core providing later stability against
horizontal loads (e.g. wind). In this case, a layer of elastomeric material, in addition to the bearings
beneath the columns, may be interposed between the foundation and the structural core. Although
comparison between steel springs and rubber bearings may be found in literature [55, 148–150], the
adoption of one technology over the other depends on different aspects of the building design and
requirements.
Design of natural rubber components are discussed by Lindley [151], with additional resources
that can be found in the books of Naeim [152] and Kelly [153], also with reference to base-isolation
of buildings against seismic loading. The dynamic behaviour of laminated rubber bearings is complex
2.6 Measures for reducing ground-borne vibration 31
and depends strongly on the type of rubber (i.e. natural, synthetic, etc.). In general, a rubber-like
material presents a non-linear behaviour with elastic properties that may vary both with the strain
amplitude and the frequency. However, with the small-strain regime associated with ground-borne
vibration (of the order of 0.01%), Talbot [33] argues that the effects of said non-linearity are negligible.
Moreover, Lindley supports the idea of a negligible frequency-dependency of the elastic modulus of
rubber that, for filled rubber above 5◦, may vary in the order of 25%. However, a generally higher
stiffness of the bearing should be expected in the dynamic regime when compared with the static
counterpart, with a ratio that goes from 1.3 to 2 for natural and synthetic rubber respectively [55]. A
property of rubber bearings is the inherent damping provided by the material, with values of 2%-3% of
critical for low-damping natural and/or synthetic rubber. Higher level of damping may be achieved
with the addition of fillers, although this is relevant for higher strain amplitudes experienced for
seismic loading [152]. A particular aspect of rubber bearings is the dependency of the provided
dynamic stiffness on the effective deflection suffered by the bearing, which in turn depends on the
static loading. It becomes evident that the dynamic stiffness provided by the bearing during the life
of a base-isolated building may differ from the value calculated at the design stage by means of the
isolation frequency fS and the total mass M (see Section 3.4.1).
On the other hand, steel springs provide a dynamic stiffness that is not influenced by the effective
deflection and depends only on the geometry and properties of the helical spring [154]. The static
and dynamic stiffness are equal and there is no frequency-dependency of this value. Moreover, the
spring behaves linearly given the small-strain elastic behaviour of steel. Steel springs have inherently
very low damping, and it is sometimes required to add damping by interposing a layer of dissimilar
material (e.g. felt) [55].
Additional aspects may become relevant for the design of an isolation system: structural safety,
fire resistance, temperature-dependency, material exposure, cost, etc. Although these are not discussed
here, information may be found in the cited literature and in the British Standard [155] withdrawn
in 2013. It is worth noticing that base-isolation has significant implications on both the structural
design of the building and the total cost of the development, with a cost incidence that may vary




Another example of mitigation at the receiver is the introduction of a thick slab foundation to help
suppress the vibration, primarily by stiffening the base of the building. This approach is usually
employed for specialist manufacturing facilities, such as silicon wafer fabs [156], where particularly
stringent vibration criteria must be met. It has also been suggested as a straightforward approach for
commercial and residential buildings, since it may simply involve constructing a thicker slab than pure
structural considerations dictate. However, the extent to which a slab influences the ground vibration
field is not clear, and there is little or no guidance for designers. Auersch [1] has explored the influence
of an infinitely-long flexural concrete plate in reducing the vibration levels due to an incident Rayleigh
wave. The numerical study is carried out by a frequency wave-number approach and considering a
relaxed boundary condition at the soil-plate interface. He concludes that in fact the thickness of the
foundation drives the attenuation at relatively high frequencies but that amplification occurs at low
frequencies. Sanitate & Talbot [157] have considered the problem discussed by Auersch, but this time
treating the foundation as concrete elastic layer of infinite extent. The topic is investigated in this
thesis, thus more details are given in Chapter 4.
Building Design
In principle, it is possible to act directly at the design stage of a building to avoid resonant dynamic
behaviour of the building in the frequency-range of the source (e.g. train line excitation). However,
there are two main difficulties. First, a serviceability issue, such as vibration and re-radiated noise
within the building, comes in an advanced stage of the design process. At this point, the main structural
components have already been designed for bearing capacity. There is little space for a change in
the conceptual design of the structure and, in any case, structural and architectural considerations
commonly have precedence for the design concept. Moreover, because of the broad-band excitation
from 20 to 200 Hz, typical of train-induced vibration, and because of the multi-modal response of
a complex building, it is not possible to avoid relevant modal behaviour of the building. Measures may
involve the adjustment of mass and stiffness of the floors to move their natural frequencies away
from the frequency content of the source. However, this does not avoid a potential transmission of
vibration from the columns, which are subject to the incident wave-field. Potential mitigation measure
may be taken in the form of damping treatments for floors and partitions, especially when resonant
behaviour cannot be avoided. When low levels of noise and vibration are required in part of the
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building, for example a recording studio, a floating slab or a “room within a room” system can be
adopted [158]. As will be discussed in Chapter 7, a consequence of adding a floating slab is that
of introducing potential amplifications that may occur, for instance, when a different source (and
frequency) of excitation appears to be relevant. In the next section a discussion is presented on the
possible metrics for describing the performance of mitigating measures.
2.6.4 Metrics for the performance evaluation of a mitigating measure
A metric is required for the performance evaluation of any of the explored mitigating measures.
Depending on the requirement, the interest can be towards either an absolute or a relative metric of
performance. The need for using absolute metrics is related, for instance, to thresholds of vibration
and re-radiated noise levels assigned to residential and office buildings. On the other hand, relative
metrics provide an idea of the effectiveness of a measure by comparing two scenarios of the source-
soil-foundation-building system: with and without the mitigating measure. This, in the context of
base-isolated buildings, may provide the practising engineer with the benefit of inserting isolation
underneath a building that is still being designed. It is clear that although absolute predictions may
be verified experimentally, relative measures may be challenging to obtain experimentally. However,
there are examples in literature that are moving towards this direction [159, 160].
Absolute prediction of performance
Absolute predictions of performance can refer to either measure levels of vibration and re-radiated
noise within a building or to values obtained by high-fidelity numerical models. The standard
BS 6472-1 [3] provides indications (Annex D) as to how to estimate building vibration. The discussion
is kept rather general, with the possible description of the vibration source through the analysis of
an elastic half space, two-dimensional or three-dimensional finite element method (FEM), finite-
difference techniques and boundary element techniques. In particular, FEM is suggested for the
numerical prediction of the building vibration. No indication is given about the role of soil-structure
interaction and how this might change the displacement field to be applied at the base of the FEM
model of the building (Talbot [122]). According to what the standard illustrates, the practising
engineer should rely on sophisticated methods of analysis even when assessing the performance of
base isolation during the design of a building in the vicinity of a vibration source. This approach is
computationally expensive and requires a high level of expertise with numerical methods.
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Insertion Gain
Thanks to the advancement of computational tools, the use of commercial finite-difference and/or
finite element software is, in some cases, pursued by engineers for a detailed vibration isolation
assessment [161]. However, the analysis of the results in terms of waveforms does not lead to clear
outcomes in terms of isolation performance, because of the inherent complexity of the problem. The
results are usually shown in terms of Insertion Gain (IG) given by the reduction of the response,
expressed in decibel, at one location along one direction (e.g. vertical) in the interior of the building.
This is reported in Equation 2.2 with u(iso) and u(uniso) the response in the isolated and unisolated






The same metric can be used for other mitigating measures. Woods [85] has referred to a reduction
factor of equivalent meaning. Many examples from the literature for ground-borne vibration make
use of this metric [33, 146, 53]. It should be noted that, depending on the importance of modal
behaviour in the frequency range of interest, this metric can be subject to large spatial variability.
This will be discussed in more detail in Chapter 6. Moreover, the IG refers only to one direction of
vibration, while in a portal-frame building both axial and bending behaviour are important. There is
the need to refer to a metric that considers the multi-directionality of the vibration, yet maintaining
a convenient scalar form.
Power Flow Insertion Gain
A scalar measure that is able to account for the multi-directional vibration in a general structure
is the mean-vibrational power. Langley [162] presents a discussion on the theoretical analysis of
power flow in beams and frameworks. Talbot [33] uses the mean-vibrational power to investigate the
isolation performance of base-isolated buildings. This is done by introducing the metric of Power Flow
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It should be noted that the mean-vibrational power is the power dissipated in one cycle of vibration
for a given domain of the structure. Thus, reference can be made to different parts of the structure, say
different rooms of a base-isolated building, to ascertain differences in isolation performance in terms
of PFIG. There are many examples of PFIG used in the context of ground-borne vibration for the
performance of different mitigating measures. Hussein & Hunt [163] refer to a power flow method
to calculate the radiated power upwards, where a building foundation would be expected, from an
underground tunnel. A study from Coulier et al. [164] investigates the source-receiver interaction by
reporting differences in terms of PFIG for two scenarios with and without considering the interaction.
Villot & Jean [159] refer to a field prediction of the performance of mitigating measures in terms of
PFIG. From these examples, it can be seen that the PFIG is finding favour in the research community
of ground-borne vibration.
2.7 The decision to base-isolate a building
The decision of whether to isolate a building often relies on measurements of vibration levels taken
either at the free-surface (i.e. green or brown field) or in nearby buildings with similar features of the
building to be designed [33]. This procedure is commonly used, sometimes paired with numerical
predictions of the vibration levels within the building [17]. The latter may be highly affected by
the uncertain parameters involved in the problem; the figure of the prediction accuracy discussed
in Section 2.3.4 indicates that care should be taken when basing the decision to isolate a building
solely on the results of absolute vibration levels obtained by a deterministic numerical analysis.
The decision then falls into a cost-benefit analysis between the reduction of vibration levels
attainable by base-isolation and its cost. A thorough review of the implications of isolation for
a building is given by Talbot [33]. Practical implications include the reduction of stiffness and
structural stability, requirement for additional stiffening and consideration on settlements of the
base-isolated building. Besides the practical implications, the practising engineer needs to know
the benefit of the isolation to make an informed decision. For this purpose, especially for large
projects, comprehensive numerical methods are used to evaluate the isolation performance. This
leads inevitably to a large computational cost and a considerable amount of time for carrying out
parametric studies. This design strategy is clearly not best suited for a cost-benefit analysis. The
ideal strategy would involve the adoption of simplified methods and models, based on engineering
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science, that could actually give insights into the performance of base isolation at a preliminary
stage. The paramount aim of this dissertation is to investigate on such a first-principles approach.
What often happens is that, during the design of base-isolated buildings, reference is made to the
simplistic model of the mass-on-a-spring (see Waller [55]) for obtaining the transmissibility, hence
the performance of base-isolation. This model is too simplistic and does not account for [122]:
1. the influence of soil-structure interaction;
2. the actual distribution of mass and stiffness;
3. the damping within the superstructure.
As a result, the efficiency of isolation is, most probably, overestimated because refers to an infinitely
stiff soil-foundation system (i.e. rigid base, see Chapter 3). Both the complexity of computational
models and the simplicity of the mass-on-a-spring model highlight the need for the development of a
design analysis framework that still relies on a simple representation of the foundation-building system,
but that is able to capture the underlying physics for the performance of base-isolated buildings, for
instance the dynamic soil-foundation-building interaction (SSI). The design analysis framework for
the evaluation of the isolation performance, as presented in Chapter 6, is the main outcome of this
research.
2.8 Conclusions
Different sources of ground-borne vibration have been reviewed, with roads and railways being the
most relevant. As reported by Talbot [33], peak vibration levels occur in the range from 10 to 80 Hz
and significant levels rarely exist above 200 Hz. An overview of the ground and foundation response
has been presented to both review the principles of wave propagation in soils and to summarise the
main research contributions in foundation dynamics that are of relevance for this dissertation. A brief
overview is presented of the possible numerical methods for modelling the dynamic soil-foundation
response. Research efforts are also discussed on the level of inaccuracy that may follow from common
assumptions adopted in ground-borne vibration. Overall inaccuracies for absolute prediction of
vibration levels may be expected in the order of ±5 dB to ±20 dB.
A general discussion on the building response is presented, together with a qualitative overview of
the mass-on-a-spring model of a base-isolated building. It has been pointed out that this model neglects
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the soil-foundation-building interaction, an aspect that is of much importance for the evaluation of
the isolation performance of a base-isolated building. A brief overview of the human response to
vibration and re-radiated noise summarises the thresholds of the vibration dose values and of the
sound pressure levels, which are the drivers for possible mitigating measures.
Many of them are discussed with strategies that involve the modification of the source, the propa-
gation path or the building. In this last case, base-isolation is considered of interest for this dissertation,
and a discussion of rubber bearings and steel springs is presented. The isolation performance of
such devices is often considered in terms of the Insertion Gain and/or the Power Flow Insertion Gain.
These have been found to be widely used in the ground-borne community, and they will be adopted
in the following of this dissertation. The decision process of whether to base-isolate a building is
then commented, with the conclusion that the practising engineer requires simplified methods and
models to inform his/her decision. Often, the mass-on-a-spring model is adopted for this purpose with
the result of an overestimated isolation performance. Alternative simplified methods and models
are to be developed in this dissertation with a resulting design analysis framework for base-isolated
buildings. A key physical aspect to consider is to account for the dynamic soil-foundation-building
interaction by means of a simplified model. This is investigated in the next chapter.

Chapter 3
A simplified SSI approach for
ground-borne vibration of buildings
Predictions of isolation performance for a base-isolated building are desirable for addressing design-
oriented specifications, yet they are difficult to obtain without an in-depth modelling of the source, the
ground, the building and their interaction. Apart from being computationally expensive, the latter
approach requires a detailed specification of many parameters that may be inherently difficult to
determine. Moreover, at the design stage, many of the features of the building itself are yet to be
established and the comparison of different configurations may be of interest. During the design of
a base-isolated building, it is desired to refer to a rather simplified foundation-building model that
is able to capture the essential physics of the problem. Because of the intrinsic assumptions of the
simplified foundation-building model, which are presented in this chapter, the focus is limited to
properly address the soil-structure interaction (SSI) in a simplified manner that may be adopted by
practising engineers. This possibility is investigated in this chapter starting from a general design
scenario, which makes reference to specific foundation and building typologies.
3.1 SSI in ground-borne vibration: a general design scenario
A general, three-dimensional vibration problem is introduced in the following with particular attention
to soil-foundation and soil-foundation-building interaction. This serves as a general design scenario
that, by introducing simplifying assumptions, is traced back to a reference problem that accounts for
three-dimensional propagation in the soil-foundation system and a two-dimensional representation
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of the building. The design scenario refers to a specific class of foundation and building typologies,
namely, surface slab foundations and portal-frame buildings. In reality, pile foundations and complex
building designs (e.g including a structural core, façade, etc.) are found in practice. Although these
cannot be redirected to the design scenario examined in this dissertation, the latter provides a general
strategy to approach the SSI in ground-borne vibration. Starting from the design scenario, additional
assumptions are introduced for the identification of a single-point coupling model that is further
explored in the remaining sections.
3.1.1 Modelling stages and construction process
Let us consider the general case of the construction of a building in the vicinity of a source of vibration
represented by buried or surface train lines. Figure 3.1 shows the main construction stages that are
Fig. 3.1 Overview of the general vibration problem: (a) free-field displacement generated by un-
derground and/or surface railways; (b) free-surface displacement field on the upper surface of the
foundation accounting for soil-foundation interaction; (c) displacement field at the base of the
building accounting for soil-foundation-building interaction.
3.1 SSI in ground-borne vibration: a general design scenario 41
also representative of the modelling steps for such a vibration problem. The vibration generated by
the source can be expressed in terms of a free-field displacement u0(x, t) that may represent either
on-site vibration measurements that are taken prior any construction activities or the displacement
field obtained by some source-propagation modelling of the railway and/or the ground. For the
sake of simplicity, wave-fields in the form of incident P- and SV-wave at a vertical angle θV and
a horizontal angle θH are considered here. Moreover, the case of a surface source is represented
by a Rayleigh wave at an angle θH . Because of the plane-wave assumption, the wave-field can
be assumed to be time-harmonic so that u0(x, t) = û0(x,ω)eiωt , where ω is the angular frequency
and the exponential term in the time variable t is omitted in the following. The construction of a
finite slab foundation of thickness h on the free-surface of the ground modifies the initial free-field
displacement because of the soil-foundation interaction (added-foundation effect), with the resulting
displacement field ûf(x,y,h,ω) at the top of the foundation. The vibration levels are further changed
with the construction of the building. The coupling between the building and the soil-foundation
system leads to a displacement field ûb(x,ω) in the ground and building domain, and a displacement
field ûb(x,y,h,ω) at the foundation-building interface (added-building effect).
3.1.2 A reference problem of ground-borne vibration
Additional assumptions are introduced for obtaining a reference problem that may be addressed by
simplified methods and models. A plane-strain excitation in the x− z plane is considered assuming
θH = 0. Moreover, the slab foundation is assumed to be infinite along the x and y direction so that
it can be modelled as an infinite, homogeneous, linear-elastic layer, as shown in Figure 3.2b. The
added-foundation effect can be then examined in terms of the frequency-wavenumber displacement
amplitudes as discussed in Chapter 4.
A two-dimensional portal-frame building model is considered (see Figure 3.2d). The 2D as-
sumption may result in a reduced modal density along the frequency-spectrum when compared with
a three-dimensional building model. However, it is believed that the impedance at the base of the
building, which is of interest for the SSI, may be reasonably captured with this simplification. This
assumption is often found in literature with reference to periodic [47, 125, 33] and finite [165, 166]
building models. The portal-frame model represents the primary structure of a concrete-framed
building, and it accounts for the propagation of longitudinal and bending waves in the individual
floors and columns, and their conversion at the column-floor connection (i.e. node). A symmetrical
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Fig. 3.2 Overview of the reference problem: (a) free-field displacement generated by plane-wave
excitation; (b) free-surface displacement field on the slab foundation as an elastic layer accounting
for soil-foundation interaction; (c) response of rigid footings resting on the slab foundation; (d)
displacement field at the base and within the building accounting for soil-foundation-structure
interaction.
building of 10 storeys and 4 bays is considered (see Figure 3.2d). Table 3.1 summarises the main
geometrical and mechanical data of the elements comprising the building, which refer to commonly
assumed values of typical concrete structures [167]. Details of the adopted beam-bar formulation for
the 2D model are given in Section 6.2.2 and Appendix B, while simplified building models, referring
to the same reference problem, are presented in Section 3.3.
The coupling points between the building and the soil-foundation system, as illustrated in Fig-
ure 3.2d, refer to the bases of the building’s columns. The latter are modelled with an Euler beam-bar
formulation with the assumption that plane sections remain plane after deformation. The coupling
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of the building with the soil-foundation system must be then consistent with this assumption; this
is achieved by considering rigid regions of similar geometry to the columns’ cross-section as cou-
pling regions at the free-surface of the soil-foundation system. Two soil-foundation systems may be
considered for the coupling:
• a series of rigid foundations resting on an elastic half-space (i.e. ground), which is a direct
coupling of the building with the soil (benchmark #1);
• a series of rigid footings resting on an elastic layer (i.e. slab foundation) overlying an elastic
half-space, which is the coupling of the building with the soil-foundation as reported in
Figure 3.2d (benchmark #2).
The use of rigid foundations and/or footings may limit the range of incident wave-fields that can
be properly studied because of the relatively short wavelengths involved in ground-borne vibration.
Whether or not the coupling of a portal-frame building with the soil-foundation system actually
leads to a rigid-like contact, in the frequency range of interest for ground-borne vibration, is still
an open question that may deserve investigation. A possible frequency-range of validity for the
latter assumption may be found by referring to the same argument valid for the discretization in
Finite Element Analysis (FEA). The discussion is then limited to incident wave-fields whose shortest
apparent wavelengths are at least 5-8 times larger than the dimension of the column [108, 107]. Given
typical ranges for the shear wave speed in the soil VS = 150− 300 m/s and the dimension of the
column’s cross-section 2b = 0.5 m, the corresponding maximum frequency that can be considered
Column Young’s Modulus EC = 30 GPa Beam Young’s Modulus EB = 30 GPa
Density ρC = 2400 kg/m3 Density ρB = 2400 kg/m3
Area AC = 0.25 m2 Area AB = 1.25 m2
Length LC = 3 m Length LB = 5 m
Moment of Inertia IC = 0.0052 m4 Moment of Inertia IB = 0.0065 m4
Damping loss factor ηC = 0.1 Damping loss factor ηB = 0.1
Soil Shear wave velocity Vs = 200 m/s Frame Number of bays 4
Poisson ratio νs = 1/3,0.49 Number of storeys 10
Density ρs = 2000 kg/m3 Footings Number of footings 5
Damping ratio in shear ζs = 0.05 Area of footing AC
Slab Young’s Modulus Ec = 30 GPa Nonstruct. Building cat. A - residential
foundation Poisson ratio νc = 0.15 dead load Partition cat. 1 - weight ≤ 1 kN/m
Mass density ρc = 2500 kg/m3 non-struct. floor density 1600 kg/m3
thickness h = 0.7,1.5 m non-struct. floor thickness 0.1 m
Damping loss factor ηc = 0.1
Table 3.1 Data for the reference problem illustrated in Figure 3.2.
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may lie between 60 and 120 Hz. While the latter argument may set limitations on the use of a
rigid foundation and/or footing model in ground-borne vibration, it is believed that it is a necessary
assumption for approaching the soil-structure interaction in its simplest form.
A commonly adopted parameter in foundation vibration analysis is the dimensionless frequency
a0 = ωb/Vs. Considering typical values of the shear wave speed Vs as above, the columns’ dimension
2b = 0.3−2 m, and a frequency range of interest between 20 and 250 Hz, the range of a0 in ground-
borne vibration goes approximately from 0.05 to 10. Unless otherwise specified, Table 3.1 lists the
salient properties of the soil-foundation and building models used in this dissertation.
3.1.3 SSI of a single-point coupling model
The reference problem may be examined with respect to a single-point coupling at the base of each
column of the building. This further simplification results from neglecting:
• the through-soil coupling between adjacent rigid footings; this is discussed further in Chapter 5
with reference to the distance d and the dimension 2b of the footings;
• the through-floor coupling of the columns in the building; this is discussed further in Chapter 6
by means of comparison between simplified and rigorous building models.
A single-point coupling model is presented in Figure 3.3 in the framework of a SSI analysis as
introduced in previous sections. The notation is kept general so that it can be conceptually represen-
Fig. 3.3 Schematic illustration for the SSI associated with a single-point coupling model. (a) An
incident plane wave in the 3D soil system S leads to the resulting free-surface amplitude ũ0. (b)
The presence of a 3D foundation F is then considered with the resulting response ûf at a point O
at the free-surface. (c) A 2D building model B is coupled to the soil-foundation system F -S with
the resulting displacement ûb and ûn at the base and in the remainder of B respectively.
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tative of both simplified and/or more rigorous models. The three-dimensional (3D) unbounded soil
system is denoted by S , the 3D foundation model by F and the two-dimensional building model by
B . As far as the building response is concerned, the added-foundation effect is represented by the
response of the footing ûf . For the reference problem in Figure 3.2, this is divided into two parts:
the coupling of a slab foundation (see Chapter 4) and the consideration of the rigid footings at the
free-surface (see Chapter 5). In this chapter, the added-building effect is of interest with reference to
the single-point coupling model in Figure 3.3b and c.
The displacement after the coupling of B on S -F may be written in the form:
ûb(xo,ω) = ûf (xo,ω)+ Ĥf (xo,xo,ω) f̂f (xo,ω) (3.1)
with Ĥf the frequency-response function (FRF) matrix of the soil-foundation model F -S and f̂f the
forces exerted by the building on the foundation at the coupling point O. The displacement and force
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For equilibrium f̂f =−f̂b, with f̂b the forces that the foundation exerts onto the building through the
point O. The symbol ‘ ˆ ’ is used for a quantity in the space-frequency domain, with only the space
dependence explicitly reported in the following. In general, for a building model B , the response-force









= Ĥbg(xg,xg) f̂bg(xg) (3.2)
with xg = xo ∪xn, xo collecting the DoFs at point O and xn collecting those in the remainder of B .





]−1 ûb = [Ĥb]−1 ûb = K̂b ûb (3.3)
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with K̂b the condensed dynamic stiffness matrix [168] of B at the coupling point O. By substitution
of Equation 3.3, with consideration of equilibrium, into Equation 3.1:




















ûf = B ûf
(3.4)
Equation 3.4 is a classical result [25] when analysing the SSI by means of the sub-structure
method [166]. The matrix B is representative of the added-building effect related to the DoFs
xo of a single-point coupling model as in Figure 3.3. The response of the building at xn can be




]−1 ûb = Ĥnb [Ĥb]−1 B ûf = Ĥnb K̂b B ûf (3.5)
It is evident from Equation 3.4 that the added-building effect is characterised by the FRF matrix Ĥf of
the soil-foundation system and by the dynamic stiffness matrix K̂b of the building at the coupling
point. The next sections review well-known simplified models for both the soil-foundation and the
building as represented in Figure 3.3. These may be used to address the added-building effect and to
establish a design approach for base-isolated buildings that fall into the reference problem as depicted
in Figure 3.2.
3.2 Modelling the foundation
A simplified model for a rigid foundation on a homogeneous and elastic half-space may be obtained
by a strength-of-material approach introduced by Elhers [169] almost 80 years ago. Many researchers
have built on this idea with the purpose of obtaining a simplified dynamic stiffness formulation.
Meek and Veletsos [94] presented a formulation for the lateral and rocking motion of a rigid foundation.
This was revisited by Meek and Wolf [87] with a generalisation of the truncated cone models for such a
foundation system to vertical, lateral, rocking and torsional motion. An overview of such models is
3.2 Modelling the foundation 47
given by Wolf [84], with the focus on the time-domain and the frequency-domain formulations of
the dynamic stiffness provided by a foundation (e.g. rigid foundation, footing, etc.). The development
of simplified foundation models found extensive application for the SSI associated with earthquake
ground motions. This represents a low-frequency problem for which the wavelength associated with
the wave-excitation is larger than the dimensions of the foundation-building system. Ground-borne
vibration involves a much higher frequency content that ranges from 20 to 250 Hz. It follows that
the response of a building to ground-borne vibration may be defined as a mid-frequency problem. The
novelty of the approach adopted in this dissertation is that of using the aforementioned simplified
foundation models, well-known in the earthquake engineering community, for problems related to
ground-borne vibration. This is supported by the fact that cone models are obtained by a doubly-
asymptotic assumption for which the response of the foundation model converges to the rigorous
solution both at low and high frequencies. In the following the simplified foundation models for a rigid
foundation (i.e. benchmark #1) and a rigid footing (i.e. benchmark #2) are presented and validated
against the rigorous Boundary-Element-Method models that will be presented in Chapter 5 and 6.
3.2.1 A simplified model of a rigid foundation
Figure 3.4 illustrates the notation of the formulation for the different degrees of freedom for cone
models referring to a rigid foundation. Different aspects have been investigated by Meek and Wolf for
the validity of the suggested cone model for a rigid foundation [84]. The necessity of considering
Rayleigh waves propagating from a localised source, an inherent shortcoming of cone models, may be
Fig. 3.4 Schematic representation of cone models for a rigid foundation on a homogeneous and
elastic half-space representing the ground. Cone properties are shown for the (a) horizontal, (b)
vertical and (c) rocking degree of freedom as defined in Table A.1.
48 A simplified SSI approach for ground-borne vibration of buildings
evident from classical results of wave propagation in soils [81, 82, 85]. On closer examination, this
concern is unfounded for a localised source with finite dimension (e.g. foundation), which radiates
only a minority of the total power by Rayleigh waves for a dimensionless frequency a0 greater than
3.5 [170, 83]. For a0 smaller than this value, Meek and Wolf [170] argue that, as far as the impedance
of the foundation is concerned, the cone is located well within the far-field boundary of 0.5 λR as
found by Rücker [171] on the basis of the results of Miller and Pursey [81]. According to Rücker,




















k f x - Veletsos
c f x - Veletsos
k f x - BEM
c f x - BEM
k f x - Wolf
c f x - Wolf
(a)





















k f z - Luco
c f z - Luco
k f z - BEM
c f z - BEM
k f z - Wolf
c f z - Wolf
(b)


















k fϕ - Veletsos
c fϕ - Veletsos
k fϕ - BEM
c fϕ - BEM
k fϕ - Wolf
c fϕ - Wolf
(c)



















k f xϕ - Veletsos
c f xϕ - Veletsos
k f xϕ - Luco
c f xϕ - Luco
k f xϕ - BEM
c f xϕ - BEM
(d)
Fig. 3.5 Comparison of the spring and damping coefficients, as defined in Appendix A, of a cir-
cular rigid foundation on an elastic half-space (νs = 1/3) obtained by a rigorous BEM approach
discussed in Chapter 5 (black line), by the cone model formulation by Wolf [84] (gray line) and
by different relaxed-boundary approaches by Veletsos [90] and Luco [172] (markers) for (a)
horizontal, (b) vertical, (c) rocking motion and for (d) the horizontal-rocking coupling term.
the attenuation of the displacement amplitude in the near-field is inversely proportional to the distance
r, well in agreement with the cone model (see Equation A.11).
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Figure 3.5 shows the spring and damping coefficients, as defined in Appendix A, associated with a
circular foundation resting on an elastic half-space with νs = 1/3 and with low material damping
ηs = 0.01. The doubly-asymptotic nature of the cone model is evident from the convergence to the
rigorous BEM solution at low and high frequencies of the spring and damping coefficients respectively.
The rigorous BEM solution refers to a discretization of the foundation, as in Figure 3.5, with quadratic
elements. This is obtained by means of the EDT [116, 36] and BEMFUN [38] Toolboxes following
the formulation presented in Chapter 5. Additional results are shown for comparison with reference to
two studies by Veletsos and Wei [90] and by Luco and Mita [172], who considered a relaxed-boundary
condition at the soil-foundation interface. Also in this case, the spring and damping coefficients
appear to converge to the rigorous solution at low and high frequencies respectively. Figure 3.5(d)
shows the spring and damping coefficients, related to the static horizontal stiffness K(st)f x , obtained by
the rigorous approach and by the relaxed-boundary approaches aforementioned. It is evident that the
horizontal-rocking dynamic stiffness is one order of magnitude smaller than the direct terms for the
other DoFs. Moreover, both the spring and damping coefficient converge to zero at relatively high
frequencies. Based on this observation, it appears reasonable to neglect this term when defining the
dynamic stiffness matrix of a simplified foundation model as reported in Appendix A. The implications
of the latter on the added-building effect are investigated in Section 3.5.1 with reference to the results
obtained by a rigorous BEM model of the foundation.
An important comment regards the validity of the vertical and rocking cone models for soils
with a high Poisson’s ratio (i.e. high compressional wave speed). While, as demonstrated by
Meek and Wolf [83], the damping coefficient for both νs = 1/3 and νs = 1/2 may be written in
the form c f z = ρs 2Vs A0, between these two values of the Poisson’s ratio the doubly asymptotic
approximation of the cone model essentially breaks down. This represents a limitation on the use
of cone models in ground-borne vibration and, for Poisson’s ratio values in this range, the cone
model holds a valid approximation only for low values of frequency. By a qualitative inspection of
Figure 3.6, the comparison with the rigorous solution obtained by BEM suggests the use of cone
models up to a value of approximately a0 = 2, which corresponds to 250 Hz for the reference problem
in Section 3.1.2. Meek and Wolf [83] propose the idealised division between compressible soils,
with νs ≤ 1/3, and nearly incompressible soils with νs > 1/3. The difference in behaviour is evident
for the vertical and rocking motions: a parabolic decrement of the spring coefficient at relatively low
frequencies is present. According to Meek and Wolf this is physically interpretable by a trapped mass
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Fig. 3.6 Comparison of the spring and damping coefficients, as defined in Appendix A, of a cir-
cular rigid foundation on an elastic half-space (νs = 0.49) obtained by a rigorous BEM approach
discussed in Chapter 5 (black line), by the cone model formulation by Wolf [84] (gray line) for (a)
horizontal, (b) vertical, (c) rocking motion and for (d) the horizontal-rocking coupling term.
effect of the soil beneath the foundation. Yet, they do not provide an explanation for the divergence
of the damping coefficient that tends to the value suggested by the cone model only at relatively
high frequencies (see Figure 3.6(b)). The case of a rigid foundation represents a reasonably simple
case of foundation that is suitable for summarising the assumptions associated with the cone model.
However, the use of such model in ground-borne vibration is pertinent to each coupling region at the
base of each column of the building. In this context, the direct coupling of the building with the soil is
unrealistic since a foundation is often interposed between the two (e.g. concrete slab foundation).
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3.2.2 A simplified model of a rigid footing
Moving on to the case of rigid footings as introduced in Section 3.1.2, the case of a rigid footing
resting on an elastic layer overlying a rigid bedrock has been treated by Meek and Wolf [95] who
introduced an unfolded cone model (see Figure 3.7). Multiple reflections within the layer are
considered compatibly with the cone model assumption (see Appendix A). The resulting dynamic
stiffness formulation is in reasonable agreement with rigorous solutions for both the impulse response
analysed in the time-domain and the harmonic response in the frequency-domain [95]. An extension of
the rigid footing model is presented by Wolf [84], who considered the presence of an elastic half-space
underneath the layer. This is done by consideration of a refraction coefficient that accounts for the
dispersion of energy within the half-space at each reflection-refraction at the interface. The unfolded
cone model formulation, reviewed in Appendix A, is adopted in this dissertation for obtaining
a simplified foundation model that refers to the more realistic reference problem as depicted in
Figure 3.2. Figure 3.8 and 3.9 show a comparison between the spring and damping coefficients of
a square rigid footing obtained by the unfolded cone models and the rigorous approach. Two cases are
examined referring to a 0.7 m and a 1.5 m thick concrete slab foundation (i.e. layer). The unfolded
cone models provide a very good approximation for the damping coefficient, which, as expected,
Fig. 3.7 Schematic representation of unfolded cone models for a rigid footing on an elastic layer
overlying (a) a bedrock and (b) a homogeneous and elastic half-space.
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converges to the rigorous counterpart at high frequencies. The approximate spring coefficient better
approximates the rigorous counterpart for translational motions and for a thicker layer, obtaining
only an agreement in terms of the order of magnitude for the rocking case. Although the horizontal-
rocking spring coefficient k f xϕ has the same order as the horizontal and rocking direct terms, the
damping coefficient c f xϕ , which governs at relatively high frequencies, is close to zero. It seems
then reasonable to neglect the horizontal-rocking coupling in a simplified formulation for a rigid
footing. The simplified foundation model described and discussed in this section for either a rigid
foundation or a rigid footing is labelled model fW. The label is just intended to ease the discussion with
the association of the simplified model to the most prominent author (i.e. Wolf [84]). The dynamic
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Fig. 3.8 Cone model and rigorous results for the spring and damping coefficients, as defined in
Appendix A, of a square rigid footing of half-width b on an elastic layer (h = 0.7 m) overlying an
half-space (νs = 0.49).
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k f xϕ - BEM
c f xϕ - BEM
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Fig. 3.9 Cone model and rigorous results for the spring and damping coefficients, as defined in
Appendix A, of a squared rigid footing of half-width b on an elastic layer (h = 1.5 m) overlying an
half-space (νs = 0.49).




K̂fW x 0 0
0 K̂fW z 0
0 0 K̂fWϕ
 (3.6)
The rigorous foundation model for either a rigid foundation or a rigid footing is labelled model fB,
with the B standing for BEM model. Although the latter will be discussed in detail in Chapter 5 and 6,
it is used in this chapter for validation of the model fW. The dynamic stiffness matrix of model fB,
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Both the foundation models include the radiation damping, as discussed in Section 2.3, in their
formulation. Material damping may be introduced via the correspondence principle as illustrated in
the following.
3.2.3 Damping in soil-foundation models
Damping in the soil is assumed to be hysteretic, as described by a frequency-independent loss factor
in shear ηs. This assumption has been confirmed by numerous experimental wave-field studies
and laboratory tests [173, 174]. Although, in general, the damping properties in soils depend on a
number of factors such as the strain amplitude, the effective mean principal stress, the void ratio,
the number of loading cycles and the degree of saturation for clays [175], it is assumed that the
hysteretic damping model is valid for many soils over the frequency-range and the moderate strain
amplitude [61] observed in ground-borne vibration.
Material damping describes the energy losses within a loaded portion of soil caused by inter-
particle slip and contact friction. In a homogeneous, linear-elastic representation of the soil, as adopted
in this dissertation, the damping model has to depend upon the particle motion within the soil. The
latter depends on the wave-type considered (see Appendix C) so that two damping loss factors can
be associated with the shear and compressional waves. Damping is introduced in the soil by means
of complex shear and compressional wave speeds, as defined in Equation 3.8, which relates to the







It is indeed necessary to provide two values of damping loss factors to properly describe damping in
soils, one for each elastic constants chosen to describe the soil. This dissertation makes use of the
assumption adopted by Hunt [39], in which the material damping is assumed to occur entirely through
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shear strain and, consequently, no damping is associated with the volumetric strain. Based on this














with λ ,µ representing the Lamé constants (see Appendix C). On the basis of this assumption, the
damping used in this dissertation relates to the definition of the value ηs = ηS.
Since the slab foundation is modelled as an equivalent elastic layer, the damping properties for the
concrete slab are defined by a loss factor ηc in accordance with the previous discussion. As a general
comment, it is worth stressing that having a valid soil-foundation model that correctly accounts for
the radiation damping provided by the unbounded nature of the ground is of more concern then the
precise modelling of the material damping [84, 33].
With reference to the simplified foundation models presented in this chapter, the dynamic stiffness,
related to the damped soil-foundation system, may be obtained from Equations A.16 in the form:
K̂f j(a′0) = K
(st)
f j (1+ iη j)
[











−1, and η j the damping loss factor relevant to the motion of the foundation,
which is ηS for the horizontal motion and ηP for the vertical and rocking response.
3.3 Modelling the building
Simplified models for the building are considered next with reference to a single-point coupling model
as presented in Section 3.1.3.
3.3.1 The column model
An initial attempt at modelling the building with a distributed mass and stiffness up its height may be
addressed with a column model of length L, cross-sectional area A, second moment of area I, density
ρ and Young’s modulus E. This model completely disregards the presence of the floors between
adjacent columns, thus neglecting the conversion of axial and bending motion from the column into
bending and axial motion in the floor, and vice versa. As a result, each column acts independently
from one another without the effect of the through-floor coupling.
56 A simplified SSI approach for ground-borne vibration of buildings
In the case of identical columns, as for the reference problem in Section 3.1.2, the investigation
can be traced back to the SSI of a single column that acts as a beam against horizontal u and
rocking ϕ input, and as a bar against a vertical w input at its base. The SSI can be then approached
as in Section 3.1.3 with a single-point coupling at the base of the column. The dynamic stiffness
matrix K̂bC of the column at point O and/or the FRF matrix ĤbC can be retrieved from the global
dynamic stiffness matrix K̂gC of the column. The latter can be obtained via the Dynamic-Stiffness
Method (DSM), as reviewed in Appendix B. By considering θ = π/2, the column’s properties as in
Table 3.1 and the total height of the building (i.e. L= 30 m for the reference problem), a force-response









= K̂gC ûgC (3.11)
with the subscripts b and n referring to the base and the free-end of the column respectively. Imposing
the free condition f̂nC at the top of the column , the force-response relation at the base may be written:
f̂bC = K̂bC ûbC =
[
ĤbC
]−1ûbC with K̂bC = K̂bbC − K̂bnC [K̂nnC ]−1K̂nbC (3.12)
with K̂bC the condensed dynamic stiffness matrix at the base of the column. Based on the assumptions
for the elastic bar and Euler beam, the axial and bending motion are uncoupled for the single column
model described here. The longitudinal VA and bending VB wave speeds can be retrieved from the



















The non-dispersive nature of the longitudinal waves is evident from the frequency independent wave
speed VA. On the other hand, bending waves are dispersive with a frequency dependent wave speed
VB.
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It is illustrative to examine the axial response of the column.
3.3.2 Axial response and structural damping
The axial response of the column model can be examined separately since it is uncoupled from the
bending response. The axial dynamic stiffness at the base of the column can be found as [121]:
K̂bCz =−EAkA tan(kAL) (3.15)













with the subscripts 1 and 2 referring to the ends at the base and at the top of the column. The
fixed-free condition for the column relates to the boundary conditions (BC) ŵ1 = f̂2 = 0, which
from Equation 3.16 can be written as:
f̂2 = EAkA cot(kAL)ŵ2 = 0
For a non-trivial solution, the latter yields cot(kAL) = 0 and the n fixed-free natural frequencies for




or ωn = (2n−1)
π VA
2L
with n = 1,2, ...,∞ (3.17)
At these frequencies the column acts as a vibration absorber restraining the motion at its base [121].
For the column model of the building representing the reference problem with L = 30 m, these
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≈ (2n−1)29.5 Hz = 29.5, 88.5, 147.5, 206.5... Hz (3.18)





=−EAkA sin(kAL) = 0
The latter yields the n free-free natural frequencies for the axial response of the column:
kAL = (n−1)π or ωn = (n−1)
π VA
L
with n = 1,2, ...,∞ (3.19)
At these frequencies the column is dynamically de-coupled at its base leaving any input motion




≈ (2n−1)59 Hz = 0, 59, 118, 177, 236... Hz (3.20)
which include the free-body motion in the static case.
Although what reviewed here is basic structural dynamics, it will be seen that it has an important
role for interpreting the added-building effect of a building idealised as a column. The discussion
above refers to an undamped column. In reality dissipative forces are present during the motion of
the column, which have the effect of broadening the modal bandwidth and reduce the resonance
associated with the modal response of the finite column.
In general, the dynamic response of a building is damped by two main mechanisms: material
damping and boundary damping. The former is related to the energy dissipation that occurs in the
bulk material while the latter is due to dissipation of energy through structural connections of different
members (e.g. columns, floors, façade, etc.).
Material damping is often modelled as viscous damping [176]. The dissipative force introduced in the
system is proportional to velocity and can be thought of as produced by a viscous damper. The damper
coefficient can be proportional to mass, with a damper element connecting each elemental mass to the
ground, or proportional to each elemental stiffness with a damper element in parallel. Either one of the
two damping models may be adopted, leading to a constant modal bandwidth (mass-proportional) or
to a a modal bandwidth proportional to frequency squared (stiffness-proportional), as reviewed by
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Newland [121]. An alternative damping model in the frequency domain is the hysteretic damping
introduced in the structural system by assigning complex values to the elastic constants defining the
material [177]. For instance, for the beam-bar elements used in this dissertation, a complex Young’s
modulus E(1+ iη) can be assigned for considering the stress-strain phase difference as a result of
material damping. In general, the damping loss factor η is frequency dependent, indeed it has to be to
ensure causality [178].
It is illustrative to consider different models of material damping for the axial response of
the column. This can be done by consideration of dissipative forces per unit area to be added in
Equation B.1a, this time with reference to the vertical DoF w . In practice, a combination, also referred
to as Rayleigh damping, of the mass-proportional and stiffness-proportional viscous damping models
is commonly used (e.g. in FEM codes). For this purpose, the following dissipative forces per unit
area may be considered:




with the terms α and β defining the half-power bandwidth for the jth vibration mode with the damping
coefficient ζ j:
∆ω j = 2ζ jω j = α +βω2j (3.22)
For the case of a hysteretic damping model the consideration of a complex elastic constant is equivalent





with the damping loss factor η defining the half-power bandwidth for the jth vibration mode as
follows:
∆ω j = 2ζ jω j = ηω j (3.24)
Figure 3.10 shows the magnitude of the axial dynamic stiffness at the base of the column for a mass-
proportional (β = 0) and a stiffness-proportional (α = 0) viscous damping model. Comparison is
made with the result obtained with the hysteretic damping model, as adopted in this dissertation.
The values of α,β and η are chosen such that the half-power bandwidth for the first natural frequency
is ∆ω1 = ηω1 = 0.1ω1. It is evident that, for the case of mass-proportional viscous damping, the
peaks and troughs of the dynamic stiffness in Figure 3.10 have constant ∆ω j, having an equally
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mass-proportional α , 0, β = 0
stiffness-proportional α = 0, β , 0
hysteretic η = 0.1
Fig. 3.10 Magnitude in dB of the axial dynamic stiffness K̂bCz at the base of the column with
reference to the respective static vale K (st)bCz = EA/L. The properties of the column as in Table 3.1
are used with the total height of the building L = 30 m.
important influence along the frequency-spectrum for the response of the column. On the other hand,
the hysteretic damping model, and more so the stiffness-proportional viscous damping, results in
decreasing magnitudes of successive peaks and troughs in the frequency-spectrum. The latter is an
important feature that may justify the use of a semi-infinite column model for relatively tall buildings
and/or at relatively high frequencies, as discussed in the following section.
Regarding the material damping model adopted in this dissertation, there is experimental ev-
idence [179] on reinforced concrete columns suggesting that the damping loss factors are not strongly
dependent on frequency, and that different configurations of reinforcement lead to small damping
variation for a single column. Newland and Hunt [179] find values in the order of η = 0.01 related
to a single column and highlight the difficulty in modelling damping in a complete building, sug-
gesting a tenfold value of η in such a case. This is in agreement with the damping value assigned to
concrete buildings in earthquake engineering for the definition of design spectra based on a single
degree-of-freedom representation of the building [58]. On the basis of this reasoning, and since no
precise damping model exists for a building, the hysteretic damping model with η = 0.1 is adopted in
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this dissertation for the members composing the building. This is in line with previous work on numer-
ical modelling of concrete buildings in ground-borne vibration [47, 33], although lower [127, 166]
and intermediate [180–182] values are occasionally adopted in the literature.
3.3.3 The damper model
Let us now consider a very tall building whose columns we can treat as semi-infinite. With reference
to the axial behaviour seen earlier, the displacement w(z, t) along a column can be described by a
travelling wave propagating outwardly with speed VA:
w(z, t) = w(z−VAt) (3.25)
No reflected waves travel in the opposite direction since the boundary is virtually at z → ∞. By






















































The axial force-response relationship at the base of a very tall column may be then idealised as that of
a damper with a viscous force that is proportional to velocity by a damper coefficient cbDz = ρ AVA.
The “very tall” condition is related to the assumption that the vibrational energy entering the building
at its base is completely dissipated along its height. This implies that the bending and axial waves
generated from the excitation at the base of the building travel up the structure and are damped out
before reaching the boundaries. Hence the building, although being of finite dimensions, may be
assumed infinitely tall from a purely wave-propagation standpoint, as viewed at the base.
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A similar approach may be followed for obtaining damper coefficients related to the bending
response of a semi-infinite column. Let us consider the general bending response in Equation B.5b
for the element in the local coordinate system as in Figure B.1 in Appendix B. By considering only
forward propagating waves the constants c3 and c4 in Equation B.5b are eliminated. By applying the








The unknown constants c5 and c6 may be determined from Equations B.5b and B.6 for the two BC
















The shear force sb and the moment qb at the left-hand (x = −L/2) of the element are determined
from Equations B.5b and B.6 for each group of constants in Equation 3.29. After some algebra and
a coordinate transformation in the global reference for the column (i.e. θ = π/2, see Appendix B),













It should be noted that the impedance functions in Equation 3.30 may be interpreted by an alternative
reasoning to the infinite bar-beam used here. Indeed, they represent average impedance functions
related to a “random” finite bar-beam [183], with the assumption of the interval of resonance frequency
uncertainty being much larger than the modal bandwidth. For a more detailed discussion the reader
is re-directed to the book of Lyon [183], where an example for a finite and an infinite plate is presented.
Figure 3.11 shows the comparison between the dynamic stiffness of the column and damper
models with reference to the direct terms for the horizontal, vertical and rocking DoFs, and to the
horizontal-rocking cross-stiffness term. It is evident that the damper approximation is able to capture
the order of magnitude of the dynamic stiffness terms, but it neglects the modal behaviour of the
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Fig. 3.11 Magnitude in dB of the terms of the dynamic stiffness matrix for the column model
K̂bC (dashed line) and for the damper model K̂bD (solid line). The properties of the column as in
Table 3.1 are used with the total height of the building L = 30 m with hysteretic damping (η = 0.1).
building modelled as a column. The extent to which the latter is important depends on the level of
damping in the building, the actual height of the building and on the frequency range of interest.
The dynamic stiffness terms in Equation 3.30 may be rearranged to yield the viscous forces of the
damper element related to the velocity of the relevant DoFs:
fbz = EAikAwb = ρAVAẇb




qbϕ = EIkB(i+1)ϕb =
ρA
ω2





The forces at the base of the semi-infinite column can be interpreted as viscous forces related to a
velocity in the corresponding direction of motion and either a frequency-independent or frequency-
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dependent damper coefficient. The infinitely tall building may be then idealised as a damper that
dissipates the energy at a certain rate. The mean vibrational power related to the contribution of a









with the symbol ‘ ? ’ indicating the complex conjugate. By using the force-velocity relation in


















is positive in Equation 3.31 for all the DoFs considered, the mean vibrational
power flow is negative, indicating that, on average, power is input (i.e. dissipated) [162] in the damper
element representing the infinitely tall building. It is possible to find in the literature an opposite
sign convention for the mean vibrational power [33], which does change the sign in Equation 3.32 but
leaves the physical meaning unaltered.
3.4 Base-isolated buildings
Base-isolation is a common mitigation measure that allows to de-couple, to a certain extent, the
building from the soil-foundation system in order to reduce levels of vibration and re-radiated noise
within the building. The modelling strategy adopted in this dissertation is reviewed in the following.
The response of a base-isolated single-point coupling model is also investigated and expressions are
found for the Insertion Gain and the Power Flow Insertion Gain, as defined in Chapter 2.
3.4.1 Modelling the isolation
Each isolator is modelled as a linear, massless spring with reference to the horizontal, vertical and
rocking DoFs, without any consideration of possible horizontal-rocking coupling effects. An isolator
can be then described by three values of stiffness referring to the three DoFs considered and associated
with the three modes of deformation, as shown for a rubber bearing in Figure 3.12.
In practice, it is common to refer to the isolation frequency fS as the main design parameter for
the base-isolation system. This stems from the assumption of the isolated building behaving as a
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Fig. 3.12 Schematic illustration of the three modes of deformation, for a rubber isolation bearing,
associated with the three stiffnesses for the three DoFs: vertical kSz , horizontal kSx and rocking
kSϕ (from Talbot [33]).
rigid mass on a spring excited vertically at its base. Although this assumption is fallacious because
it neglects the complex dynamic behaviour of the building, its interaction with the soil-foundation
system and the multi-directional input, it provides a general and convenient concept for characterising
isolation systems. Each isolator is assumed to have a frequency-independent vertical stiffness as
follows:
kSz = (2π fS)2 MT (3.34)
with MT the total mass per column, which is comprehensive of structural and non-structural loads.
The definition of the vertical stiffness in Equation 3.34 is commonly adopted in practice for the
convenient concept of the isolation frequency. However, the isolation stiffness and damping are the
relevant parameter that drive the performance.
In reality, as discussed in Section 2.6.3, the dynamic stiffness provided by rubber bearings depends
on the deflection, which in turn depends on the static loading. The latter depends on the overall static
response of the base-isolated building, isolation system included. This non-linear behaviour of the
rubber bearings is neglected here and the isolation stiffness is obtained by assuming a redistribution
of the static loading at the base of a base-isolated building, of which there is some evidence in
practice [184] for sufficiently soft bearings. The mass associated with the axial static loading at the
base of each column may be then obtained by means of the gravitational acceleration g ≈ 9.81 m/s2,
and the isolation stiffness can be calculated according to Equation 3.34.
In this dissertation, the total mass of a building is taken as that defined in the building codes
EN 1991-1-1 [185] and EN 1990 [186] for the actions on buildings and their combination with respect
to the serviceability state. Let us assume that the additional mass of non-structural elements can
be idealised as spread over the floor area with a thickness of 0.10 m and a density of 1600 kg/m3.
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Partitions are additional non-structural elements to be considered based on their contribution in terms
of mass-per-floor [185]. The total mass of the building may be obtained from the quasi-permanent
combination of structural (G1), non-structural (G2) masses (permanent actions), and any variable







Ψ2( j)qk( j) (3.35)
where the factor Ψ2( j) accounts for the alternate presence of the specific variable action during a long
period of time. The variable action considered here is the live load, which depends on the building
category. For the reference problem discussed in Section 3.1.2 with the data as in Table 3.1, the total
mass of the building Mb is divided by the number of columns in order to obtain the total mass per
column MT , which amounts roughly to 235 tonnes.
For the simplified foundation-building models used in this chapter, unless otherwise specified,
the mass MT in Equation 3.34 is calculated by assuming the building as column of mass MT = MC =
ρCACL with L = 30 m for the reference problem.
The horizontal and rocking stiffness of the isolator are assigned as kSx = kSϕ = 0.5kSz . In general,
for laminated rubber bearings, the ratios kSx/kSz and kSϕ/kSz depend on the shape factor and
geometrical properties of the bearing [152]. However, this value is considered to be typical of base
isolation bearings on the basis of a previous investigation by Talbot [33]. Moreover, it is understood
that different values of kSx and kSϕ, or a different model for the isolation altogether, may be adopted in
future work without affecting the general discussion provided here. Material damping is accounted for
by means of the hysteretic model already discussed in Section 3.3.2. Damping loss factors of 0.01
and 0.1 are considered as representative of limiting values and indicative of undamped steel spring
and a high-hysteresis rubber bearing respectively [33].
In practice, depending on the area to be isolated (e.g. single column, structural core, etc.), the
isolation system may be installed in the form of a single or a cluster of isolators. In this dissertation,
referring to the reference problem in Section 3.1.2, the former is used to de-couple the structure at
the base of a column. A two-point connection O′−O is then established in the form of a linear,
















where O′ and O are points at the bottom and top of the vertically oriented isolator respectively. In
the following section, the presence of such an isolation system is contextualised to the SSI of a
single-point coupling model, similar to that seen in Section 3.1.3.
3.4.2 A single-point coupling model for an isolated building
The SSI associated with a single-point coupling model for a base-isolated building is illustrated in
Figure 3.13. Analogous to Figure 3.3, by assuming the building B is free of external forces at xn the
force-response relationship at O for the building alone can be written as:
fb(xo) = K̂bub(xo) (3.37)
The coupled response of the isolator-building system may be studied with the assembled dynamic








Given no external forces at O (i.e. f̂b(xo) = 0), the force-response relationship of the base-isolated








ûu(xo′) = K̂Sbûu(xo′) (3.39)
with K̂Sb the condensed dynamic stiffness matrix of the base-isolated building at its base. Following
the same reasoning as in Equation 3.4, the displacement at O′ after the coupling of the base-isolated





ûf (xo) = B(iso) ûf (xo) (3.40)
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Fig. 3.13 Schematic illustration for the SSI associated with a single-point coupling model for a
base-isolated building. (a) An incident plane wave in the 3D soil system S leads to the resulting
free-surface amplitude ũ0. (b) The presence of a 3D foundation F is then considered with the
resulting response ûf at a point O at the free-surface. (c) A base-isolated 2D building model B is
coupled to the soil-foundation system F -S with the resulting displacement û(iso)b at the base of the
building (i.e. top of isolation), û(iso)u at the bottom of isolation and û(iso)n in the remainder of B .
By considering Equation 3.38 and imposing the condition f̂b(xo) = 0, the response at the base of the




]−1kS ûu(xo′) = [kS + K̂b]−1kS B(iso) ûf (xo) = C(iso) ûf (xo) (3.41)





]−1 ûb(xo) = Ĥnb K̂b C(iso) ûf (xo) (3.42)
with reference to the global FRF matrix Ĥbg in Equation 3.2 of the building alone.
3.4.3 Measures of isolation performance
The main existing methods for the evaluation of a mitigating measure have been reviewed in Sec-
tion 2.6.4. Among these, the IG and the PFIG have been discussed as two scalar metrics that are able
to give insights into the efficacy of a mitigating measure. For base-isolation, these are given by a
comparison of the isolated and unisolated configuration of the building.
In the following, the IG and the PFIG are calculated with reference to the formalism adopted
for the single-point coupling model in Sections 3.1.3 and 3.4.2. The insertion gain refers to one degree
of freedom at one location in the building. The response for the isolated and unisolated case can be
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retrieved from Equations 3.42 and 3.5 respectively as:
ŵ (iso)n = Ĥnb K̂b C(iso) ûf (3.43a)
ŵ (uniso)n = Ĥnb K̂b B(uniso) ûf (3.43b)
with Ĥnb being a [1 × 3] vector for the single-point coupling model under examination. For definition,
it follows from Equation 2.2:
IG = 20log10








Equation 3.44 illustrates the dependence of the IG on the input motion ûf as the response of the foun-
dation model to an existing vibration field û0, on the properties of the building alone (i.e. Ĥnb and K̂b),
and on the added-building effect represented by the matrices B(uniso) and C(iso) for the unisolated and
isolated building respectively. The argument of the logarithm in Equation 3.44 may be simplified
further when considering simplified foundation-building models, as will be seen in the next section.
The power-flow insertion gain defined by Equation 2.3 may be also re-formulated in the formalism






























with the symbols ‘ ? ’,‘ T ’ and ‘ † ’ indicating the conjugate, the transpose and the Hermitian conjugate
of a matrix respectively. By substitution of the displacement vector ûb in Equations 3.41 and 3.4 for
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As seen for the IG in Equation 3.44, the numerator and denominator in the argument of the logarithm
defining the PFIG depend on chain matrix multiplications that can be simplified further only with
respect to a simplified foundation-building model as presented in the next section.
3.5 A simplified multi-directional foundation-building model
The simplified foundation, building and isolation models presented in Sections 3.2, 3.3 and 3.4
may be adopted for the evaluation of the added-building effect and the isolation performance with
reference to a single-point coupling model as presented in Sections 3.1.3, 3.4.2 and 3.4.3. This
is illustrated in the following for both the case of rigid foundations (benchmark #1) and/or rigid
footings (benchmark #2) for the soil-foundation system, and a column and/or damper representation of
the building. Additionally, the commonly used assumption of the building as a rigid mass (model bM)
is also explored. Figure 3.14 illustrates schematically the simplified foundation-building models
Fig. 3.14 Schematic representation of the simplified foundation-building models referring to a cone
model of the rigid footing (i.e. benchmark #2) and the base-isolated building represented by (a) the
column as a rigid mass, (b) an infinitely tall column (i.e. damper) and (c) a column of finite length
on a spring representing base-isolation.
3.5 A simplified multi-directional foundation-building model 71
examined here. The purpose of this section is to introduce the cone-damper model (model fW-bD)
as a simplified model for the design of base-isolated buildings with reference to the soil-foundation-
building interaction. This will be validated against the rigorous approach discussed in Chapter 6.
3.5.1 The Added-Building Effect
The added-building effect, for both the unisolated and isolated case, may be studied by inspection of



















1+ ĤfBx K̂bDx + ĤfBxϕ K̂bDϕx 0 ĤfBx K̂bDxϕ+ ĤfBxϕ K̂bDϕ
0 1+ ĤfBz K̂bDz 0




A similar expression may be obtained for the isolated case by consideration of K̂SbD for the base-
isolated building model. It follows that, for the single-point coupling model, the 3×3 matrix B can







While the added-building effect for the horizontal and rocking DoFs depends on both the horizontal
and the rocking input motions, it is clear from Equation 3.49 that it is uncoupled from the vertical input
motion. The horizontal-rocking coupling terms of Ĥf (if any) and K̂b lead to rather involved expres-
sions of the coupled horizontal and rocking added-building effect, which can be hardly investigated in
detail. On the other hand, the adoption of simplified foundation-building models effectively allows
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the de-coupling of the vertical and horizontal-rocking DoFs, with the added-building effect in the
vertical direction serving as a conceptual reference that can be investigated further in the following.
The Added-Building Effect for vertical input
Let us consider the case of the unisolated building for the reference problem in Section 3.1.2. By
considering a single-point coupling model, the building can be represented by a damper (model bD), a
finite column of length L = 30 m (model bC) or by the finite column as a rigid mass (model bM). The










Figure 3.15 shows the added-building effect in the vertical direction by reporting the magnitude of Bzz
obtained with a cone model of a rigid foundation (model fW, benchmark #1) and the simplified models
of the building as discussed above. Two different values of Poisson’s ratio for the soil are considered:
νs = 1/3 (Figure 3.15a and c), representative of compressible soils, and νs = 0.49 (Figure 3.15b and d)
for nearly incompressible soils. The high-frequency trend is investigated in Figure 3.15c and d in





. According to the range of a0 as presented in
Section 3.1.2, and considering a tall building of 60 m, the maximum value of kAL ≈ 340. A larger
range is investigated in the following for the sole purpose of examining the limit value, at high
frequencies, of the added-building effect. In the case of the building as a finite column, the motion at
the foundation-building interface is restrained at the fixed-free natural frequencies of the column as
defined in Equation 3.18. Local maxima are evident at approximately the free-free natural frequencies
of the column as defined in Equation 3.20. The first amplification occurs at the natural frequency
of the column as a rigid mass on the complex and frequency dependent springs, combined in series,
provided by the soil-foundation system and the column itself. For the benchmark #1, the spring
associated with the column is stiffer than the one provided by the rigid foundation. It follows that an
upper bound for the frequency at which the first amplification occurs is the natural frequency of the
column as a rigid mass on the soil-foundation system alone (i.e. dotted line in Figure 3.15).
Although the rigid mass model is able to capture the first amplification, it fails to describe properly
the attenuation at higher frequencies, which is over-estimated with respect to the column model and
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Fig. 3.15 Comparison of the magnitude of the term Bzz obtained by modelling the building as a
damper (bD), a finite column (bC) or a rigid mass (bM). The cone model of a rigid foundation
on an elastic half-space with Poisson’s ratio νs = 1/3 (a) and (c) or νs = 0.49 (b) and (d) are con-
sidered for comparison of a compressible or incompressible soil respectively. The results for the
model fB-bD, referring to a rigorous BEM model of the foundation, are also shown for comparison.
goes with 20 dB/decade for compressible soils while reaching a constant value for νs = 0.49. On
the other hand, the damper model is able to capture the same trend of attenuation obtained with
the column model, but neglecting the restraining and/or the amplification effects due to the modal
behaviour.
The results for compressible and nearly compressible soils hold no differences in the frequency
range of interest (see Figure 3.15a and b), although they lead to a different trend of attenuation at high
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frequencies (see Figure 3.15c and d). This can be investigated by means of closed-form expressions
that may be obtained from Equation 3.51 by substitution of the vertical dynamic stiffness of a rigid
foundation (see Appendix A) and of the simplified building model under investigation. For instance,
the cone model of a rigid, square foundation and the damper model (see Equation 3.30) for the
reference problem lead to the term Bzz in decibels:
B (uniso)zz =−20log10




with δ = 0.75
δm
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with the damping coefficient c f z and the dimensionless frequency a0 = ωr0/VS as introduced in
Appendix A, and δ related to the trapped mass effect discussed in Section 3.2 and Appendix A, which
is present only for nearly incompressible soils (i.e. νs > 1/3).















Equation 3.53 provides a limiting value of attenuation, based solely on the impedance mismatch
at the foundation-building interface, for the added-building effect related to benchmark #1, which
corresponds approximately to the value −21dB (see Figure 3.15c). This is confirmed by the result
obtained considering a BEM model of the rigid foundation (i.e. model fB) as illustrated in Figure 3.15c.











However, the discussion in Section 3.2 has proven that the trapped mass effect, at high frequencies,
is only relevant for the special case of νs = 1/2. In reality, for values 1/3 < νs < 1/2, an intermediate
trend between those shown in Figure 3.15c and d, with a constant limiting value, may be expected
as confirmed by the result of model fB-bD in Figure 3.15d.
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Fig. 3.16 Comparison of the magnitude of the term Bzz obtained by modelling the building as a
damper (bD), a finite column (bC) or a rigid mass (bM). The soil-foundation system refers to a
cone model of a rigid footing on a slab foundation (h = 1.5 m, see Table 3.1) overlying an elastic
half-space with Poisson’s ratio νs = 0.49. No differences are found for the results (not reported
here) obtained for Poisson’s ratio νs = 1/3. The results for the model fB-bD, referring to a rigorous
BEM model of the foundation, are also shown for comparison.
This discussion and the investigation of Figure 3.15 highlight the role of the impedance mismatch
at the foundation-building interface for the added-building effect. Moreover, it is demonstrated that,
as long as the frequency-dependent parameters of the soil-foundation system and of the building are
adequately captured, simplified foundation-building models may be adopted for the SSI analysis.
For sake of completeness, the case of a rigid footing on a slab foundation (i.e. benchmark #2) is
considered next. Figure 3.16 shows the magnitude of Bzz. In this case, a lower value of attenuation
is expected because of the stiffer soil-foundation system, which is 2 orders of magnitude greater
than the one of benchmark #1. As before, by examining the results for the column model, the
first amplification occurs at the natural frequency of the column as a rigid mass on the springs of
stiffness K̂bCz and K̂fz combined in series. This time K̂fz >> K̂bCz so that the equivalent spring
stiffness is smaller then the value K̂bCz and the first amplification occurs at a frequency smaller
than the fixed-free natural frequency of the finite column. This is completely misinterpreted by the
rigid mass model (i.e. dotted line in Figure 3.16), which gives the first amplification at a much
greater frequency. Restraining effects are visible at the fixed-free natural frequencies of the column.
Moreover, because of the elastic layer (i.e. slab foundation), additional restraining effects are present
at the free-free natural frequencies of the layer, which corresponds to the dimensionless frequencies
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kAL ≈ 63,126,189 . . . (see Figure 3.16b). Also in this occasion, the damper model of the building fits
well the added-building effect obtained with the column model. It is worth noticing that the same
results are obtained by adopting νs = 1/3 or νs = 0.49. At high frequencies, the magnitude of Bzz
tends to a constant value, showing that no trapped mass effect is present in the case of a rigid footing
on a slab foundation with νc = 0.15 (see Table 3.1) overlying a soil with either νs = 1/3 or νs = 0.49.
Fig. 3.17 Comparison of the magnitude of the term Bzz for a base-isolated building obtained by
modelling the building as a damper (bD), a finite column (bC) or a rigid mass (bM). The cone
model of a rigid foundation on an elastic half-space with Poisson’s ratio νs = 1/3 (a) and (c) or
νs = 0.49 (b) and (d) are considered for comparison of a compressible or incompressible soil respec-
tively. The results for the model fB-bD, referring to a rigorous BEM model of the foundation, are
also shown for comparison.
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This may be explained by noticing that, as far as the foundation-building interface is concerned, at
high frequencies the elastic layer may be seen as an elastic half-space and the limiting value of Bzz











which provides an added-building attenuation of −5.8 dB that approximates well the result in
Figure 3.16b.
Let us now consider the isolated case. Starting from the result in Equation 3.48b, the term Bzz




















By substitution of the vertical dynamic stiffness for the rigid foundation and the building as a damper
(model fW-bD) the following closed-form expression in decibels is obtained:
B (iso)zz =−20log10









with a0 and r0 as previously defined (see Appendix A), and a0S = 2π fSr0/Vs related to the isolation
frequency introduced in Section 3.4. Equation 3.57 clearly shows a reduced attenuation in comparison
with the added-building effect for the unisolated case. Moreover, for both compressible and nearly
incompressible soils no attenuation is expected at high frequencies. This is illustrated in Figure 3.17 for
compressible (a) and (c) and nearly incompressible soils (b) and (d), referring to the data in Table 3.1,
for an isolation frequency fS = 10Hz. Similarly to the unisolated case, the first amplification occurs
at the natural frequency of the column as a rigid mass on the springs, combined in series, provided
by the soil-foundation, the column and the isolation. The latter has the smallest value of dynamic
stiffness so that 10 Hz, in this case, is an upper bound for the frequency at which the first amplification
appears. The restraining effect obtained for the column model is limited compared to the unisolated
counterpart previously examined. Moreover, the frequencies at which the latter appears are shifted
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compared to the unisolated counterpart. This can be qualitatively explained by looking at the the




=− EAkA tan(kAL)kSzkSz −EAkA tan(kAL)
(3.58)
From Equation 3.58, the fixed-free natural frequencies of the base-isolated column can be found as
the roots of the following equation:
kSz = EAkA tan(kAL) (3.59)
which can be expressed in the dimensionless form as:
(kASL)2 = kAL tan(kAL) (3.60)
with kAS = 2π fS/VA. Figure 3.18 shows the dimensionless functions at the left and right side
of Equation 3.60. Their intersections give the fixed-free natural frequencies of the base-isolated
column, which shift towards the free-free natural frequencies of the column alone. It follows that
peaks and troughs of the magnitude of Bzz are adjacent as illustrated in Figure 3.17. Figure 3.19
Fig. 3.18 Dimensionless functions reported for the graphical determination of the fixed-free natural
frequencies of a base-isolated column with isolation frequency fS = 10 Hz.
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Fig. 3.19 Comparison of the magnitude of the term Bzz for a base-isolated building obtained
by modelling the building as a damper (bD), a finite column (bC) or a rigid mass (bM). The
soil-foundation system refers to a cone model of a rigid footing on a slab foundation (h = 1.5 m,
see Table 3.1) overlying an elastic half-space with Poisson’s ratio νs = 0.49. No differences are
found for the results (not reported here) obtained for Poisson’s ratio νs = 1/3. The results for the
model fB-bD, referring to a rigorous BEM model of the foundation, are also shown for comparison.
shows the added-building effect for the simplified models of the base-isolated building, this time
with reference to benchmark #2. The general trend is still valid and the previous general discussion
applies.
The Added-Building Effect for horizontal-rocking input
The detailed description of the added-building effect in the vertical direction provides a general
understanding of the effect of coupling a building to a soil-foundation system. This can, in principle,
be extended to the horizontal and rocking DoFs. However, the horizontal-rocking coupling makes it
difficult to obtain closed-form expressions for the relevant terms of the matrix B, as can be seen from
Equation 3.49. Here, a qualitative discussion is made with the focus on the comparison between
the results obtained with the simplified foundation model fW and the rigorous counterpart fB. The
agreement between the two does not only depend on the cone-model assumption for the direct terms
ĤfW x and ĤfWϕ, as introduced in Appendix A, but also on neglecting the horizontal-rocking coupling
terms Ĥfϕx in the simplified model fW.
Figure 3.20 shows the comparison for the Bxx term in the case of compressible (Figure 3.20a)
and nearly incompressible soils (Figure 3.20b) obtained for benchmark #1. The agreement between
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Fig. 3.20 Comparison of the magnitude of the term Bxx obtained by modelling the building as
a damper (bD) or a finite column (bC). The cone model fW of a rigid foundation on an elastic
half-space with Poisson’s ratio νs = 1/3 (a) or νs = 0.49 (b) are considered for comparison of a
compressible or incompressible soil respectively. The results for the model fB-bD, referring to a
rigorous BEM model of the foundation, are also shown for comparison.
the results of model fW-bD and model fB-bD is favourable throughout the frequency range of interest
for the case of νs = 1/3. A similar agreement is obtained for νs = 0.49 with differences at high
frequencies in the order of 2 dB. There are no differences between Figure 3.20a and b up to a
frequency kBL ≈ 200, indicating that the Poisson’s ratio of the soil has a weak influence on the
response of the unisolated building for most part of the frequency range of interest. It is worth noticing
the amplification, for both compressible and nearly incompressible soils, in the order of 1 dB at
kBL ≈ 20. The latter corresponds to kAL ≈ 1.9 for the benchmark problem, at which frequency an
attenuation of about 10 dB is obtained for vertical vibration (see Figure 3.15). This highlights the
importance of considering not only vertical but also horizontal vibration in ground-borne vibration
problems, an aspect that is sometimes overlooked in practice.
For the term Bϕϕ , as shown in Figure 3.21, the results for the model fW-bD show considerable
attenuation up to 28 dB at kBL ≈ 55, after which a reduced attenuation is expected. Overall, a weak
influence of the Poisson’s ratio is found for part of the frequency range, with relevant differences
up to 15 dB at high frequencies due to the trapped-mass effect, as discussed previously for vertical
vibration (see Figure 3.15). By considering the modal behaviour of the building as a column (i.e.
model fW-bC), amplifications and restraining effects are evident, for both Bxx and Bϕϕ , at the
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Fig. 3.21 Comparison of the magnitude of the term Bϕϕ obtained by modelling the building as
a damper (bD) or a finite column (bC). The cone model fW of a rigid foundation on an elastic
half-space with Poisson’s ratio νs = 1/3 (a) or νs = 0.49 (b) are considered for comparison of a
compressible or incompressible soil respectively. The results for the model fB-bD, referring to a
rigorous BEM model of the foundation, are also shown for comparison.
clamped-free natural frequencies of the column [121]:
kBL ≈ 1.88,4.69,7.85,11.00, . . . (3.61)
This effect is more pronounced for the term Bϕϕ . In general, a good agreement is found between the
results of Bϕϕ obtained for the model fW-bD and the model fB-bD.
Figure 3.22 shows the horizontal-rocking coupling terms Bxϕ and Bϕx for benchmark #1 with νs = 0.49.
For the former, important differences up to 15 dB are found between the results of model fW-bD and
model fB-bD at relatively low frequencies, with an improved agreement at relatively high frequencies.
On the other hand, good agreement along the frequency range of interest is found for the term Bϕx
with difference up to 4 dB at high frequencies.
The more realistic case of benchmark #2 is examined next in Figure 3.23. It is worth noticing that
the previous general comments are still valid in this case. The decreased attenuation, compared
to the results for benchmark #1, observed for the direct terms Bxx and Bϕϕ , is due to the stiffer
soil-foundation system comprising the slab foundation. Moreover, the horizontal-rocking coupling
terms Bxϕ and Bϕx appear to provide, with respect to the counterparts of benchmark #1 in Figure 3.22,
an increased attenuation at low frequencies and the same order of attenuation or an amplification
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Fig. 3.22 Comparison of the magnitude of the term Bxϕ (a) and Bϕx (b) obtained by modelling the
building as a damper (bD) or a finite column (bC). The cone model fW of a rigid foundation on an
elastic half-space with Poisson’s ratio νs = 0.49. is considered. The results for the model fB-bD,
referring to a rigorous BEM model of the foundation, are also shown for comparison.
at high frequencies for Bxϕ and Bϕx respectively. It must be noted that the terms Bxϕ and Bϕx have
dimensions of [m] and [m−1] respectively. It follows that their contribution to the added-building
effect must be evaluated directly on the transfer function ûbi/ûfi. The transfer functions for the lateral
















The transfer function Θf = ϕ̂f/ûf has dimensions [m−1] and depends on the added-foundation
effect of a rigid footing associated with an assumed incident wave-field. An approximate method for
evaluating the added-foundation effect of rigid foundations and footings is presented in Chapter 5.
An approximate expression of Θf is shown in Equation 5.45 and it is used here for evaluating the
transfer functions ûb/ûf and ϕ̂b/ϕ̂f , as shown in Figure 3.24, by considering an incident wave-field
associated with a travelling Rayleigh wave in the elastic half-space. The parameter Θ f depends on the
ratio w̃2/ũ2 between the vertical and horizontal response amplitudes in the frequency-wavenumber
domain associated with the added-foundation effect of the slab as an elastic layer (see Chapter 4).
The transfer functions and the terms Bxx and Bϕϕ are reported in Figure 3.24. By comparison, it is
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Fig. 3.23 Comparison of the magnitude of the term Bxx (a), Bϕϕ (b), Bxϕ (c) and Bϕx (d) obtained
by modelling the building as a damper (bD) or a finite column (bC). The soil-foundation system
refers to a cone model fW of a rigid footing on a slab foundation (h = 1.5 m, see Table 3.1) overly-
ing an elastic half-space with Poisson’s ratio νs = 0.49. The results for the model fB-bD, referring
to a rigorous BEM model of the rigid footing, are also shown for comparison.
evident that the coupling terms Bxϕ and Bϕx, together with the parameter Θf have an important effect
at relatively high frequencies. The amplification and the restraining effects are associated with the
kinematic interaction of the rigid footing with the incident wave-field, a matter that is further discussed
in Chapter 5. The transfer functions in Figure 3.24 show that, as far as the building’s response in
concerned and for the single-point coupling model examined here, the use of a simplified foundation
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Fig. 3.24 The added-building effect for the horizontal-rocking response of the simplified
foundation-building model fW-bD is shown in terms of the transfer functions (a) ûb/ûf and (b)
ϕ̂b/ϕ̂f for a travelling Rayleigh wave and for benchmark #2 (h = 1.5 m, see Table 3.1) - unisolated
case. Results for the model fB-bD, and the terms Bxx and Bϕϕ are also reported for comparison.
model is able to capture very well the SSI obtained with a more rigorous model. This suggests that the
lateral-rocking cross-coupling terms of the rigid footing model have a minor influence on the SSI
and that it is reasonable to use simplified foundation models for design purposes.
The added-building effect related to the base-isolated building is illustrated, in terms of the matrix
components Bxx, Bϕϕ , Bxϕ and Bϕx, in Figure 3.25 for the benchmark #2 and for νs = 0.49. The
agreement between the results of model fW-bD and model fB-bD is favourable for Bxx and Bϕϕ , with
a reduced level of attenuation with respect to the unisolated counterpart seen before. Conversely,
a rather poor agreement is obtained for the term Bxϕ with differences as large as 35 dB. A better
agreement is obtained for Bϕx at relatively low frequencies, with differences up to 15 dB at high
frequencies. Similarly to the unisolated case, the transfer functions ûu/ûf and ϕ̂u/ϕ̂f are shown in
Figure 3.26. Differences between the results of model fW-bD and model fB-bD are small as is the
added-building effect associated with an isolated building. The amplification and restraining effects
associated with kinematic interaction are restricted to a very narrow frequency-band and they may
differ in magnitude depending on the foundation model used.
The added-building effect as investigated in this section provides a first-principles approach
to understand how the construction of a portal-frame building may affect the vibration field at the
foundation-building interface. The simplified foundation-building model fW-bD may be adopted for
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Fig. 3.25 Comparison of the magnitude of the term Bxx (a), Bϕϕ (b), Bxϕ (c) and Bϕx (d) obtained
by modelling the building as a damper (bD) or a finite column (bC). The soil-foundation system
refers to a cone model of a rigid footing on a slab foundation (h = 1.5 m, see Table 3.1) overlying
an elastic half-space with Poisson’s ratio νs = 0.49. The results for the model fB-bD, referring to a
rigorous BEM model of the rigid footing, are also shown for comparison.
answering this question. Starting from a vibration field ûf at the coupling points, the vibration input
ûb at the base of the unisolated building, and/or ûu for the isolated case, may be obtained by means of
the transfer functions presented in this section for the vertical (Figures 3.16 and 3.19), and the lateral
and rocking (Figures 3.24 and 3.26) vibration. The vibration field ûb or ûu may be then applied at the
base of a more rigorous unisolated or isolated building model (e.g. Finite-Element-Method model) for
obtaining vibration levels within the building. The extent to which this strategy holds valid depends
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Fig. 3.26 The added-building effect for the horizontal-rocking response of the simplified
foundation-building model fW-bD is shown in terms of the transfer functions (a) ûu/ûf and
ϕ̂u/ϕ̂f for a travelling Rayleigh wave and for benchmark #2 (h = 1.5 m, see Table 3.1) - isolated
case. Results for the model fB-bD, and the terms Bxx and Bϕϕ are also reported for comparison.
on the assumption of the building behaving as a damper and the soil-foundation system as a cone
model at the contact points. The latter assumption is extensively checked against the results, in terms
of the components of B, of the model fB-bD in Figures 3.15-3.26, holding good agreement for the
direct terms but some deviations for the horizontal-rocking coupling terms, which have a negligible
effect on the transfer functions of interest. The comparison in this section has regarded only the
magnitude of the response and, of course, the phase information may have an important role on the
adoption of the simplified models presented here for absolute predictions. Other relevant aspects
are the through-soil coupling for the soil-foundation system and the through-floor coupling in the
building with respect to the coupling points for a portal-frame building. These aspects are inherently
neglected in the single-point coupling model and will be discussed further in Chapter 6. While the
use of the model fW-bD for absolute vibration predictions may be an interesting alternative and/or
backing option to the rigorous soil-foundation-building interaction, its investigation is left for further
work to be address. In this dissertation, the adoption of the model fW-bD is confined to the evaluation
of the isolation performance for base-isolated buildings.
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3.5.2 Isolation performance
The isolation performance as introduced in Section 3.4.3 is here investigated with reference to the
simplified foundation-building models. First, the equivalence of the PFIG and the IG for a single-
point coupling model subjected to vertical input is proven in the following. Then, the isolation
performance for vertical, horizontal and/or rocking input is investigated with reference to different
values of isolation frequency fS and different foundation typologies.
Equivalence of IG and PFIG for vertical input
The equivalence between the IG and the PFIG for a single-input-single-output model has been
demonstrated by Talbot [33]. Here, the proof is contextualised to the single-point coupling model
as used in this dissertation and presented in Section 3.1.3 and 3.4.2. For the sake of argument, let
us treat the building model B as general as possible with fully-coupled vertical, horizontal and
rocking DoFs. It may be required to evaluate the isolation performance of such a system in terms of
the IG, as already defined in Equation 3.44, for a vibration field ûf at O or O′ before the coupling of
the unisolated or the base-isolated building respectively. From Equation 3.43a, the response at one


























Similarly, from Equation 3.43b, the response at the same location, in the vertical direction for the


























Equations 3.63 and 3.64 illustrate the coupling of the three DoFs, with the vertical displacement ŵn
that depends on the horizontal, vertical and rocking motion of the foundation ûf .
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Let us consider the special case of the foundation being subjected only to a vertical motion ŵf .
Because of the single-point coupling assumption, the resulting vertical motion ŵn depends only on
K̂bz ,Ĥfz , k̂Sz and on the FRF in the vertical direction Ĥ
(nb)
zz between the base and the chosen location






Equation 3.65 shows how, in this special case, the IGz at any location within the building is equivalent
to the IGz evaluated at the base of the building.
By assuming the axial and the bending response of the building model to be uncoupled (e.g. model bC),
the FRFs Ĥ(nb)zx and Ĥ(nb)zϕ are null and Equation 3.65 is valid, in this case, also in the case of multi-
directional input ûf .
The isolation performance for the whole building, for a vertical input ŵf , may be found, in terms











































Equations 3.66 and 3.65 show the equivalence of the PFIG and the IG for the evaluation of the
isolation performance of a single-point coupling model of a soil-foundation-building system with
the soil-foundation system subjected to a vertical input ûf = [0 ŵf 0]T . Although this result refers
to this specific case, it suggests the validity of the PFIG as a scalar metric for the evaluation of
isolation performance.
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Isolation performance for vertical input
The simplified foundation-building models introduced in this chapter may be adopted for the evaluation
of the isolation performance for a vertical input. Equation 3.65 may be expanded by substitution of
Bzz from Equation 3.51 and Czz from Equation 3.41 as:



































Although this relatively simple expression for the IGz is only achievable in the specific case discussed
here, Equation 3.68 may provide a general insight for the design of base-isolated buildings. Equa-
tion 3.68 is also valid for the PFIG by virtue of Equation 3.66. The isolation performance is related
to the two stiffness ratios K̂bz/kSz and K̂bz/K̂fz .
By considering the foundation-building model fW-bD for benchmark #1, Equation 3.68 may be
expressed as:
PFIG = IGz =−20log10
{∣∣∣∣∣1+ ia0a20S VAr0VSL 1(1+0.75ia0 ρCVA
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Similarly to that seen for the added-building effect, limit expressions for a0 → ∞ may be obtained
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for νs > 1/3 (3.70b)
Figure 3.27 shows the comparison between the IGz in the vertical direction at the base of the simplified
building models investigated in this chapter. The results obtained by using a cone model fW for the
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rigid foundation are shown in Figure 3.27 for νs = 1/3 (a) and for νs = 0.49 (b) in the frequency
range of interest. The results of the column model fW-bC show the first amplification occurring at the
natural frequency of the column as a rigid mass on the springs in series provided by the isolation,
the column and the soil-foundation system. The first trough appears at the same frequency for which
the first amplification is observed for Bzz as discussed for the added-building effect. Peaks and troughs
are then present along the frequency range as the result of the axial modal behaviour of the column
in both the isolated and unisolated configurations. The limit expressions in Equations 3.70a and 3.70b
are reported in Figure 3.27(a) and (b) respectively. Although for compressible soils this represents
an upper bound of the actual IGz, Equation 3.70b fails to provide a useful estimation of IGz for the
case νs = 0.49.
This may be explored further in Figure 3.27(c) and (d) where a large range of a0 = ωr0/Vs is
considered for checking the agreement of the limit values with the IGz of model fW-bD. It appears
clear that Equations 3.70a and 3.70b may or may not be useful for base-isolation design depending on
the range a0 for the practical case of interest. For the reference problem, a
(max)
0 ≈ 2.2 and while the
limit expression gives a conservative estimate of the isolation performance for νs = 1/3, the limit
expression for νs = 0.49 does not. In the latter case, the frequency-dependency of K̂bz and K̂fz leads
to discrepancies of the limit expression with the IGz of model fW-bD that are relevant in the frequency
range a0 = 0.1−50. Moreover, while an excellent agreement between the results of model fW-bD
and model fB-bD is obtained for νs = 1/3, the agreement for the case νs = 0.49 is less satisfactory
at high frequencies. This is because of the trapped-mass effect that is overestimated in the cone model
for soils with νs < 1/2, as already discussed in Section 3.2.
The presence of a slab foundation is examined next by considering the benchmark #2. Figure 3.28
shows the results of the IGz in the same format as before, but only for νs = 1/3 for the soil beneath
the slab. The same results, not reported here, are obtained for νs = 0.49, suggesting that the properties
of the half-space beneath the layer may have a weak influence on the isolation performance. It may
be then sufficient to consider the elastic layer as an elastic half-space, as already done for the added-
building effect in Equation 3.55. The limit value in Equation 3.70a may be then contextualized to
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for νc ≤ 1/3 (3.71)
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Fig. 3.27 Comparison of the Insertion Gain in the vertical direction (IGz) at the base of the simpli-
fied building models and considering a vertical input wf . Comparison is made between the results
obtained by considering a cone model (solid black line) and a BEM model (dashed red line) for
the rigid foundation. The benchmark #1 is considered with νs = 1/3 (a) and (c), and νs = 0.49 (b)
and (d). Both the frequency range in Hz (a) and (b), and in terms of a0 = ωr0/Vs (c) and (d) are
shown for reference. An isolation frequency of fS = 5 Hz is considered with the rest of data as in
Table 3.1.
with VSc and VPc the shear and compressional wave speeds in the concrete slab, a0Sc = ωSr0/VSc the
dimensionless isolation frequency and a0c = ωr0/VSc. The limit value in Equation 3.71 is plotted
against a0 in Figure 3.28 (blue dash-dotted line) and compared with the results obtained by the
model fW-bD and the model fB-bD, which refer to the simplified and the rigorous representation
of the rigid footing. There is favourable agreement for the better part of the frequency range of
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Fig. 3.28 Comparison of the Insertion Gain in the vertical direction (IGz) at the base of the simpli-
fied building models and considering a vertical input wf . Comparison is made between the results
obtained by considering a cone model (solid black line) and a BEM model (dashed red line) for the
rigid footing. The benchmark #2 is considered with νs = 1/3. The case of νs = 0.49 gives the same
results and it is not reported here. Both the frequency range in Hz (a), and in terms of a0 = ωr0/Vs
(b) are shown for reference. An isolation frequency of fS = 5 Hz is considered with the rest of data
as in Table 3.1.
interest (see Section 3.1.2). The limit expression then overestimates the isolation performance at
high frequencies with differences of the order of 2 dB for a0 ≈ 5 and 5 dB for a0 ≈ 10. This divergence
of results is counter-intuitive since at high frequencies the impedance of the rigid footing on the
elastic layer is expected to converge to the impedance of the rigid foundation on an equivalent
elastic half-space. Nonetheless, given the complexity of the model fW for the rigid footing (i.e.
benchmark #2 - see Appendix A), it is challenging to look for the source of this inconsistency. It
follows that the adoption of the limit value of the isolation performance in Equation 3.71 covers,
with good approximation, the results of the IG as found by Equation 3.68 up to, say, a0 ≈ 5.
Isolation performance for horizontal-rocking input
The case of horizontal-rocking input is examined here. As it is evident from Equations 3.44 and 3.47,
by considering an horizontal-rocking input ûf = [ûf 0 ϕ̂f ]T , it is not possible to obtain simplified
expressions for the isolation performance. Even for the two extreme cases of purely horizontal
ûf = [ûf 0 0]T and/or purely rocking ûf = [0 0 ϕ̂f ]T input, the isolation performance depends
also on the horizontal-rocking coupling of the soil-foundation system and of the building model. In
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the following, the IG and the PFIG for the benchmark #1 and #2 are examined for the two cases.
In the cases shown here, an isolation frequency of fS = 5 Hz is considered. The influence of the
latter on the isolation performance is investigated separately in the following section. Figure 3.29
shows the results for the IG and the PFIG related the cone-damper model fW-bD by considering
ûf = [ûf 0 0]T . The results are shown in terms of the IGx referring to the horizontal DoF by
Fig. 3.29 Comparison of the Insertion Gain in the horizontal direction (IGx) at the base of the
simplified building models and considering a horizontal input uf . Comparison is made between the
results obtained in terms of IGx and PFIG. The results in terms of the PFIG for the model fB-bD
(dashed red line) are also reported. Both the benchmark #1 (a) and (c), and the benchmark #2 (b)
and (d) are considered with νs = 0.49. Both the frequency range in Hz (a) and (b), and in terms of
a0 = ωr0/Vs (c) and (d) are shown for reference. An isolation frequency of fS = 5 Hz is considered
with the rest of data as in Table 3.1.
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means of the vector Ĥnb = [Ĥ(bb)xx Ĥ(bb)xz Ĥ(bb)xϕ ] as used in Equation 3.44. Results are shown in
the frequency range of interest (Figure 3.29(a) and (b)) and in terms of a0 (Figure 3.29(c) and (d))
for both the benchmark #1 ((Figure 3.29(a) and (c)) and benchmark #2 ((Figure 3.29(b) and (d)).
In both cases, positive values are obtained at relatively low frequencies when considered both the
model fW-bD and the model fW-bC. This indicates an amplification of the vibration levels at low
Fig. 3.30 Comparison of the Insertion Gain for the rocking DoF (IGϕ ) at the base of the simplified
building models and considering a rocking input ϕf . Comparison is made between the results
obtained in terms of IGϕ and PFIG. The results in terms of the PFIG for the model fB-bD (dashed
red line) are also reported. Both the benchmark #1 (a) and (c), and the benchmark #2 (b) and (d) are
considered with νs = 0.49. Both the frequency range in Hz (a) and (b), and in terms of a0 = ωr0/Vs
(c) and (d) are shown for reference. An isolation frequency of fS = 5 Hz is considered with the rest
of data as in Table 3.1.
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frequencies that is a result of the soil-foundation-building interaction, with the modal behaviour of
the building as a column that increases the level of amplification achieved. At higher frequencies,
in the range of interest 20−250 Hz, an attenuation of 3 to 27 dB and of 2 to 37 dB is achieved for
benchmark #1 and #2 respectively. The results obtained with model fB-bD in terms of the PFIG are
in agreement with those referring to model fW-bD, indicating once more that cone models may be
used as simplified models of the soil-foundation system for the evaluation of isolation performance. A
final comment can be made about the metric used for the isolation performance: differences between
the IG and the PFIG for benchmark #1 are found only at high frequencies, while they are present in
the order of 3 dB along the whole frequency-range of interest for benchmark #2.
Figure 3.30 shows the results in terms of the IG and the PFIG in the same format as before, but
this time for an input ûf = [0 0 ϕ̂f ]T . The results are shown in terms of the IGϕ referring to the
rocking DoF, at the base of the building model, by means of the vector Ĥnb = [Ĥ(bb)ϕx Ĥ(bb)ϕz Ĥ(bb)ϕϕ ]
as used in Equation 3.44. The isolation performance, for both benchmark #1 and #2, is characterised,
approximately, by a plateau that extends up to a0 ≈ 10, which is the upper bound for the frequency
range of interest as defined in Section 3.1.2. Moreover, a distinctive attenuation in terms of PFIG is
present at a0 ≈ 0.1 for both the benchmark problems. On the basis that the IGϕ does not show such
a pronounced attenuation, this may be the result of cancelling of input and output mean vibrational
power due to the horizontal-rocking coupling. The level of attenuation achieved, as for the case of
vertical or horizontal input, depends strongly on the stiffness provided by the soil-foundation system;
in the frequency range of interest 20−250 Hz the IGϕ goes from 1 to −5 dB and from −15 to −25 dB
for benchmark #1 and #2 respectively. A good agreement is obtained between the PFIG results of
model fW-bD and model fB-bD for benchmark #1 with differences of the order of 2 dB at relatively
high frequencies. On the other hand, a perfect match is obtained for benchmark #2.
3.5.3 Design aspects of base-isolation
Starting from Equation 3.68 for the single-point coupling model considered in this chapter, design
considerations on the influence of the isolation, the building and the soil-foundation properties on
the isolation performance are discussed in the following.
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Isolation and building design
It becomes evident that, although useful as a design specification, the isolation frequency fS, as
introduced in Section 2.6.3 and 3.4.1, fails to be a necessarily relevant parameter indicative of
the isolation performance, as otherwise found by means of the rigid mass on a spring model (see
Section 2.6.3). Equation 3.68 indicates that the isolation performance depends expressly on the
isolation stiffness kSz . Although Equation 3.68 is valid for the specific case of vertical input, its
conceptual significance may be well extended to the case of horizontal-rocking input. Because of
the approach used in this dissertation, which is representative of the design practice, the magnitude
of kSz depends on both the mass-per-column MT , as defined in Section 3.4.1, and the target isolation
frequency. It follows that an isolation system with a low fS, say 5 Hz, does not necessarily lead to
a significant isolation performance. For a given soil-foundation system (e.g. surface foundations),
a specific building typology (e.g. portal-frame building), and a target isolation frequency fS, the
isolation performance ends up depending on the aspect ratio of the base-isolated building in question:
squat buildings, with a low value of MT and a large number of contact points with the foundation, will
have an improved isolation performance, while tall buildings, with a generally high value of MT and
with a limited number of contact points with the foundation, will have a reduced isolation performance.
In the latter case, in order to improve the isolation performance, the practising engineer may consider
different options for the building design:
• a building design configuration with more closely spaced columns (i.e. contact points), than
structural considerations would dictate, may be adopted for lowering the value MT ;
• lightweight structural and non-structural elements may be adopted without compromising the
stiffness provided by the building, especially at the contact points with the foundation;
Whatever is the considered option, it is evident that base-isolation has profound implications on the
structural building design, and that its consideration should be addressed at the early stages of the
design process.
The isolation stiffness used for the results shown in Section 3.5.2 refers to the value calculated from
the total mass of the column MC, consistently with the model fW-bC. As discussed in Section 3.4.1,
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with Mb the total mass of the building (see Equation 3.35), nC the number of columns (i.e. contact
points) and σM the ratio between the additional mass-per-column and the mass MC. For the reference
problem σM ≈ 13, which leads to an increase of one order of magnitude of the isolation stiffness
with respect to the case examined in Section 3.5.2. The simplified expressions of the IGz in Equa-
tions 3.69-3.71, referring to the model fW-bD, are still valid, given that the term a20S is substituted
by a20S(1+σM). For instance, the expression for the limit value of the IGz for benchmark #2 in
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for νc ≤ 1/3 (3.73)
It follows that the results in Section 3.5.2 tend to overestimate the isolation performance for the
benchmark problem. Figure 3.31 shows the isolation performance in terms of the PFIG for a purely
horizontal input ûf (Figure 3.31(a) and (c)) and/or a purely vertical input ŵf (Figure 3.31(b) and (d))
for the model fW-bD of the benchmark #2 and for different values of the isolation frequency fS. The
isolation stiffness is calculated by considering the total mass-per-column as defined in Equation 3.72.
The results show a reduced isolation performance when compared with the related counterparts
obtained in Section 3.5.2 (i.e. just considering the column mass MC). In particular, for the case of
an horizontal input, the amplification observed at relatively low frequencies in Figure 3.29 moves to
frequencies that are relevant in ground-borne vibration. For instance, in the case of fS = 15 Hz, an
amplification of the mean vibrational power is expected throughout the frequency range of interest.
Once more, this highlights the importance of considering both horizontal and vertical input motions
in ground-borne vibration.
For the benchmark problem and for fS = 5 Hz, the isolation performance, in term of the PFIG,
may vary in the frequency range of interest in the order of −3 to −22 dB or 1 to −16 dB for
vertical or horizontal input respectively. The latter represent a rather large variability of performance
in the frequency range of interest; the results refer to the model fW-bD, which provides a mean
value of performance. The variability of performance is expected only to increase when the modal
behaviour of the building is accounted for, for instance by means of the model fW-bC, as shown
in Figures 3.28 and 3.29. This aspect is addressed in Chapter 6 with the adoption of a portal-frame
model for the building.
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Fig. 3.31 Comparison of isolation performance, in terms of PFIG obtained for an horizontal (a) and
(c), and vertical (b) and (d) input. The benchmark #2 model fW-bD is considered with νs = 0.49
and for different isolation systems with fS = 5,10,15 Hz.
Based on the assumptions for model fW-bD and for the base-isolation as defined in Section 3.4.1,
an understanding of the difference in isolation performance for a vertical input referring to two different
isolation systems with f (A)S and f
(B)
S may be obtained from Equation 3.68. The ratio between the IG
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Let us assume that K̂bz/k (A)Sz >> 1 and K̂bz/k
(B)
Sz >> 1; indeed, this is a requirement that is advised
for the isolation system and that is naturally ensured at sufficiently high frequencies because of the
frequency-dependency of K̂bz as defined in Equations 3.15 and 3.30 for the column and damper model





















Let us assume that K̂fz/k (A)Sz >> 1 and K̂fz/k
(B)
Sz >> 1, conditions that are satisfied at sufficiently
high frequencies because of the frequency-dependency of K̂fz as defined in Appendix A. Then, an























The adoption of an isolation system (B) with fS = f
(B)
S will provide an improved or reduced attenuation,
with respect to a firstly considered isolation system (A), in a measure defined by Equation 3.74. Based
on the assumptions made to arrive at Equation 3.74, this result is only indicative along the frequency
range of interest, since it represents an upper bound of the difference in isolation performance between
the isolation systems (A) and (B). Nevertheless, at sufficiently high frequencies, Equation 3.74
provides a good interpretation of the results shown in Figure 3.31(d): the difference in isolation
performance for isolation systems with fS = 10 and 15 Hz and the reference isolation ( fS = 5 Hz) are
in the order of 12 and 19 dB at a0 = 50, as predicted by Equation 3.74. This is in agreement with the
findings of Talbot [33], who concludes that differences up to 15 dB may be expected depending on the
choice of the isolation frequency. It should be noted that this figure is only indicative since, as it will
be seen in Chapter 6, the isolation performance for an actual building is strongly frequency-dependent
and depends on the incident wave-field.
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Foundation design
As for the previous discussion, the influence of the foundation design on the isolation performance may
be investigated by means of Equation 3.68. A general understanding may be drawn from the latter: stiff
or soft soil-foundation systems lead, respectively, to an improved or reduced isolation performance.
Fig. 3.32 Comparison of the isolation performance in terms of PFIG for a vertical input and with
reference to (a) the frequency range of interest and (b) a possible frequency range for design in
terms of a0. The isolation performance refers to three different foundation typologies: a rigid
foundation (solid line), a rigid footing on a 1.5 m thick slab foundation (dashed line) and a pile
foundation (dotted line). The stiffness ratio K̂bz/K̂fz is also reported in (b) and (d).
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Based on the foundation typology and on the properties of the soil-foundation system, the provided
building to soil-foundation stiffness ratio K̂bz/K̂fz in Equation 3.68 indicates how efficient a given
isolation system, for a given base-isolated building, will be depending on the soil-foundation system
in place.
Figures 3.32(a) and (c) show the results in terms of the PFIG for a vertical input, for the benchmark
building, and for an isolation frequency of fS = 5 Hz, with different foundation typologies: a rigid
foundation, a rigid footing on a 1.5 m thick slab foundation and a pile foundation with the same
properties of the slab, a radius r0 and a length Lp = 20r0. The latter refers to the Novak’s pile model as
presented in Appendix A. Figures 3.32(b) and (d) show the magnitude of the stiffness ratio K̂bz/K̂fz
for the three foundation typologies considered. The stiffness ratio for the rigid foundation is one
order of magnitude greater than the one obtained for the rigid footing and/or the pile foundation.
It follows that the isolation performance expected for the rigid foundation model is smaller than
the counterpart obtained for the other two foundation models. At relatively high frequencies, the
stiffness ratios converge to the same value and so does the isolation performance (see Figure 3.32(c)).
For the benchmark problem and for the frequency range of interest, differences up to 5 dB in isolation
performance are found between the case of a pile and a footing foundation. It follows that a design
consideration for improving the isolation performance would be to improve the stiffness provided
by the soil-foundation system. The slab foundation is the typology that provides the best isolation
Fig. 3.33 Comparison of the isolation performance for the benchmark #2, with νs = 0.49, in
terms of the PFIG for a vertical input. Different values of the slab foundation thickness of
0.7,1.5, and 3 m are adopted for the rigid footing model.
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performance. It is instructive to investigate to what extent using a thicker slab foundation would
improve the isolation performance. This is illustrated in Figure 3.33 where the results of the isolation
performance for a slab foundation thickness of 0.7,1.5, and 3 m are reported. The differences in
isolation performance are small, at most 1 dB, indicating that, in practice, it may be challenging to
stiffen the foundation system in a measure that is relevant for the isolation performance.
3.6 Overview of simplifying assumptions
Assumptions are made to redirect the general scenario described in Figure 3.1 to the simplified
foundation-building model fW-bD presented in this chapter. Firstly, the general design scenario is
brought back to the two-dimensional form of the reference problem (see Figure 3.2) by means of the
following assumptions:
1. two-dimensional representation of the building with the associated horizontal, vertical and
rocking DoFs. This assumption is considered on the basis that neglecting the three-dimensional
arrangement of the building will not significantly change its impedance at the foundation-
building interface. The latter is driving the SSI and the response of the soil-foundation-building
system;
2. an incident plane-wave is considered as an external excitation; consistently with the previous
point, the excitation is provided in the x− z plane with θH = 0;
3. an infinitely large slab foundation is considered on the basis that the foundation system often
extends beyond the domain of the building; it is also a necessary assumption to simplify the
scattering problem (i.e. added-foundation effect). The slab foundation is then of infinite extent
along the x and y directions, and it can be modelled as a homogeneous and elastic layer.
The SSI can be then studied by means of the reference problem in Figure 3.2, which may still
involve sophisticated modelling techniques for a rigorous approach. In this chapter, a simplified
foundation-building model is suggested for solving the added-building effect, associated with the
reference problem, by means of the following assumptions:
4. neglecting the through-soil coupling of the rigid footings. Any input ûf at the contact point l
has no effect on the building response ûb at the contact point m;
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5. neglecting the through-floor coupling within the building. Each column of the portal-frame
building responds independently in both axial and bending vibration;
6. neglecting the modal behaviour associated with the finite dimension of the columns. Each
column of the building is considered infinitely tall so that it may be represented by a damper
with an associated impedance in axial and bending vibration;
7. a cone model is considered for obtaining the dynamic stiffness of the foundation as a rigid
footing (i.e. benchmark #2) or a rigid foundation (i.e. benchmark #1). The assumptions of
the latter are reported in Section 3.2 and Appendix A. The simplified foundation model has
been proven to be sufficiently valid for the single-point model, as investigated in this chapter,
by means of comparison of the added-building effect results obtained with a rigorous BEM
model of the footing and/or the foundation.
The assumptions at the points 4, 5, 6 and 7 will be removed and investigated by means of a rigorous
approach as described in Chapter 6.
3.7 Conclusions
This chapter has presented a general design scenario related to ground-borne vibration of buildings.
By restricting the domain of the building and the foundation typologies, and by means of simplifying
assumptions, a simplified foundation-building model, based on a single-point coupling, has been
suggested. This greatly simplifies both the added-building effect and, consequently, the evaluation
of the isolation performance for a base-isolated building.
The added-building effect involves the evaluation of the response at the base of the building
starting from an input motion, at the same location, prior the construction of the building. By means
of the suggested simplified foundation-building model, closed-form expressions are obtained for
the transfer functions between the response and the input in vertical vibration and referring to both
the unisolated and the isolated building for the case of a rigid foundation (i.e. benchmark #1). It is
shown that closed-form expressions are hardly attainable for lateral and rocking vibration, and that
the lateral-rocking coupling may play an important role especially in relation to the input motion for a
given incident wave-field. Transfer functions are reported for the lateral and rocking DoFs, which
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show possible amplifications in the frequency range of interest. This highlights the importance of
considering both the vertical and lateral vibration; an aspect that is sometimes overlooked in practice.
The simplified foundation-building model provides a first-principles approach for evaluating the
isolation performance for a base-isolated building. The equivalence between the IG and the PFIG is
proven for a general single-point coupling model subjected to vertical input motion. This suggests
the validity of the PFIG as a metric for the isolation performance, that, in general, includes the
axial and the bending response of the building domain investigated. Closed-form expressions are
obtained for the IG associated with a vertical input motion and for the case of a rigid foundation
(i.e. benchmark #1), which is representative of a direct coupling of the building with the soil. It is
shown that this can be extended to the case of a rigid footing (i.e. benchmark #2), which considers
a possible slab foundation interposed between the soil and the building. This second case of a slab
foundation is of practical significance and it is investigated further with respect to two design aspects:
the isolation system and the foundation typology.
For a vertical input, it is found that the performance vary greatly depending on the adopted
isolation system referring to a given isolation frequency fS: for the benchmark 10 storeys building,
PFIG values up to −22 dB and −5 dB are found for an isolation frequency of 5 Hz and 15 Hz
respectively. It is shown that an upper bound for the difference in performance may be given by an
expression involving the two values of the isolation frequency. The possibility of a horizontal input
is also considered, with a resulting PFIG that indicates possible amplifications of the response in the
frequency range of interest, if a stiff isolation system is adopted (e.g. fS = 15 Hz for the benchmark #2).
Once more, this suggests the importance of considering the multi-directional vibration environment.
Finally, a rigid foundation (i.e. benchmark #1), a rigid footing (i.e. benchmark #2) and a pile
foundation are adopted for observing the influence of the foundation typology. As expected, a stiffer
foundation system provides an improved isolation performance.
In this chapter the discussion focused on the two aspects of the added-building effect and the
isolation performance starting from a given input motion ûf . Chapter 4 and 5 address the problem of
calculating ûf starting from a given incident plane wave-field and consistently with the set up of the
reference problem presented in this chapter. The following chapter addresses the added-foundation
effect associated with the construction of a slab foundation on the ground subjected to an incident
plane wave-field.
Chapter 4
The Added-Foundation Effect for
an infinitely large slab foundation
This chapter explores the added-foundation effect provided by the slab foundation, illustrated in
Section 3.1.2, and associated with different incident wave-fields representing surface (i.e. Rayleigh
waves) and buried (i.e. P-, SV- body waves) vibration sources. The behaviour of a slab foundation
resting on a soil subject to ground-borne vibration is a particular case of soil-structure interaction (SSI).
As seen in Chapter 2, the SSI of foundation systems is extensively covered in literature, especially
so for earthquake related problems. In the latter case, the problem involves long wavelengths and
the foundation can be assumed to respond rigidly. On the other hand, problems related to ground-
borne vibration involve relatively short wavelengths that are comparable with the dimensions of a
typical foundation. In this case, the flexibility of the slab must be considered. A possible assumption
is to consider the slab foundation as a homogeneous, linear-elastic and isotropic layer of infinite
extent in the horizontal plane. This relates to a classical topic of continuum elasticity investigated
by Rayleigh [176] and Lamb [80]. The Rayleigh-Lamb equation provides the dispersion relation
for establishing the propagation velocity of waves in the so-called elastic layer. A comprehensive
review on the topic is presented in the book of Graff [77] where reference is made to the work of
Mindlin [187, 188]. Although the latter are of paramount importance for the physical interpretation of
wave-propagation in an infinite layer, the focus in this chapter is more specific; the interest lies in the
resulting vibration field related to a slab foundation coupled to the ground, with the latter subjected
to an existing vibration field.
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In this context, Auersch [1] considers the response of thin, flexural plates (representing the
foundation slab) resting on an elastic half-space subjected to surface Rayleigh wave excitation. Both
finite and infinitely-long plates are considered, using a combined finite-element boundary-element
method, and a semi-analytical method in the frequency-wavenumber domain. Valuable results from
a parametric study are presented that considers the influence of mass, stiffness and soil layering on
the soil-slab interaction and the extent to which a slab attenuates ground vibration levels. In particular,
Auersch concludes that the slab thickness is the dominant parameter governing the level of attenuation,
since this essentially governs the frequency above which attenuation occurs.
The work presented in this chapter, which was first published by Sanitate & Talbot [157], begins by
reproducing some of the results of Auersch, this time using the Stiffness Matrix Method (SMM) [189]
(see Appendix C), otherwise known as the Direct Stiffness Method (DSM), implemented within the
Elastodynamics Toolbox [116, 36] in MATLAB [35]. The slab foundation is modelled as an elastic
layer, of infinite horizontal extent and finite thickness, overlying an elastic half-space. This allows
the influence of the assumed boundary conditions at the soil-slab interface to be studied, as well
as the effect of the plate-like assumption for the slab. Having considered surface Rayleigh wave
excitation, the case of a buried source is investigated by considering incident P- and SV-waves, before
considering the overall implications of the study for foundation design.
4.1 Overview of the problem
Our interest is the particular SSI associated with a flexible, concrete slab foundation, that is, the
influence of such a slab on the free-surface vibration field, expressed in terms of the ratio of the
vibration amplitudes after and before the construction of the slab. As a first approximation, the slab
may be assumed to be of infinite horizontal extent. This assumption is supported by Auersch [1], who
demonstrates that, for the case of Rayleigh wave excitation, the SSI associated with a finite plate
may be approximated by that of an infinitely long one (see Figure 4.1). Here, the slab is treated as
an elastic layer of thickness h and infinite extent in both the x and y directions, with shear modulus
Gc, Poisson’s ratio νc and mass density ρc (see Figure 4.2). The underlying soil is modelled as
a homogeneous, isotropic, elastic half-space, with shear modulus Gs, Poisson’s ratio νs and mass
density ρs. As discussed in Section 3.2.3, damping in both the slab and the soil is assumed to be
hysteretic, as described by a frequency-independent loss factor in shear, with no associated damping in
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Fig. 4.1 The infinitely-long strip foundation model as considered by Auersch [1].
dilatation. Both surface and body, plane-wave excitation is considered: a Rayleigh wave travelling
in the x-direction with speed VR, and either an incident P- or SV-wave travelling respectively with
speed VP or VS at an incidence angle θP or θS. Such excitation may be regarded as being broadly
representative of that from either a surface or underground railway.
The wave excitation is assumed to be plane and therefore invariant in the y-direction. The problem
can then be examined in the x− z plane with reference to the vertical and horizontal displacement
amplitudes. The free-field displacement û0 of the half-space, the interface displacement û1 and the
free-surface displacement û2 of the slab in the frequency-space domain can be expressed in vector
Fig. 4.2 (a) The free-field displacement amplitude u0 on the surface of an elastic half-space sub-
jected to surface and body plane-wave excitation. A Rayleigh wave travelling in the x-direction
with speed VR, and a P- and SV-wave travelling with speeds VP and VS at incidence angles θP and
θS are considered; (b) the corresponding response following the construction of a slab foundation,
expressed in terms of the interface displacement u1 and the displacement u2 on the free-surface of
the slab.
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form as:
û0 = ũ0 ei(ωt−kxx)
û1 = ũ1 ei(ωt−kxx)
û2 = ũ2 ei(ωt−kxx)
(4.1)
where ω and kx are the angular frequency and the horizontal wavenumber of the vibration field.
The displacement vectors in the frequency-wavenumber domain ũ0 = [ũ0, w̃0] T, ũ1 = [ũ1, w̃1] T and
ũ2 = [ũ2, w̃2] T, which are independent of the x coordinate due to the infinite extent of the slab,
describe the influence of the slab foundation. Depending on the type of wave excitation considered,
the horizontal wavenumber kx can be written as:
kx = kR ; kx = kP cosθP ; kx = kS cosθS (4.2)
where kR, kP and kS are the wavenumbers of the Rayleigh, P- and SV-waves respectively. More
generally, introducing the ratio γ = V/VS with V the velocity of the incident wave, the horizontal











with f the frequency of the harmonic excitation considered and θV the angle in the x− z plane of
the incident wave, alternatively denoted θP and θS for P- and SV-waves respectively and being null
for Rayleigh waves. The parameter γ depends only on the Poisson’s ratio of the material; exact and








; γS = 1 (4.4)
Because of the incident wave assumption, so-called weak coupling is assumed between source and
receiver, in which only the coupling between the soil and the slab is accounted for; any coupling
with the original source of the vibration is assumed to be negligible. The interest lies in the influence
of the slab foundation on the free-field displacement û0, that is the effect of the construction of a
foundation on the existing vibration levels. Having introduced the framework of the formulation, as
illustrated in Figure 4.2, the coupling of the slab can be obtained by consideration of dynamic stiffness
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 ; K̃s = K̃11s (4.5)
with the superscript 1 and 2 referring to the degrees of freedom at the interface and at the free-surface
respectively. The stiffness matrices in Equation 4.5 refer to reduced stress and displacement vectors
as discussed in the Appendix C. By ensuring equilibrium and compatibility at the soil-foundation








where H̃f and H̃s are the frequency-response function (FRF) matrices of the foundation and soil respec-
tively, which can be found by inverting the respective dynamic stiffness matrices [189]. Equation 4.6
is also found in the ground-borne vibration literature in the context of soil-building interaction [25].
After retrieving the displacement at the interface ũ1, the displacement at the surface ũ2 is found







The displacement vectors ũ0, ũ1, ũ2 in the frequency-wavenumber domain can be obtained from the
reduced displacement vectors ũ0,ũ1,ũ2 by means of Equation C.28. It is worth noticing that the
results shown here are in terms of magnitude of displacement transfer functions, so that no difference
is encountered when referring to either ũ or ũ. Moreover, transfer functions referring to specific
boundary conditions (e.g. relaxed boundaries) and involving FRFs only in one direction (i.e. vertical
or horizontal) are independent of the transformation in Equation C.28.
In the case of finite slabs, similar expressions to Equations 4.6 and 4.7 are obtained but this time
in the frequency-space domain and with reference to collocation points; in the case of infinite slabs,
the solutions in Equations 4.6 and 4.7 refer to a frequency-wavenumber formulation. Auersch used the
latter approach for an infinitely-long slab subjected to Rayleigh waves (see Figure 4.1), and assumed a
relaxed boundary condition between the soil and the slab in which only the vertical displacements at
the interface are coupled [1]. In this case, Equation 4.6 reduces to the following scalar equation for
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where H̃11f z and H̃
11
sz are the vertical driving-point FRFs of the slab and the soil respectively, formally
in the frequency-wavenumber domain. However, since the wavenumber is a function of frequency
and the Rayleigh wave speed, this ratio of the displacement amplitudes is a function of frequency
alone, and independent of position due to the infinite length of the plate.
Focussing on the vertical displacements is common practice when dealing with ground-borne
vibration in buildings, often based on the assumption that the flexibility of a building in the hor-
izontal direction provides sufficient decoupling from any horizontal vibration. However, there is
theoretical evidence that suggests otherwise, with all coupling degrees-of-freedom (vertical, horizontal
and rotational) between a building structure and its foundation being potentially significant [147].
Furthermore, given the small strains associated with ground-borne vibration, the influence of friction
at the soil-slab interface may lead to a fully-coupled boundary condition that includes coupling of
the horizontal displacements. In this case, the full matrix form of Equation 4.6 must be solved,
although this does reduce to a scalar equation for the vertical displacement ratio w̃1/w̃0 and for the
horizontal displacement ratio ũ1/ũ0, similar to Equation 4.8, in the case of normally-incident P- and
SV-waves respectively.
The fully-coupled condition calls into question the assumption of plate-like behaviour for the slab.
By modelling the slab as a thin plate, the through-thickness deformation is assumed to be negligible,
such that w̃2 = w̃1, and there is no consideration given to the in-plane horizontal displacement. The
aim of the current study is therefore to investigate how the SSI associated with a slab foundation is
influenced by the slab-soil boundary condition and the plate-like assumption, and how this varies for
the different incident wave fields.
Before presenting the results, it is helpful to review the dimensionality of the problem. By
dimensional analysis, the displacement ratios w̃2/w̃0, w̃1/w̃0, etc. can each be expressed as a function
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Assuming typical values for the Poisson’s ratios νs and νc (Table 3.1) and for the damping loss factor
ηs and ηc, the dimensionless groups Vs/Vc and ρs/ρc enable the influence of the stiffness and density
of the slab relative to the soil to be investigated for a given wave-type (expressed by γ), incidence
angle θV and non-dimensional frequency a0 = ω h/Vs. The latter enables the thickness of the slab
to be described relative to the shear wavelength in the soil. Given typical ranges for the shear wave
speed in the soil Vs = 150−300 m/s, the slab thickness h = 0.5−1.5 m and the frequency range of
ground-borne vibration f = 25−250 Hz, the corresponding range of interest for the dimensionless
frequency a0 lies between approximately 0.2 and 15.
4.2 A slab foundation subjected to Rayleigh wave excitation
This section explores the SSI associated with a slab foundation subjected to Rayleigh wave excitation.
Before considering the slab as an elastic layer, the case of an infinitely long, strip foundation is first
reviewed, following the approach of Auersch [1]. Having reproduced Auersch’s results, the slab is
then modelled as the elastic layer illustrated in Figure 4.2, enabling the influence of the slab-soil
boundary condition and the slab’s finite thickness to be investigated.
4.2.1 The slab as an infinitely long, strip foundation
The infinitely long, strip foundation is modelled as an elastic plate of width b and thickness h. The
vertical dynamic stiffness of the plate in the frequency-wavenumber domain is given by [190]:
K̃ f z(ω,kx) = Bbk4x −ρcbhω2 (4.10)
where B = Ech3/12(1−ν2c ) is the bending stiffness. The vertical driving-point FRF is obtained as
H̃ f z = 1/K̃ f z.
The vertical driving-point FRF of the elastic half-space H̃sz refers to a 2.5-D problem because
of the finite width b of the plate in the y-direction. Auersch [1] solved this by assuming plane-strain
conditions and using a numerical integration approach in the wavenumber ky, regarding the plate as
infinitely flexible along the y-axis by assuming a constant stress distribution across the width of the
plate. According to the relaxed-boundary condition, the vertical displacement ratio w̃1/w̃0 is then
obtained from Equation 4.8.
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b = 2 m
b = 4 m
b = 10 m
b = 20 m
Fig. 4.3 The influence of the width of a strip foundation b on the soil-foundation interaction under
Rayleigh wave excitation, as described by the ratio of the vertical displacement amplitudes at the
soil-foundation interface, before (w̃0) and after (w̃1) the construction of the foundation. Benchmark
parameter values (Table 3.1) with νs = 1/3 and h = 0.7 m.
Figure 4.3 plots the magnitude of the ratio w̃1/w̃0 as a function of frequency for the parameter
values of the benchmark problem considered by Auersch (see Table 3.1). Several values of the
foundation width b are considered. Irrespective of the width, at a particular frequency known as
the “coincidence frequency” ( fco), the bending stiffness and inertia of the plate are such that a unit
value of w̃1/w̃0 is obtained. The coincidence point represents the scenario in which the free-flexural
wavelength λ f of the plate coincides with the horizontal wavelength λx of the input wave-field. The














The coincidence frequency is important because it governs the extent to which the plate attenuates
ground vibration levels: it defines the transition from the low-frequency, mass-controlled region where
amplification occurs, to the stiffness-controlled region where considerable attenuation is achieved
with respect to the free-field displacement w̃0. The influence of the plate mass and bending stiffness
on the value of fco can be determined from Equation 4.11. Increasing the plate thickness h results
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in a reduction in both fco and the magnitude of w̃1/w̃0 (for frequencies f > fco). A similar effect
may be obtained by decreasing the mass density ρc of the plate. A comprehensive discussion of the
influence of the bending stiffness, mass and width of the strip foundation, and the shear wave speed Vs
of the soil, can be found in Auersch [1], also with reference to a finite plate. The results of Figure 4.3
also illustrate the significance of increasing the strip width b, with the limiting case being that of a
slab foundation of infinite extent along the x- and y-axis (b → ∞).
4.2.2 The slab as an elastic layer
We now assume the slab foundation to be of infinite extent in both the x and y direction, modelling it as
an elastic layer of finite thickness overlying the elastic half-space. The dynamic stiffness matrices K̃s
and K̃f of both the half-space and the layer are calculated by means of the Dynamic Stiffness Method
(DSM) [189], making use of the ElastoDynamics Toolbox (EDT) [116, 36] in MATLAB [35]. The
FRF matrices appearing in Equations 4.6 and 4.7, H̃s and H̃f, are obtained by inverting the respective
dynamic stiffness matrices.
In the case of the relaxed boundary (RB) condition, the vertical displacement ratio w̃1/w̃0 can
be retrieved from Equation 4.8, with the vertical driving-point FRFs, H̃11sz and H̃
11
f z , being extracted



















































Fig. 4.4 (a) The vertical displacement ratio at the soil-foundation interface of an infinitely long
(Auersch) and infinitely large (DSM) slab foundation subjected to an incident Rayleigh wave,
considering the fully-coupled (FC) and relaxed (RB) boundary conditions. (b) Comparison of the
Rayleigh wave-field wavelength λR and the free-flexural wavelength of the strip foundation λ f .
Benchmark parameter values (Table 3.1).
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from the FRF matrices. Figure 4.4a plots the magnitude of the ratio w̃1/w̃0 calculated by both
Auersch’s strip model and the equivalent DSM (RB) model, for the same benchmark parameter values
(Table 3.1). It is clear that the two different methods agree well, with the strip model achieving
convergent results with the DSM (RB) model for a slab width of b = 1000 m. Figure 4.4b plots the
wavelength-frequency curves associated with the Rayleigh wave-field and the free-flexural response
of the plate model. The coincidence point again indicates the transition region from amplification to
attenuation.
In the fully-coupled condition (FC), the displacement ratios w̃1/w̃0 and ũ1/ũ0 are obtained by
calculating the interface displacement ũ1 using Equations 4.6 and C.28, with reference to both the
horizontal and vertical components of the Rayleigh wave [77]. The magnitude of w̃1/w̃0 obtained with
this DSM (FC) model is also plotted in Figure 4.4a. In this condition, the SSI leads to significant
attenuation for all frequencies, without any amplification below the coincidence frequency. The
fully-coupled condition highlights the importance of considering both the horizontal and vertical
components of ũ0, and the cross-stiffness terms at the soil-foundation interface.
Figure 4.5a plots the horizontal displacement ratio ũ1/ũ0, calculated by the DSM model for both
the relaxed (RB) and fully-coupled (FC) conditions. The common feature is that both conditions
result in a significant attenuation of the horizontal displacement. Again, the assumption of plane-wave


















































Fig. 4.5 (a) The horizontal displacement ratio at the soil-foundation interface of an infinitely large
slab foundation subjected to an incident Rayleigh wave, considering the fully-coupled (FC) and
relaxed (RB) boundary conditions. (b) Comparison of the Rayleigh wave-field wavelength λR and
the free-axial wavelength of the slab λa. Benchmark parameter values (Table 3.1).
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excitation simplifies the problem and enables a physical interpretation of the SSI. From the perspective
of the (horizontal) slab, the incident wave-field is characterised by a horizontal wavelength λx = λR.
This is true for the horizontal displacement ũ1 as for the vertical displacement w̃1 seen earlier. The
horizontal displacement of the slab is influenced by its free-axial response along the x direction, the








Figure 4.5b plots this wavelength-frequency relationship together with the curve for the Rayleigh
wave-field. It is clear that λR is always shorter than λa, with no coincidence possible. It follows
that the axial (in-plane) behaviour of the slab always restrains the horizontal displacement at the
soil-foundation interface, resulting in attenuation for all frequencies for both the fully-coupled and
relaxed boundary conditions.
A better understanding of the results from the different models may be obtained by expressing the
displacement ratios in decibels (dB) and referring to the non-dimensional frequency a0 on a logarithmic
scale. Figure 4.6a re-plots in this form the results of Figure 4.4a for the vertical displacement ratio
at the soil-foundation interface. Also included in Figure 4.6a are the results for the magnitude of
the displacement ratio w̃2/w̃0 calculated at the free-surface - the location of most interest, since this
will support any future building. The plate-like behaviour of the slab at relatively low frequencies
is clearly captured by the Auersch strip model, which shows a good agreement with the DSM (RB)
model up to a0 ≈ 1. The plate-like assumption is therefore sufficient to capture the SSI, as observed
at the soil-slab interface (ratio w̃1/w̃0) with the relaxed boundary condition, but only up to a restricted
value of h/λx. For shorter wavelengths, the through-thickness effects become important, with the
layer-like behaviour of the slab attenuating the wave field at the interface w̃1 down to a plateau at high
frequencies. This is a common feature for both the relaxed and fully-coupled boundary conditions,
although the former leads to lower attenuation because it neglects the retrograde elliptical motion of
particles at the soil-foundation interface, characteristic of Rayleigh waves, accounting for only the
vertical component. At the free surface, the high-frequency plateau is not evident. Instead, the level
of attenuation is observed to increase with frequency. In the case of the relaxed boundary condition,
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Fig. 4.6 (a) The vertical displacement ratio at the free-surface (w̃2/w̃0) and soil-foundation interface
(w̃1/w̃0) of an infinitely large slab foundation subjected to an incident Rayleigh wave, considering
the fully-coupled (FC) and relaxed (RB) boundary conditions. Comparison is made with Auersch’s
strip model. (b) The corresponding horizontal displacement ratios. Benchmark parameter values as
in Table 3.1.
where H̃21f z is the FRF for the vertical displacement at the free-surface due to a vertical traction at the
interface and H̃11f z is the vertical driving-point FRF at the interface; they can be both retrieved from the
FRF matrix of the layer H̃f. Again, it is clear from Equation 4.13 that the DSM (RB) model neglects
the coupling between the horizontal and the vertical motion. The magnitude of w̃2/w̃1 approaches
unity at low frequencies, when the through-thickness effects are negligible, but introduces increasing
attenuation at higher frequencies.
Figure 4.6b plots the corresponding results for the horizontal displacements, this time re-plotting
the results of Figure 4.5a for the displacement ratio at the interface ũ1/ũ0, together with the free-
surface ratio ũ2/ũ0. A similar trend to the vertical displacements is observed but with the exception of
the clearly absent amplification region at low frequencies for the DSM (RB) model, due to the lack
of any coincidence phenomenon.
For both the vertical and the horizontal displacements, the results of the DSM (RB) and DSM (FC)
models have common features that indicate the importance of both the finite thickness of the slab,
which becomes increasingly significant with frequency, and the assumed soil-foundation boundary
condition. The influence of the latter results in at least 10 dB difference in the final free-surface
displacements of the slab between the two conditions, without influencing the general trend in the
results.
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4.3 A slab foundation subjected to incident P- and SV-waves
So far, the SSI associated with a slab foundation has only been investigated in the context of Rayleigh
waves. The case of incident P- or SV-waves can be similarly investigated by using the same DSM
model for the elastic layer but now with the free-field displacement components associated with
these wave types [77]. Considering an incident P- or SV-wave at an incidence angle θP or θS (see
Figure 4.2), the free-surface displacement field û2 of the coupled soil-foundation system is calculated
by consideration of Equations 4.6 and 4.7 into the related expression in Equation 4.1. Only the fully-
coupled slab is considered here, in the belief that this better represents the actual soil-foundation
boundary condition at the low strain levels present in practice.
4.3.1 Influence on the vertical displacements (w̃1/w̃0 and w̃2/w̃0)
Figure 4.7 plots the magnitude of w̃1/w̃0, together with the wavelength-frequency curves for incident
P-waves (Figure 4.7a and 4.7c) and SV-waves (Figure 4.7b and 4.7d), for the benchmark parameter
values (Table 3.1) and an arbitrary incidence angle θP = θS = 3π/8. The results in this particular case
can be qualitatively divided into the following frequency regions:
1. an initial low-frequency region of either moderate attenuation (for P-waves) or amplification
(for SV-waves), up to a frequency f1 < fco;
2. a second region, with increased values of w1/w0, which are always greater than unity for
SV-waves but not necessarily for P-waves. A maximum value is obtained at a frequency
f2 > fco;
3. a third region of sharply increasing attenuation, up to a frequency f3, beyond which w1/w0
tends to a limiting value.
The wavelength-frequency curves (Figure 4.7c and 4.7d) are again helpful for interpreting the SSI.
The coincidence frequency fco lies between f1 and f2, and does not correspond to a distinct feature
in the w̃1/w̃0 curve. This is because the free-flexural wavelength λ f of the slab is calculated based
on the thin-plate assumption; in practice, shear deformation is likely to contribute to higher values
of λ f , resulting in lower values of fco.
As seen before, a better understanding of the results is obtained by using logarithmic scales.
Figure 4.8 shows such a representation for the results in Figure 4.7 (a) and (b). The trend in the
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Fig. 4.7 The vertical displacement ratio w̃1/w̃0 at soil-foundation interface of an infinitely large slab
foundation subjected to (a) an incident P-wave at an angle θP = 3π/8 and (b) an incident SV-wave
at an angle θS = 3π/8. The wavelength-frequency curves are plotted below for the two cases ((c)
P- and (d) SV-waves) with reference to the coincidence frequency fco based on the thin-plate
assumption. Benchmark parameter values as in Table 3.1.
ratio w̃1/w̃0 described before can be observed more clearly with reference to the local minimum and
maximum at a(1)0 and a
(2)
0 , and the plateau beyond a
(3)
0 . Additionally, the free-surface displacement
ratio w̃2/w̃0 is plotted. Analogous to what is observed for Rayleigh wave excitation, additional
attenuation is obtained for the free-surface displacement w̃2, compared to the interface displacement
w̃1, as a result of through-thickness effects at relatively short wavelengths. The results obtained
using Auersch’s thin-plate assumption are also included to highlight the influence of the relaxed
boundary condition and the thin-plate assumptions.
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Fig. 4.8 The magnitude of the vertical displacement ratio at the free-surface (w̃2/w̃0) and soil-
foundation interface (w̃1/w̃0) of an infinitely large slab foundation subjected to (a) an incident
P-wave at an angle θP = 3π/8 and (b) an incident SV-wave at an angle θS = 3π/8. Results obtained
using Auersch’s thin-plate assumption are included for comparison. Benchmark parameter values
as in Table 3.1.
Under Rayleigh wave excitation, investigated in Section 4.2, the attenuation provided by the
fully-coupled slab is considerable for all frequencies, and significantly greater than that provided to
P- and SV-waves. The horizontal wavelength λx associated with an incident P- or SV-wave is always
longer than that of a Rayleigh wave of the same frequency (see Figure 4.7c and 4.7d). Consequently,
the coincidence frequencies fco associated with P- and SV-waves are always higher than that of
the Rayleigh wave, and the region where strong attenuation is to be expected from the slab shifts
to relatively high frequencies. The attenuation provided by the slab to Rayleigh waves therefore
represents a limiting case.
Another limiting case is that of normally incident P-waves (θP = π/2). In this case λx = 0 and
the restraining effect of the slab foundation is maximum at the free-axial natural frequencies fn of





where VPc is the compressional wave speed in the slab. At these frequencies, the slab behaves like a
dynamic vibration absorber. However, given the application, and the relatively high P-wave speed VPc,
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fn lies well beyond the frequency range of interest ( fn=1 ≈ 1270 Hz for the parameters in Table 3.1),
leading to only moderate attenuation in the frequency range of interest.
4.3.2 Influence on the horizontal displacements (ũ1/ũ0 and ũ2/ũ0)
A similar trend is observed for the horizontal displacements. This is illustrated in Figure 4.9 for
incident P- and SV-waves at an arbitrary incidence angle θV = 3π/8. Although, by physical inter-
pretation, no coincidence phenomenon is expected in this case (see Section 4.2.1), local minima (a(1)0 )
and maxima (a(2)0 ) are observed for the magnitude of the ratios ũ1/ũ0 and ũ2/ũ0.




















































Fig. 4.9 The horizontal displacement ratio at the free-surface (ũ2/ũ0) and soil-foundation inter-
face (ũ1/ũ0) of an infinitely large slab foundation subjected to (a) an incident P-wave at an angle
θP = 3π/8 and (b) an incident SV-wave at an angle θS = 3π/8. Benchmark parameter values as in
Table 3.1.
Moreover, the through-thickness effects at relatively short wavelengths result, once more, in additional
attenuation of the free-surface displacement ũ2. Following a similar argument to that used for the
vertical displacements, it is clear that the Rayleigh wave and the normally incident SV-wave represent
limiting cases for the horizontal displacement field û2, û1 and û0.
4.3.3 The case of normally incident P- and/or SV-waves
The case of normally incident waves is worth exploring further, since these may be representative
of the wave field from a deep source, such as an underground railway. For normal incidence, the
wave propagation problem is independent of x and effectively one-dimensional. The free-surface and
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Fig. 4.10 Schematic representation of the multiple reflected-transmitted wave amplitudes in an elas-
tic layer overlying an elastic half-space, due to a normally incident P-wave. An infinite repetition of
a reflection-transmission unit follows the reflection and transmission of the incident amplitude A(1)1 .
interface displacement amplitudes ũ2 and ũ1 can be found, in terms of the incident wave amplitude,
by considering the superposition of multiple reflections and transmissions in the half-space-layer
system, as illustrated schematically in Figure 4.10. It is clear that a normally incident P- or SV-wave
will induce only vertical or horizontal displacements respectively. With a similar discussion also
being valid for the case of a normally incident SV-wave, the notation adopted in the following refers
to a normally incident P-wave (see Appendix C).
As shown in Figure 4.10, the multiple reflections/transmissions trace back to the incidence of
the amplitude A(1)Is at the interface, and to the repeating reflection/transmission of the amplitude A
( j−1)
Rc
that results from the reflection of A( j−1)Ic at the free-surface. In general, the vertical displacement in















By ensuring equilibrium and compatibility at the interface for both the “first incidence” and the
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Ic because of the free-stress condition at
z̄ = 0. It is clear that all the amplitudes involved in the repeating unit in Figure 4.10 trace back to
the amplitude A(1)Ic and that the latter refers to A
(1)
Is . The vertical displacement at the free-surface can
then be found as:
































From the latter, as anticipated from Equation 4.14, it is clear that the slab has a restraining effect on
the interface displacement w̃1 at the free-axial natural frequencies fn of the elastic layer. This effect
disappears at frequencies 2 fn, when w̃1 = w̃0 if damping is neglected. The latter are frequencies for
which the half-wavelength of the P-waves, or a multiple, matches the slab foundation thickness. In
this case, the ratios w̃2/w̃0 and w̃1/w̃0 will converge to the same value, that is, unity in the undamped
case. In general, for the case of normal incidence, the free-surface displacement w̃2 is greater than,
or at least equal to, the interface displacement w̃1. The behaviour illustrated here depends only on
the relative characteristics of the soil-slab system, that is, the impedance ratio β . This is generally
greater than unity for both P-waves, βP = (ρcVPc)/(ρsVPs), and SV-waves, βS = (ρcVSc)/(ρsVSs),
so that the slab has an overall attenuating effect on the displacement amplitudes. In contrast to the
interface displacement, for the free-surface displacement w̃2 such attenuation has a limiting value,
again related to the impedance ratio β . This is shown in Figure 4.11a for normally incident P-waves
and, in Figure 4.11b, for normally incident SV-waves. Figure 4.11 also shows the results for an
incidence angle just off normal, that is, θV = 5π/12.
It is clear that normal incidence represents a special case, when the slab behaves as a simple
elastic layer, with no plate-like behaviour. For both P- and SV-waves, this ensures no amplification
of the incident waves but limits the available attenuation. Once the incidence angle deviates from
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θS = π/2, ũ1/ũ0
θS = π/2, ũ2/ũ0
lower bound ũ2/ũ0
θS = 5π/12, ũ1/ũ0
θS = 5π/12, ũ2/ũ0
(b)
Fig. 4.11 (a) The vertical displacement ratios at the free-surface (w̃2/w̃0) and soil-foundation
interface (w̃1/w̃0) of an infinitely large slab foundation subjected to an incident P-wave at angles
of π/2 and 5π/12. (b) The equivalent horizontal displacement ratios due to an incident SV-wave.
Benchmark parameter values as in Table 3.1.
normal, even by a small amount, plate-like behaviour becomes significant, resulting in additional
attenuation that increases with frequency.
4.4 Design implications of the added-foundation effect
This section considers the overall implications of this study for foundation design. In particular,
it considers what guidance may be drawn regarding the design of a slab foundation to achieve a
specific reduction in ground-borne vibration level. As discussed in Section 3.1.2, it is worth pointing
out that the added-foundation effect represents an intermediate step, usually overlooked in practice, in
the construction of a building. An attenuation obtained at this stage does not necessarily translate to
the same order of attenuation of vibration levels within the completed building, which will additionally
depend on the dynamic characteristics of the building (i.e. mass, stiffness, damping, etc.) and on
the soil-foundation-building interaction. Nonetheless, the added-foundation effect as investigated
in this chapter provides an understanding of the “car park” problem: given a site and an incident
wave-field, to what extent the slab foundation changes the vibration levels at the free-surface.
It is clear that the SSI associated with a slab foundation is complex, even for the simplified
system considered here. Nevertheless, some useful guidance may be presented in the form of
Figures 4.12–4.15. These present a series of summary design plots that illustrate the influence of the
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dimensionless groups Vs/VSc, ρs/ρc and θV , over the typical ranges associated with ground-borne
vibration, for the three incident wave types (P, SV and Rayleigh). Typical values are assumed for the
Poisson’s ratios and damping loss factors of the slab and soil (Table 3.1). The results are given in terms
of the displacement ratios at the free-surface of the slab, for the fully-coupled boundary condition at the
soil-foundation interface. An alternative description of the results along the frequency spectrum can be
given by the non-dimensional thickness h0 = 2πh/λx that compares the thickness of the layer with
the apparent wavelength of the wave-field and can be obtained from the non-dimensional frequency
as h0 = a0 cosθV/γ (see Figure 4.13). Part (e) and (f) of Figures 4.14 and 4.15 are reproduced in
Figure 4.13 with respect to h0. It follows a better description of the influence of the directionality
of the incident wave-field. A general discussion is presented in the following for surface and body
waves.
4.4.1 Surface Vibration Sources
In the case of a surface source, it is reasonable to assume that the incident vibration field will be
dominated by Rayleigh waves, at least for locations remote from the source. In this case, the plots
in Figure 4.12 summarise concisely the behaviour of the slab. It is clear that the density ratio has
a relatively weak influence, with the level of attenuation varying by no more than 6 dB over the
typical range ρs/ρc = 0.6 - 1.2. A relatively dense slab is therefore desirable but probably not worth
pursuing actively, given the expense of specialist high-density concrete. In contrast, the wave speed
ratio has a strong influence, with the attenuation varying by up to 25 dB over the typical range Vs/VSc
= 0.05 - 0.2. This sensitivity to the wave speed ratio indicates the significance of the relative stiffness
of the slab, and the importance of obtaining an estimate of soil stiffness before relying on a particular
slab for vibration mitigation.
For a given site, the controlling parameter is the slab thickness, which the designer is free to select
in order to provide acceptable attenuation at the lowest frequency of concern, in the knowledge
that any higher frequencies are attenuated further. For example, the results indicate that, for the
benchmark soil properties, typical of London Clay (Vs = 200 m/s, ρs = 2000 kg/m3), a concrete slab
(VSc = 2284 m/s, ρc = 2500 kg/m3) of thickness 0.5 m would provide 24 dB of attenuation to vertical
vibration at 25 Hz, increasing to 81 dB at 250 Hz. The corresponding attenuation of horizontal
vibration is slightly greater, ranging from 33 dB to 79 dB.
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Fig. 4.12 The horizontal (left) and vertical (right) displacement ratios at the free-surface of an
infinitely large slab foundation subjected to an incident Rayleigh wave, showing the influence of
(a, b) the ratio Vs/VSc, for ρs/ρc = 0.8, and (c, d) the ratio ρs/ρc for Vs/VSc = 0.088.
4.4.2 Buried Sources
In the case of a buried source, when body waves are more significant, the situation is more complex.
As with Rayleigh excitation, the attenuation provided by the slab is influenced only weakly by
the density ratio (again, by no more than 6 dB) but strongly by the wave speed ratio, this time by
up to 38 dB. For P-waves, the attenuation of vertical vibration is negligible for frequencies below
approximately a0 = 1 (below 64 Hz for the 0.5 m thick slab considered in Section 4.4.1) but then
increases steadily with frequency. For horizontal vibration, the low-frequency attenuation may be as
high as 20 dB or more, but this depends strongly on the wave speed ratio and incidence angle; the
minimum attenuation may be close to zero.
For SV-waves, the most significant observation is that the slab may amplify low-frequency
vibration, particularly in the vertical direction, and by up to 10 dB depending on the wave speed
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ratio and incidence angle. To avoid any amplification, the slab must be sufficiently thick to ensure a
minimum non-dimensional frequency of approximately a0 = 2. This corresponds to a slab thickness
of at least 2.5 m, assuming the benchmark properties and that the minimum frequency of concern is
25 Hz.
In general, for both P- and SV-waves, the vibration incidence angle is by far the most influential
factor, causing variations in attenuation of 60 dB or more. This sensitivity presents a challenge to
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ρs/ρc = 0.8,Vs/Vsc = 0.088
Fig. 4.13 The horizontal (left) and vertical (right) displacement ratios at the free-surface of an
infinitely large slab foundation subjected to an incident P- (top) and SV-waves (bottom) at different
incidence angles. The magnitude of the displacement ratios is reported against the dimensionless
thickness h0 of the slab foundation. Results refer to the ratios ρs/ρc = 0.8 and Vs/VSc = 0.088.
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ρs/ρc = 0.8,Vs/VS c = 0.088
Fig. 4.14 The horizontal (left) and vertical (right) displacement ratios at the free-surface of an
infinitely large slab foundation subjected to an incident P-wave at an angle θP = π/8, showing the
influence of (a, b) the ratio Vs/VSc, for ρs/ρc = 0.8, and (c, d) the ratio ρs/ρc for Vs/VSc = 0.088.
(e, f) The influence of the incidence angle θP for Vs/VSc = 0.088 and ρs/ρc = 0.8.
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ρs/ρc = 0.8,Vs/VS c = 0.088
Fig. 4.15 The horizontal (left) and vertical (right) displacement ratios at the free-surface of an
infinitely large slab foundation subjected to an incident SV-wave at an angle θP = π/8, showing
the influence of (a, b) the ratio Vs/VSc, for ρs/ρc = 0.8, and (c, d) the ratio ρs/ρc for Vs/VSc = 0.088.
(e, f) The influence of the incidence angle θS for Vs/VSc = 0.088 and ρs/ρc = 0.8.
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4.5 Horizontally layered ground
In practice, layering of the ground is commonly encountered. Experimental evidence from literature,
related to sites across Europe, suggests that one or more soil layers overlying a deep soil deposit (i.e.
half-space) may be present at any given site [191–193, 53, 120]. The physics related to a layered
system subjected to incident plane waves becomes difficult to break down into simple concepts.
The response at the free-surface of the layered system is the result of an infinite series of reflection-
refraction and mode conversion of P- and SV-waves at each interface between layers. The response of
the layered system can be obtained by applying the Direct Stiffness Method [189, 194]. Apart from
specific cases (e.g. normally propagating waves), interpretation of the results by means of relatively
simple concepts (e.g. coincidence frequency for the “slab problem”) becomes simply not possible.
4.5.1 Response of layered ground to incident waves
Let us consider the case of a horizontally layered ground composed by N different soil layers (e.g.
sand, clay, etc.) as represented in Figure 4.16. The underlying half-space has density ρ1, shear wave
speed V1, Poisson’s ratio ν1 and damping loss factor η1 with the assumption of hysteretic damping
as before. The notation for the material properties of the N − 1 superimposed layers follows as
in the Figure 4.16 with the additional parameter h referring to the thickness of each layer. The
horizontal ũi and vertical w̃i displacements in the frequency-wavenumber domain refer to the ith
interface of the layered ground. As previously, a plane-wave excitation is considered in the form of
incident P- and/or SV-waves, assuming that the geometry of the layered ground is identical along




as this is required for the following foundation and/or building coupling. In order to calculate the
response of the layered ground to an incident wave (wave-type defined by γ as in Equation 4.4) at an
angle θV , the free-field response ũ0 =
[
ũ0, w̃0
]T of the half-space alone is considered as input (see
Figure 4.2 and Appendix C). The N − 1 layers can then be coupled to the half-space in the same
manner as for the slab in Section 4.1. The dynamic stiffness matrix K̃L of the N −1 layers can be
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Fig. 4.16 An example of horizontally layered ground composed by N-1 layers overlying an half-
space. The layers and the half-space are assumed elastic and homogeneous with density ρi, shear
wave speed Vi and Poisson’s ratio νi as schematically illustrated in the Figure.
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As previously, the displacement at the first interface can be retrieved by imposing equilibrium and








with the FRF sub-matrix H̃11L , which refers to the degrees-of-freedom at the first interface, being the
inverse of the stiffness matrix K̃L. The displacement vector at the remaining 2nd to Nth interfaces








By dimensional analysis, any of the transfer functions between displacements with and without the
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(4.24)
Although the latter does not provide physical insights on specific aspects of the wave-propagation in
layered media, it summarises the complexity of the problem that relates to 5N −1 non-dimensional
groups. Based on Equation 4.24, it possible to suggest a minimal approach by consideration of a
selection of parameters based on engineering judgement. An example is presented in the next section
for a layered ground with N = 3 that is composed of an underlying half-space, an intermediate soil
layer and a slab foundation.
4.5.2 Influence of an intermediate soil layer on the added-foundation effect
The generalised layered ground illustrated in Figure 4.16 is here contextualized to the SSI associated
with the construction of a slab foundation (as in Section 4.1) with the presence of a soil layer
overlying the half-space. The response of the layered ground to incident P- or SV-waves at an angle
θV is illustrated in Figure 4.17a with displacement vectors in the frequency-wavenumber domain
at the interface ũ01 =
[
ũ01, w̃01
]T and at the free-surface ũ02 = [ũ02, w̃02]T . The construction of
a slab foundation may be represented by an additional layer added on top of the existing ground
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Fig. 4.17 An example of horizontally layered ground with a soil layer overlying the elastic half-
space. The added-foundation effect is considered by adding an infinitely large concrete slab
foundation.
Similar to the general case in Equation 4.24, transfer functions in terms of displacements between




















With reference to Equation 4.25, it is desired to reduce the dependency of the transfer function to a
smaller number of dimensionless parameters based on engineering judgement. It is apparent, with
the plane-wave assumption, that although material damping contributes to the attenuation of waves
along the x axis it does not contribute to relative measures of amplitude along the z axis. It follows
that the dependency on the damping loss factors can be disregarded for the amplification problem that
is of interest. Considering the density of soils, it is evident from literature that differences are not
greater than approximately 15% and that, in any case, the density ratio has a limited influence on
the added-foundation effect as discussed in Section 4.4. Dimensionless groups related to the density
of the layered system can then be neglected. Finally, considering reference values for ν1,ν3,V1/V3
as in Table 3.1 and a value of ν2 = 1/3, it is possible to study a reduced dependency of the transfer











The relationship in Equation 4.26 is able to describe the influence of the relative stiffness of the
intermediate soil layer, the thickness of the latter and the thickness of the slab on the added-foundation
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Fig. 4.18 An example of the transfer function relating to the magnitude of the vertical displacement
before (w̃02) and after (w̃3) the coupling of the slab foundation to the layered ground. The depen-
dence on the dimensionless thickness h02 and h03 is shown in a three-dimensional plot (a) and (c),
and in a two-dimensional plot (b) and (d) with reference to h03 and the ratio h2/h3. The results in
(a),(b) refer to a shear wave speed ratio V1/V2 = 0.67 between the half-space and the intermediate
layer, and those in (c),(d) refer to V1/V2 = 2. An incident plane SV-wave at θV = 3π/8 is considered.
effect related to different incident wave-fields. Figure 4.18 shows the relationship in Equation 4.26
for an incident SV-wave at θV = 3π/8. Figure 4.18a and b refer to a value V1/V2 = 0.67 while
Figure 4.18c and d consider a value V1/V2 = 2. Both three-dimensional plots, in terms of the
dimensionless thickness h02 and h03 in logarithmic scale, and “collapsed” two-dimensional plots are
shown for the two values of V1/V2 considered. It is evident that the ratio h02/h03 corresponds to
the ratio h2/h3 between the soil layer and the slab thickness. It follows that vertical plane sections,
oriented at 45°in the plane h03 −h02 (in logarithmic scale), of the three-dimensional plot corresponds
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to different ratios h2/h3. This is represented in the respective two-dimensional plots where transfer
functions in gray-scale are reported for different values of h2/h3 = 0.1,1 and 10 together with the
coloured scale related to the full range of h02 as in the three-dimensional plot. Starting from the range
of a0 (as discussed in Section 4.1) and from the considered incident wave-fields, the possible range
of h03 ≈ 0.1−20 and h02 ≈ 0.01−100 follow. Of particular relevance is the result for h2 → 0, which
relates to the added-foundation effect of the slab foundation without the presence of the intermediate
soil layer (i.e. problem seen in Section 4.1). The following qualitative comments can be made on
Figure 4.18 for the case of an incident SV-wave at θV = 3π/8:
• the coincidence frequency related to the case h2 = 0 is representative of the divide between
potential amplifications and attenuations also in the case of the presence of an intermediate
layer. This can be assumed as a general comment since the slab foundation mass and stiffness
govern this dividing line with a small influence of the intermediate layer;
• the added-foundation effect, in the presence of an intermediate soil layer stiffer than the underly-
ing half-space (Figure 4.18b), leads to an improved attenuation, in a measure of approximately
5 dB, with respect to the case of the slab foundation alone; an amplification of the level of
vertical vibration up to 7 dB is expected around the coincidence frequency;
• the added-foundation effect, in the presence of an intermediate soil layer softer than the
underlying half-space (Figure 4.18d), leads to an improved or reduced attenuation depending
on the specific value of the ratio h2/h3 and on the range of a0 associated with the practical
case of interest. The soft intermediate layer of thickness h2 = 10h3 (i.e h2 = 7 m for a 0.7 m
thick slab foundation) may lead to differences up to 15 dB with the results obtained for the
slab foundation alone.
Figure 4.19 and 4.20 show summary results for the transfer functions related to the horizontal and
vertical motion before and after the construction of a slab foundation for shear wave speed ratios
V1/V2 of 0.67 and 2 respectively. It is clear that only qualitative comments can be made and the
response of the slab on the layered ground depends strongly on the specific wave-propagation problem
in hand. Although it is not possible to quantify, in general terms, the influence of the presence of an
intermediate soil layer on the “added-foundation effect”, it is clear that the coincidence phenomenon
governs the divide between potential amplification and attenuation, with the latter being of interest for
design purposes.
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Fig. 4.19 Resulting transfer functions related to the magnitude of the horizontal (left) and vertical
(right) displacement before (ũ02, w̃02) and after (ũ3, w̃3) the coupling of the slab foundation to the
layered ground. Incident sub-horizontal (θV = π/8) and sub-vertical (θV = 3π/8) P- and SV-waves
are considered. The values shown refers to h02 between 0.01 and 100,while the gray-scale dashed,
dotted, and dashed-dotted lines refer to values of h2/h3 of 0.1,1 and 10 respectively. The solid
black line considers h2 → 0, which represents the case of a slab foundation on an elastic half-space as
seen in Section 4.1. The plots refer to a shear wave speed ratio between the half-space and the soil
layer of V1/V2 = 0.67.
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Fig. 4.20 Resulting transfer functions related to the magnitude of the horizontal (left) and vertical
(right) displacement before (ũ02, w̃02) and after (ũ3, w̃3) the coupling of the slab foundation to the
layered ground. Incident sub-horizontal (θV = π/8) and sub-vertical (θV = 3π/8) P- and SV-waves
are considered. The values shown refers to h02 between 0.01 and 100, while the gray-scale dashed,
dotted, and dashed-dotted lines refer to values of h2/h3 of 0.1,1 and 10 respectively. The solid
black line considers h2 → 0, which represents the case of a slab foundation on an elastic half-space as
seen in Section 4.1. The plots refer to a shear wave speed ratio between the half-space and the soil
layer of V1/V2 = 2.
4.6 Conclusions 137
4.6 Conclusions
This chapter has considered the fundamental dynamic behaviour of a concrete slab foundation
excited by ground-borne vibration. The interest lies in the added-foundation effect provided by
the slab foundation in terms of the change in vibration levels at the free-surface before and after
the construction of the foundation. By modelling the slab as an elastic layer overlying an elastic
half-space, and using the corresponding dynamic stiffness matrices in a wave-based approach, the
response of the slab to incident Rayleigh, P- and SV-waves has been explored. Having referred to
previous work that assumes plate-like behaviour, it is clear that the use of thin-plate theory alone is
insufficient for modelling the effect of a slab foundation on an existing ground vibration field over
the full frequency range of interest. Furthermore, models that assume a relaxed boundary condition
at the soil-slab interface have been found to underestimate the attenuation provided for the vertical
vibration at the free-surface by 5 to 10 dB in the case of Rayleigh wave excitation.
The study has illustrated the importance of the coincidence phenomenon, in which the free-
flexural wavelength of the slab coincides with the horizontal wavelength of the incident wave-field.
For frequencies above coincidence, considerable attenuation can be achieved, but this depends on
a number of dimensionless groups, as illustrated in a series of summary design plots. The least
significant of these is the soil-slab density ratio, which, for all three wave types, has only a weak
influence on the level of attenuation provided, with differences up to 6 dB. In contrast, the relative
stiffness of the slab (expressed as a ratio of shear wave speeds) has a strong influence. Maximum
differences of attenuation in the order of 25 dB and 30 dB are found for Rayleigh waves and for sub-
horizontal body waves respectively. The incidence angle of the considered plane-wave excitation
has the greatest influence on the added-foundation effect, indicating that the study of the source and
the induced ground-borne vibration field plays an important role. For a given site and given material
properties for the foundation (i.e. concrete), the controlling parameter available for the foundation
design is the slab thickness. In the case of Rayleigh wave excitation, the added-foundation effect
in vertical vibration leads to at least 20 dB of attenuation for the 0.7 m thick slab of benchmark #2
in the frequency range of interest. For P- and SV-waves, the situation is more complex because the
coincidence frequencies associated with these wave types are always higher than that of the Rayleigh
wave, which shifts the region of strong attenuation to relatively higher frequencies. It follows that
the added-foundation effect, in terms of attenuation of the vibration levels, is more significant for
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surface waves than for body waves. The overall attenuation depends strongly on the slab stiffness and,
importantly, on the directionality of the incident wave-field.
A fundamental assumption of this study is that the ground may be represented by a homogeneous
half-space, but this is often not the case due to soil layering. Layering introduces additional wave
reflections and mode conversions, and this is likely to change the attenuation provided by the slab. The
extent to which this occurs is qualitatively explored by accounting for the presence of an intermediate
soil layer overlying the half-space. It is shown that the problem becomes rather complex and that
the measure of the attenuation provided by the slab varies greatly depending on the thickness ratio
between the soil layer and the slab foundation, and on the stiffness ratio between the soil layer and
the half-space. A general comment can be drawn in that the coincidence phenomenon related to the
stiffness and mass of the slab foundation and to the incident wave-field still marks the dividing line
between potential amplifications and attenuations along the frequency spectrum.
The added-foundation effect investigated in this chapter refers to an infinitely large slab foundation
and to a plane wave excitation, consistent with the reference problem considered in this dissertation.
In practice, the foundation has finite dimensions as well as being embedded in the surrounding
ground. Moreover, ground-borne vibration induced by surface and/or underground sources may be
drastically different from the plane wave assumption. The first-principles approach adopted in this
chapter forms the basis for further work that may consider cases of more practical interest, which may
rely on numerical modelling techniques and that lie outside the scope of the present dissertation.
Chapter 5
The response of rigid foundations and
footings to incident wave-fields
In the previous chapter it was concluded that thin-plate theory is insufficient for modelling the soil-slab
interaction over the full frequency range of interest, and that the boundary conditions at the soil-slab
interface have a significant effect. Thanks to the assumption of an infinitely-large slab foundation,
the added-foundation effect has been investigated by means of a wave-based approach in the frequency-
wavenumber domain. Although this improves our understanding of the soil-foundation interaction,
it does not offer a ready-to-use foundation model for the soil-foundation-building interaction, which
involves the portal-frame building model as presented in Section 3.1.2. A consistent foundation
model would refer to rigid regions at the free-surface of either the ground (i.e. rigid foundations -
benchmark #1) or the slab overlying the ground (i.e. rigid footings - benchmark #2).
This chapter presents an approximate strategy, based on Iguchi’s method [98, 99], to obtain the
response of such rigid regions to incident plane wave-fields. This may be readily incorporated as the
first step of a new design framework of buildings against ground-borne vibration, as will be discussed
in Chapter 6. Iguchi’s method is reviewed in Section 5.1.1 starting from the Boundary-Element-
Method (BEM) formulation presented in Section 5.1. The response of a single and/or multiple
rigid foundations obtained by the approximate method is validated against rigorous solutions. A
numerical study is also undertaken for validating Iguchi’s method also for the case of a single and/or
multiple rigid footings (see Section 5.2) on the free-surface of an infinitely-large slab foundation. It
is worth noticing that Iguchi’s method is valid for a general incident wave-field. It follows that it
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may be adopted for obtaining the rigid regions response to incident wave-fields obtained by modelling
of the source and the ground (e.g. PiP model [195–197], FEM-BEM approach [198, 191]). Iguchi’s
method can then be incorporated in a framework for the purpose of absolute predictions of vibration
levels, although the latter is beyond the scope of this dissertation.
The approximate method, summarised in Section 5.3, leads to closed-form expressions for the
response of the rigid regions starting from the frequency-wavenumber amplitude at the free-surface
and associated with an incident plane wave-field. Additionally, the added-foundation effect, as studied
in Chapter 4, may be here investigated by comparing the response of the rigid footings (benchmark #2)
and the one of rigid foundations (benchmark #1). This provides an understanding of the added-
foundation effect more directly related to the building design by focusing on the response at the
coupling points.
For the latter purpose, additional models of the slab foundation are considered, as presented in Sec-
tion 5.4, by removing the assumption of infinite in-plane extent. Two Finite Element Analysis (FEA)
models, obtained with ABAQUS [114], are considered for a finite slab: a 2D thick-shell model with
quadratic elements (S8R) and a 3D solid model with quadratic elements (C3D20R). Both models
include the presence of rigid footings on the middle (2D model) and on the upper surface (3D model)
of the slab.
Rigorous models used in this chapter refer to the application of the BEM [92, 199] models of rigid
foundations and/or rigid footings that consider fundamental solutions of a homogeneous half-space
or a layered half-space respectively. The BEM models used in this chapter, as for the rest of the
dissertation, are obtained by means of the BEMFUN [38] toolbox, making use of the fundamental
solutions from the EDT [36] toolbox in MATLAB [35].
5.1 A BEM framework for the response of rigid foundations
This section presents a general review of the formulation for the response of a number n f of rigid,
embedded foundations resting on an elastic and homogeneous half-space, with the latter being
subjected to an incident plane wave-field. This is a topic of much interest in earthquake engineering
that has been treated, among others [200–204], by Wong & Luco [96] and by Qian & Beskos [97]. The
formulation is presented in its general form so that it can be readily used for both the implementation
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Fig. 5.1 A schematic representation of multiple, embedded, rigid foundations in a homogeneous
and elastic half-space: (a) the incident wave-field, in absence of foundations, is represented by
û0(x,ω) at a generic location x in the half-space and by û0(xi,ω) at a location xi on the domain
Ωi of the ith foundation; (b) the displacement field in the presence of foundations is represented by
ûf(x,ω) at a generic location x in the half-space and by ûf(xi,ω) at a location xi on the domain Ωi
of the ith foundation. The rigid response of the ith foundation about its centroid Oi is denoted as
ûf i(ω).
in a Boundary-Element framework and/or for obtaining the response of the rigid foundations by means
of Iguchi’s method (see Section 5.1.1).
Figure 5.1 illustrates a foundation model comprising two embedded, rigid foundations with the
soil-foundation interfaces Ω1 and Ω2. By considering incident plane wave-fields, as in Section 3.1.1,
the free-field displacement û0(x,ω) in the half-space can be expressed as:
û0(x,ω) = ũ0(k′,z,ω) e−ik
′(xcosθH+ysinθH) = U0(x,ω) ũ0(k′,z,ω) (5.1)
with the exponential function U0 describing the incident wave-field along x and y for the horizontal
wavenumber k′ in the plane of incidence, while the frequency-wavenumber amplitude ũ0 provides
the dependency along z. The latter may be obtained by means of Equation C.27 in Appendix C,
after the wave amplitudes for the incident wave-field are retrieved as described in Section C.2.1.
The plane-wave excitation described here belongs to a particular class of plane-strain problems for
which the horizontal wavenumber, k′ = k cosθV , depends on the angular frequency ω of the assumed
harmonic excitation and on the speed and orientation of the wave-type considered. The wavenumber
k is equal to kP = ω/VP, kS = ω/VS and kR = ω/VR for P-, SV- and Rayleigh waves respectively.
The vector ũ0(k′,z,ω) = [ũ0(k′,z,ω), ṽ0(k′,z,ω), w̃0(k′,z,ω)]T is the free-field amplitude in the
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frequency-wavenumber domain, which depends on the type of the incident wave and on the properties
of the half-space [78, 77].
Consider the addition of rigid, embedded foundations, of arbitrary shape, as illustrated in Fig-
ure 5.1b. In general, the presence of a foundation induces a scattered wave-field, with displacement
ûs(x,ω) and traction t̂s(x,ω), that superposes with the incident wave-field, û0(x,ω) and t̂0(x,ω),
such that:
ûf(x,ω) = û0(x,ω)+ ûs(x,ω) (5.2a)
t̂f(x,ω) = t̂0(x,ω)+ t̂s(x,ω) (5.2b)
where ûf(x,ω) and t̂f(x,ω) represent the final displacement and traction fields accounting for the
kinematic interaction of the rigid foundations. This is a valid result in linear elasticity because of the
validity of the superposition principle.
The n f foundations are embedded in the half-space with their centroids Oi at xOi = (xOi,yOi,zOi).
The displacement at a location on the soil-foundation interface of the ith foundation can be expressed
as:
ûf(xi,ω) = Si(xi) ûf i(ω) with xi ∈ Ωi, i = 1, . . . ,n f (5.3)
where ûf i = [ûfi, v̂fi, ŵfi, ϕ̂fxi, ϕ̂fyi, ϕ̂fzi]T gives the rigid-body displacements of the ith foundation,
referring to its 6 degrees of freedom, and the 3×6 transformation matrix Si(xi) is given by:
Si(xi) =

1 0 0 0 zi − zOi −(yi − yOi)
0 1 0 −(zi − zOi) 0 xi − xOi
0 0 1 yi − yOi −(xi − xOi) 0
 with xi ∈ Ωi (5.4)




STi (xi) t̂f(xi,ω)dΩi (5.5)
where f̂f i = [ŝfi, p̂fi, f̂fi, q̂fxi, q̂fyi, q̂fzi]T again refers to the 6 degrees of freedom. The global
condition for the ith foundation can be obtained by pre-multiplying Equation 5.2b by STi (xi) and
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integrating over the domain Ωi so that:
f̂f i(ω) = f̂0i(ω)+ f̂si(ω) =
∫
Ωi
STi (xi) t̂0(xi,ω)dΩi +
∫
Ωi
STi (xi) t̂s(xi,ω)dΩi (5.6)
where f̂0i and f̂si are the forces, associated with the domain Ωi, induced by the incident and the
scattered wave-fields respectively.
Introducing the Green’s function matrix for the half-space Ĝ(xi,x′j,ω), which relates the soil
displacement û(xi,ω) to the soil traction t̂(x′j,ω), the scattered displacement field over the domain







Ĝi j(xi,x′j,ω) t̂s(x′j,ω)dΩ j (5.7)
Following the approach of Thau [205], the scattered traction field can be decomposed into one
component related directly to the unknown, rigid-body displacements of the foundations ûf j(ω) and a





Ti jR(xi,ω) ûf j(ω)−TiD(xi,ω) with xi ∈ Ωi (5.8)
The matrix Ti jR(xi,ω) gives the traction field across the soil-foundation interface of the ith foundation
due to a rigid-body motion ûf j of the jth foundation.
Let us consider Equation 5.2a as applied to the ith foundation. Substituting the expression for
ûf(xi,ω) from Equation 5.3 and the expression for ûs(xi,ω) from Equation 5.7, with the traction
expressed as in Equation 5.8, the following system of integral equations is obtained, which refers to
the two distinct radiation (Equation 5.9a) and diffraction (Equation 5.9b) problems:

















Ĝi j(xi,x′j,ω)T jD(x′j,ω)dΩ j with i = 1, . . . ,n f (5.9b)
By re-writing in matrix form, it is evident that Equation 5.9a may be further decomposed into the n f







Ĝi j(xi,x′j,ω)T jiR(x′j,ω)dΩ j when r = i (5.10a)







Ĝi j(xi,x′j,ω)T jrR(x′j,ω)dΩ j with r = 1, ... ,n f ∧ r 6= i (5.10b)
By definition of the matrix Ti jR, the dynamic stiffness matrix relating the forces at the ith foundation




STi (xi)Ti jR(xi,ω)dΩi (5.11)
It follows that the dynamic stiffness matrix K̂f for the n f rigid foundations can be written in the form:
K̂f =















Because of the validity of the reciprocity theorem in elastodynamics [206], the matrix K̂f can be
proven to be symmetric.
By consideration of Equation 5.6, and substituting the expression for t̂s(xi,ω) from Equation 5.8,





















Consider the ith foundation to be massless and free of external forces so that, from Equation 5.6:
f̂si(ω) =−f̂0i(ω) (5.14)
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Ĥf ij(ω) f̂0j(ω) with i = 1, ... ,n f (5.15)
Equation 5.15 yields the displacement of multiple, rigid, massless foundations embedded in an
elastic half-space subjected to an incident wave-field but free of external forces. The term T jD(x j,ω)
is related to the displacement wave-field û0(x,ω) by the integral Equation 5.9b while the forces
f̂0j(ω) can be retrieved from the traction field t̂0(x,ω) (see Equation 5.6). The frequency-response
function (FRF) matrix Ĥf (ω) can be found as the inverse of the dynamic stiffness matrix K̂f (ω) in
Equation 5.12.
The integral equations presented in the previous discussion can be reduced to sets of algebraic
equations expressed at collocation points xc of boundary elements that refer to a given formulation
(e.g. quadratic elements). A full account of this numerical aspect is presented in the relevant
literature [207, 115, 208] on the application of the Boundary-Element-Method (BEM). The numerical
implementation here refers to fundamental solutions obtained by EDT [36] and a BEM model of
the rigid foundations by means of BEMFUN [38] toolbox in MATLAB [35]. It follows that the













j dΓk z(xc j) with i, j = 1, . . . ,nc (5.16)
where N(k)i and N
(k)
j represent the boundary-element shape functions of the k
th element that includes
the ith and jth collocation point respectively. It is clear that whenever the ith and jth collocation points
do not share at least one element, the specific contribution to the integral is null. The integration of
a variable-field z(x) expressed at the collocation points can then be obtained as:
Z(xc) = TQ (xc,xc)z(xc)








with the vector xc collecting the location of the collocation points for the three degrees of freedom.
The integration over the kth element in Equation 5.17 may be performed by a numerical integration
scheme (e.g. Gaussian quadrature rule). The transformation matrix S (xc) can be evaluated at the
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collocation points and assembled for the n f foundations:
S =













0 . . . 0
... S(xcn f )

(5.18)
The case of surface foundations is of interest for the discussion in this dissertation. In this case
the force vector f̂0 is null and the response vector ûf = [ûf1, . . . , ûfnf ] may be written in the form:
ûf (ω) = A(ω) ũ0(k′,0,ω) = A(ω) ũ0(k′,ω) (5.19)
The terms in matrix A represent transfer functions, in the frequency domain, for the rigid motion of
the foundations with reference to the free-surface amplitude ũ0 of the incident plane wave-field.
The integration matrix TQ, together with the transformation matrix S, are used to reduce Equation 5.15,
for the case of surface foundations, in an algebraic equation. The generalised rigid displacement of
the n f foundations obtained with the BEM formulation can be written as:
ûf (ω) = Ĥf (ω)ST TQ [Ĝu(ω)]−1 U0(ω) ũ0(k′,ω) = A(rig.)(ω) ũ0(k′,ω) (5.20)
with the boundary-element system matrix Ĝu(ω) collecting the Green’s functions integrated over
the domain, and the matrix U0(ω) representing the describing function U0 (see Equation 5.1) of the
free-field displacement evaluated at the collocation points for the three DoFs. The FRF matrix Ĥf is
the inverse of the dynamic stiffness matrix K̂f , with the latter obtained by solving numerically the
integral Equations 5.11 and 5.10. In the following an alternative, approximate method for obtaining
the response of rigid foundations is reviewed.
5.1.1 Iguchi’s method for the response of rigid foundations
Iguchi’s method provides an approximate solution for the kinematic interaction of rigid foundations
to incident wave-fields. It was first presented by Iguchi [98] for the case of a single rigid foundation
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and extended, later on, to the case of adjacent, multiple rigid foundations [99] (paper in Japanese).
In the following, Iguchi’s method is reviewed starting from Equation 5.15, which for convenience
can be written in the form:




Ĥf ij(ω) f̂0j(ω) with i = 1, ... ,n f (5.21a)







STj (x j)T jD(x j,ω)dΩ j (5.21b)
Let us assume that the FRF matrix Ĥf and the force vector f̂0 related to the incident wave-field can be
obtained by alternative methods (e.g. approximate impedance functions and analytical integration of
tractions t̂0 over Ω [98]). In this case, the numerically involved part for the evaluation of the response
ûf is restricted to the integral equations associated with û∗f in Equation 5.21b. The objective is to
find an alternative expression for û∗f ; moreover, for the special case of surface foundations, which
is of interest in this dissertation, the force vector f̂0 is null and the equality ûf = û∗f follows from
Equation 5.21a. Thus, the alternative expression obtained by Iguchi’s method gives the response
of the rigid foundations that is of interest. Iguchi’s method finds the rigid-body response of each
foundation as a weighted average of the relevant displacement component of the incident wave-field
over the footprint of the same foundation. This approximate method is obtained as follows.




K̂f ji(ω) û∗f i(ω) =
∫
Ω j
STj (x j)T jD(x j,ω)dΩ j (5.22)






STj (x j)T jiR(x j,ω)dΩ j û∗f i(ω) =
∫
Ω j









T jiR(x j,ω) û∗f i(ω)−T jD(x j,ω)
]
dΩ j = 0
(5.23)




T jiR(x j,ω) û∗f i(ω) = T jD(x j,ω) (5.24)
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By considering the rigid-body displacement of the rth foundation and pre-multiplying both sides





















Ĝr j(xr,x′j,ω)T jD(x′j,ω)dΩ j (5.25)
Comparing Equation 5.25 with Equations 5.9a and 5.9b, one can relate the rigid-body displacement
û∗f r(ω) of the rth foundation to the incident displacement field û0(xr,ω) across the footprint of the
same foundation:
Sr(xr) û∗f r(ω) = û0(xr,ω) with xr ∈ Ωr (5.26)
Equation 5.26 represents only an approximate solution since Equation 5.24 is not a necessary condition
for the identity in Equation 5.23. For instance, it is clear, by physical intuition, that Equation 5.26
completely neglects the through-soil coupling between the foundations and that the same expression
is obtained for the case of a single foundation. Moreover, by inspection of the transformation
(rectangular) matrix Sr(xr), it is clear that the solution of Equation 5.26, in terms of the rigid response,
can only be found in approximate terms, for example, by means of the least square method [98].
The latter is adopted by Iguchi [98, 99] who obtains the approximate rigid-body displacement of a
foundation as a weighted average of the incident displacement field across its footprint:









It can be shown that, with reference to the centroid Or of the foundation, the matrix P= diag[A f ,A f ,A f ,
I f x, I f y, I f z] is diagonal, with the components being the area A f , the second moments of area I f x and
I f y, and the polar moment of area I f z of the rigid foundation. In principle, Equation 5.27 may be
evaluated analytically for given incident wave-fields and shapes of the rigid foundation. Indeed, this
is done in Section 5.3 for a rectangular foundation subjected to incident plane waves.
Alternatively, Equation 5.27 can be put in algebraic form and solved numerically according to
the BEM framework presented in the previous section:
ûf r(ω) = [STr TQr Sr]−1 STr TQr U0r(ω) ũ0(k′,ω) = A(app.)r (ω) ũ0(k′,ω) (5.28)
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with reference to collocation points xcr on the domain Ωr of the rth foundation. It should be noted
that Iguchi’s method, as will be discussed in Section 5.3, provides closed-form expressions for the
response of the rth foundation that depends only on the geometry and on the incident wave-field.
It is worth noticing that the comparison of the closed-form expressions in Equations 5.44 and the
response obtained by Equation 5.28, with the matrix TQ referring to the BEM, may provide a means
to validate the adopted numerical integration scheme (see Equation 5.17).
The following sections present the validation of the matrix A, as obtained in this dissertation,
and a general discussion on the transfer functions ûfi/ũ0i for the lateral, vertical and rocking response
of a single [96] and two adjacent [97] square, surface, rigid foundations subjected to an incident, plane
wave-field. Moreover, a comprehensive comparison of the rigorous and the approximate transfer
functions ûfi/ũ0i, for different incident wave-fields, is also presented for validating Iguchi’s method
as a simplified method to approach the kinematic interaction. A validation of the method for the
torsional response of a single hemispherical and/or a cylindrical foundation, and for two adjecent
semi-cylindrical foundations is presented in the original papers of Iguchi [98, 99]. This refers to
the application of Iguchi’s method to seismic wave-fields. Additional validation is required for its
application to ground-borne vibration, which involve higher frequencies and shorter wavelengths. This
is done in this section with reference to a single and/or multiple rigid foundations (i.e. benchmark #1),
and in Section 5.2 for the case of a single and/or multiple rigid footings (i.e. benchmark #2).
5.1.2 The case of a square, surface, rigid foundation
In the case of a surface rigid foundation, the matrix A in Equation 5.19 for an incident plane wave at a
vertical angle θV and a horizontal angle θH = 0 can be expressed as follows:
A =

Axx 0 Azx 0 Aϕyx 0
0 Ayy 0 Aϕxy 0 Aϕzy




The terms of the matrix A for the case of a surface and square foundation are reproduced and reported
in Figure 5.2 for the cases obtained by Wong [96] (Poisson’s ratio νs = 1/3). Considering the case
of incident SV-waves, one can notice that the horizontal-vertical contributions Axz and Azx are small
compared to the direct terms Axx and Azz respectively. It follows that the latter terms will dominate the
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Real part Imag part Real part, Wong Imag part, Wong
Fig. 5.2 Terms of the matrix A for incident SV-waves at a vertical incidence angles θV = π/4
and π/3, and horizontal incidence angle θH = 0 for a homogeneous and elastic half-space with
Poisson’s ratio νs = 1/3. Comparison is made with the result of Wong [96] by using 8×8 constant
elements for the rigid foundation. The plots refer to the dimensionless frequency a0 = ωb/Vs.
translational response ûf and ŵf of the rigid foundation. Similarly, the rocking response ϕ̂fy depends
mostly on the component Aϕyz associated with the vertical amplitude w̃0. The A matrix components
reported in Figure 5.2 are obtained by means of Equation 5.20 by using a BEM formulation with 8×8
constant element for the rigid foundation. The results are in perfect agreement with those obtained
by Wong [96], which serves as a validating check of the adopted BEM approach.
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Figure 5.3 shows the application of Iguchi’s method for a square, surface, rigid foundation sub-
jected to an incident P- or SV-wave at θV = π/4 and θH = 0. The comparison is shown in terms of
the transfer functions relating the lateral ûf , vertical ŵf and rocking ϕ̂fy response of the foundation
to the vertical amplitude w̃0 in the frequency-wavenumber domain. The comparison between the
approximate response by Iguchi’s method and the rigorous solution, along the dimensionless fre-
quency a0 = ωb/Vs, is favourable with the approximate magnitude that oscillates about the rigorous
solution [209]. It is clear that, for an incident plane wave at θH = 0, the single rigid foundation tends
to restrain the motion at frequencies for which a multiple of the horizontal wavelength nλx and a
multiple of the horizontal half-wavelength (n+1/2)λx match the dimension 2b for the translational
and the rocking response respectively. The two conditions correspond to the dimensionless frequencies
a0 = γnπ/cosθV and a0 = γ(n+ 1/2)π/cosθV , with γ = V/Vs and V corresponding to VP, VS or
VR for P-, SV- or Rayleigh waves respectively. This is schematically illustrated in Figure 5.4 with
a physical representation of the weighted-average effect of Iguchi’s method. From the results of
Figure 5.3, it is clear that the restraining effect is pronounced for the results of Iguchi’s method and
less so for those referring to the rigorous solution. The overall effect of the rigid foundation is an
increasing reduction of the amplitudes, along the frequency-spectrum, for the translational motion.














































BEM solution Iguchi’s method P-wave: θV = π/4, θH = 0










































































SV-wave: θV = π/4, θH = 0





























Fig. 5.3 Results for the horizontal ûf , vertical ŵf and rocking ϕ̂fy response of a square, surface
rigid foundation on a homogeneous and elastic half-space (Poisson’s ratio νs = 1/3) subjected to
incident plane P- (left) and SV-waves (right) at an incidence angle θV = π/4. Comparison is made
for the magnitude (top) and phase (bottom) of the rigid-body displacement between the rigorous
solution obtained with BEM (8 × 8 quadratic elements) and the solution obtained with Iguchi’s
method. The plots refer to the dimensionless frequency a0 = ωb/Vs.
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Fig. 5.4 Schematic representation of the geometric restraining effect for (a) the translational re-
sponse uf and wf , and for (b) the rocking response ϕfy for an incident wave-field at θH = 0. The
restraining effect occurs at dimensionless frequencies a0 for which (a) a multiple of the horizon-
tal wavelength nλx and (b) a multiple of the horizontal half-wavelength (n + 1/2) λx match the
dimension 2b of the foundation.
An additional rocking motion, considerable in magnitude, is associated with the overall response. It is
convenient to introduce the dimensionless width b0 = 2πb/λx that appears to be driving the restraining
effect of the foundation. By dimensional analysis [210], the general response of the foundation ûf
can be expressed as:
ûf
ũ0
= ΨR0 (b0,γ,θV ,νs,ηs) (5.30)
The dimensionless frequency a0, which is a useful parameter in practice and commonly adopted in
foundation vibration analysis [84], can be obtained from the dimensionless width as a0 = b0γ/cosθV .
Figure 5.5 shows a comparison between the approximate and the rigorous response of the
foundation, similar to that in Figure 5.3, but this time in terms of b0 and for different incident wave-
fields: sub-horizontal (θV = π/8) and sub-vertical (θV = 3π/8) P- and SV-waves, and a Rayleigh
wave. A good agreement, in all cases, is obtained for b0 ≤ 2. After this value, the approximate
response shows restraining effects that may be present in the rigorous solution to a different extent
depending on the type and directionality of the wave-field. The range of dimensionless width b0
reported in Figure 5.5 is consistent with the possible range of a0, as defined in Section 3.1.2, for the
different incident waves. It follows that Iguchi’s method works better for sub-vertical body waves
than for surface waves. The range of b0 for which good agreement is obtained can be re-formulated in
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SV-wave at θV = π/8
SV-wave at θV = 3π/8
P-wave at θV = π/8
P-wave at θV = 3π/8
Fig. 5.5 Results for the horizontal ûf , vertical ŵf and rocking ϕ̂fy response of a square, surface
rigid foundation on a homogeneous and elastic half-space (Poisson’s ratio νs = 1/3) subject to a
Rayleigh wave, and to incident sub-horizontal (θV = π/8) and sub-vertical (θV = 3π/8) P- and SV-
waves at θH = 0. Comparison is made for the magnitude of the rigid-body displacement between
the rigorous solution obtained with BEM and the solution obtained with Iguchi’s method. The plots
refer to the dimensionless width b0 = 2πb/λx and to the amplitude ũ0 at the free-field.
terms of the half-width b of the foundation as:
πb ≤ λx (5.31)
which can provide a general rule-of-thumb for the validity of the Iguchi’s method in the case of
a surface, square, rigid foundation on a homogeneous and elastic half-space with νs = 1/3. For
typical shear wave speeds, as discussed in Section 3.1.2, and a maximum frequency of 250 Hz, the
shortest horizontal wavelength involved in the ground-borne vibration problem is in the order of
λx = 0.5−1.2 m and refers to a Rayleigh wave. According to the condition in Equation 5.31, the
related range of acceptable columns’ dimensions for the application of Iguchi’s method may be
smaller than those commonly encountered in practice, as defined in Section 3.1.2. It is clear that there
are limitations to the use of Iguchi’s method for cases involving relatively short wavelengths (e.g.
Rayleigh waves). Nonetheless, for a general problem that satisfies the condition in Equation 5.31,
Iguchi’s method can be deemed valid.
With the adoption of Iguchi’s method for different incident wave-fields, the foundation response in
Equation 5.30 effectively relates to the dimensionless width b0, whose influence is shown in Figure 5.5
for the Poisson’s ratio νs = 1/3. There is enough evidence in literature to suggest that higher values
of the Poisson’s ratio are actually found in practice [191, 193, 53]. A typical value of νs = 0.49, as
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SV-wave at θV = π/8
SV-wave at θV = 3π/8
P-wave at θV = π/8
P-wave at θV = 3π/8
Fig. 5.6 Results for the horizontal û f , vertical ŵ f and rocking ϕ̂fy response of a square, surface
rigid foundation on a homogeneous and elastic half-space (Poisson’s ratio νs = 0.49) subjected
to a Rayleigh wave, and to incident sub-horizontal (θV = π/8) and sub-vertical (θV = 3π/8) P-
and SV-waves at θH = 0. Comparison is made for the magnitude of the rigid-body displacement
between the rigorous solution obtained with BEM and the approximate solution obtained with
Iguchi’s method. The plots refer to the dimensionless width b0 = 2πb/λx and to the amplitude ũ0 at
the free-field.
registered at the test site Regent’s Park London [211] for London Clay [212, 213], is then considered
to re-examine the validity of Iguchi’s method. The comparison for such a case is reported in Figure 5.6,
where good agreement is obtained for b0 ≤ 2 (i.e. the condition in Equation 5.31).
It is worth noticing that, since dilatational waves are associated with larger wavelengths, Fig-
ure 5.5 and 5.6 refer to relatively low values of b0 for incident P-waves, while a larger range of
b0 is associated with incident SV-waves and Rayleigh waves. Having explored the validity of Iguchi’s
method for a surface, square, rigid foundation, the case of two adjacent rigid foundations is examined
in the next section.
5.1.3 Two adjacent rigid foundations
The discussion in Section 5.1 illustrates the validity of Iguchi’s method for the case of multiple
rigid foundations on the free-surface of an elastic half-space. This can be explored with reference
to two square, surface rigid foundations of width 2b at a centre-to-centre distance d (along x axis)
and subjected to incident plane P-, SV- or Rayleigh waves at θH = 0. An extensive study on the
rigid-body response of such a foundation system has been undertaken by Qian [97] via application
of the BEM. The purpose of this section is not to extend such an investigation, but rather to validate
Iguchi’s method for the case of multiple rigid foundations.
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Figure 5.7 shows a comparison of the magnitude of the response for the upstream and downstream
rigid foundations between the rigorous BEM solution and the one obtained by means of Iguchi’s
method for incident P- and SV-waves at θV = π/4 for a centre-to-centre distance d = 2.5b. The
restraining effect of the foundation at values of λx that match n and (n+1/2) times the foundation
dimension 2b, for the translational and rocking motion respectively, is reduced for the rigorous solution
shown in Figure 5.7. With reference to the latter, the fluctuations of the magnitude can be noted for
both the translational and rotational response, with the latter being generally more accentuated, as
anticipated by Qian [97]. A qualitative result from the study of Qian states that the intensity and
the “period” of such fluctuations along the frequency-spectrum decrease with increasing foundation
separation d. For typical building typologies (e.g. reinforced concrete and/or steel buildings), the
centre-to-centre distance d ≈ 5 m so that, in practice, the ratio d/b is most likely greater than 2.5; the
case in Figure 5.7 represents then the results for two closely spaced coupling points (i.e. closely spaced
columns in the building). Alternatively, a more realistic value of d = 20b (i.e. the reference problem
in Section 3.1.2) can be assumed for the columns spacing. With reference to these limits, Figure 5.8
shows the resulting wave-field ûf and the scattered wave-field ûs for the closely spaced and remote


























































































BEM solution Iguchi’s method P-wave: θV = π/4, θH = 0
































































SV-wave: θV = π/4, θH = 0
Fig. 5.7 Results for the horizontal ûf , vertical ŵf and rocking ϕ̂fy response of two square, surface
rigid foundations of width b on a homogeneous and elastic half-space (Poisson’s ratio νs = 1/3)
at a centre-to-centre distance d = 2.5b subjected to incident plane P- (left) and SV-waves (right)
at θV = π/4 and θH = 0. Comparison is made for the magnitude of the response for the upstream
(top) and downstream (bottom) foundations between the results obtained with the rigorous solution
(BEM - 8 × 8 quadratic elements for each foundation) and that with Iguchi’s method. The plots
refer to the dimensionless frequency a0 = ωb/Vs.
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Fig. 5.8 Resulting wave-field ûf (a) and (b), and scattered wave-field ûs (c) and (d), of two, square,
rigid foundations of side 2b = 0.5 m at a centre-to-centre distance d = 2.5b (a) and (c), and d = 20b
(b) and (d) subjected to an incident P-wave at θV = 5π/12 and θH = 0. Results are obtained with
the rigorous solution (BEM - 8 × 8 quadratic elements for each foundation) and with reference to a
dimensionless frequency a0 = 8 for a Poisson’s ratio νs = 1/3.
rigid foundations subjected to an incident P-wave at θV = 5π/12 and θH = 0 for a dimensionless
frequency a0 = 8.
It is evident in Figure 5.8c that the scattered wave-field is significantly influenced by the through-
soil coupling of the closely spaced foundations, whereas the latter has a reduced effect in the case of
remote foundations as qualitatively shown in Figure 5.8d. Considering this incident wave-field, the
comparison between the rigorous solution and that from Iguchi’s method for the rigid-body response
of the foundations, as shown in Figure 5.9, provides a similar understanding. The effect of the
through-soil coupling of the foundations is confined at relatively low frequencies (long wavelengths)
and it is only relevant for sufficiently close foundations, for which we have larger fluctuations about
the approximate solution (see Figure 5.9a). In general, the through-soil coupling of the two, adjacent
rigid foundations can be represented by an additional dimensionless group d/b and the dependency of
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BEM solution Iguchi’s method
P-wave: θV = 5π/12, θH = 0 d/b = 2.5
(a)






























































































BEM solution Iguchi’s method
P-wave: θV = 5π/12, θH = 0 d/b = 20
(b)
Fig. 5.9 Results for the horizontal ûf , vertical ŵf and rocking ϕ̂fy response of two square, surface
rigid foundations of width b on a homogeneous and elastic half-space (Poisson’s ratio νs = 1/3) at
a centre-to-centre distance (a) d = 2.5b and (b) d = 20b subjected to an incident plane P-wave at
θV = 5π/12 and θH = 0. Comparison is made for the magnitude of the response for the upstream
(i = 1) and downstream (i = 2) foundations between the results obtained with the rigorous solution
(BEM - 8 × 8 quadratic elements for each foundation) and that with Iguchi’s method. The plots
refer to the dimensionless frequency a0 = ωb/Vs.













Having examined the case of a quasi-normally incident P-wave, involving relatively long wavelengths,
the other extreme is represented by a Rayleigh wave for which we obtain relatively short values of
λx. This is considered in Figure 5.10 where the approximate solution is reported together with the
rigorous one for two closely spaced and/or remote rigid foundations. The response of the upstream
foundation ûf1 is weakly affected by the presence of the downstream foundation and it follows the
envelope of the approximate solution [1]. Conversely, the response of the downstream foundation
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ûf2 strongly depends on the dimensionless distance d/b. For closely spaced foundations, d = 2.5b,
the agreement of the approximate and the rigorous solutions can be deemed satisfactory only up
to limited values of dimensionless frequency a0. For relatively high values of a0, the response is
greatly affected by the presence of the upstream foundation and an increased attenuation is obtained
for the rigorous solution that diverges from the approximate response. For remote foundations, the
increased attenuation is obtained only at relatively low values of a0. It follows a good agreement up
to a0 ≈ 8 and a reduced attenuation beyond this value with reference to the approximate solution. It
is worth pointing out that the two extremes of quasi-normally propagating P-waves and Rayleigh
waves cover the possible range of the horizontal wavelength λx related to an incident, plane wave-field.
































































































BEM solution Iguchi’s method
Rayleigh wave: θV = 0, θH = 0 d/b = 2.5
(a)
































































































BEM solution Iguchi’s method
Rayleigh wave: θV = 0, θH = 0 d/b = 20
(b)
Fig. 5.10 Results for the horizontal ûf , vertical ŵf and rocking ϕ̂fy response of two square, surface
rigid foundations of width b on a homogeneous and elastic half-space (Poisson’s ratio νs = 1/3 at a
centre-to-centre distance (a) d = 2.5b and (b) d = 20b subjected to a plane Rayleigh wave at θH = 0.
Comparison is made for the magnitude of the response for the upstream (i = 1) and downstream
(i = 2) foundations between the results obtained with the rigorous solution (BEM - 8 × 8 quadratic
elements for each foundation) and that with Iguchi’s method. The plots refer to the dimensionless
frequency a0 = ωb/Vs.
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As for the single foundation, the physics of the problem may be better presented in terms of the
dimensionless width b0. This allows to condense the results for different wave-fields in a unified
plot for each value of d/b and νs. This is shown in Figure 5.11 for the two values d/b = 2.5 and 20,
and for νs = 0.49. The condition in Equation 5.31 can still be considered valid for the range of b0 for
which good agreement of Iguchi’s method with the rigorous solution is obtained. It is worth noticing
that for a nearly incompressible soil (i.e. high value of Poisson’s ratio), long wavelengths and low
values of b0 are associated with incident P-waves, for which a better use of Iguchi’s method follows.
Moreover, incident P-waves are associated with low damping because of the assumed damping
model discussed in Section 3.2.3. It follows that the attenuation shown for P-waves in Figure 5.11(b)





























































































SV-wave at θV = π/8
SV-wave at θV = 3π/8
P-wave at θV = π/8
P-wave at θV = 3π/8
(a)


































































































SV-wave at θV = π/8
SV-wave at θV = 3π/8
P-wave at θV = π/8
P-wave at θV = 3π/8
(b)
Fig. 5.11 Results for the horizontal ûf , vertical ŵf and rocking ϕ̂fy response of two square, sur-
face rigid foundations of width b on a homogeneous and elastic half-space at a centre-to-centre
distance (a) d = 2.5b and (b) d = 20b. Sub-horizontal and sub-vertical incident P- and SV-waves
and Rayleigh waves are considered at θH = 0. Comparison is made for the magnitude of the re-
sponse for the upstream (i = 1) and downstream (i = 2) foundations between the results obtained
with the rigorous solution (BEM - 8 × 8 quadratic elements for each foundation) and that with
Iguchi’s method. The plots refer to the dimensionless width b0 = 2πb/λx and to the Poisson’s ratio
νs = 0.49.
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for the downstream foundation is less accentuated when compared with the one obtained for SV-
and Rayleigh waves. The results of Iguchi’s method are obtained by means of Equation 5.28 with U02
calculated at the collocation points from Equation 5.1 for a Rayleigh wave. Because of the damping
model adopted for the soil (see Section 3.2.3), incident P-waves are less damped than Rayleigh
waves so that a different approximate response is expected. This is indeed the case and, although
the results of Iguchi’s method obtained by considering U02 for the incident P-wave are not shown in
Figure 5.11(b), it agrees well with the respective rigorous solution.
In general, based on the previous discussion and on the results in Figure 5.11, Iguchi’s method can
be applied to the case of multiple, adjacent rigid foundations, with the due limitations expressed by
the condition in Equation 5.31. The next section examines the more realistic case of rigid footings
resting on a slab foundation (e.g. concrete slab) overlying the half-space representing the ground.
5.2 Iguchi’s method for the response of rigid footings
As seen in Chapter 4, the presence of a concrete slab foundation resting on the ground can be modelled
as an infinitely large elastic layer with density ρc, shear wave speed Vc, Poisson’s ratio νc and damping
loss factor ηc. As previously discussed, incident plane waves are considered with a resulting free-field
frequency-wavenumber amplitude ũ0(k′,ω) at the free-surface of the half-space (see Figure 5.12(a)).
Fig. 5.12 Schematic illustration of the added-foundation effect with reference to rigid footings
on a concrete slab foundation. (a) A homogeneous and elastic half-space representing the soil is
subjected to an incident wave-field due to P-, SV- or Rayleigh waves with the resulting free-field
displacement û0(x,ω); (b) the addition of a flexible foundation as an elastic layer leads to the
displacement û2(x,ω) at the free-surface of the layer; (c) consideration of rigid footings at the free-
surface of the layer leads to the displacement field ûf(x,ω) and to the related rigid-body response
ûf1(ω) and ûf2(ω) of the upstream and downstream footing respectively.
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Prior to the coupling of the elastic layer, the displacement field û0(x,ω) is related to the displacement
amplitude ũ0 by means of Equation 5.1. The influence of the slab foundation on the free-field
displacement amplitude ũ0 relates to a general result in the SSI literature [1, 88, 157] and can be
approached as seen in Chapter 4. The dynamic stiffness matrices K̃s and K̃f of the half-space (i.e.
ground) and the layer (i.e. foundation) may be obtained by the Stiffness Matrix Method [189, 36],
reviewed in Appendix C, with reference to reduced displacements ũ and tractions t̃. The reduced
displacement amplitude ũ has the same magnitude of the displacement amplitude ũ and it is related
to the latter by Equation C.28. The displacement amplitude can be then obtained by the inverse
transformation ũ = TTu ũ. By ensuring equilibrium and compatibility at the soil-foundation interface,






where H̃f and H̃s are the frequency-response function (FRF) matrices of the elastic layer (i.e. foun-
dation) and the half-space (i.e. ground) respectively, which can be found by inverting the respective
dynamic stiffness matrices. The displacement amplitude ũ2 at the free-surface of the slab can be
obtained by considering the FRF matrix of the layer and imposing the free-stress condition and the






The amplification-attenuation of the amplitude ũ2, with respect to the amplitude ũ0 prior to the
coupling, is representative of the added-foundation effect as investigated in Chapter 4. Similarly to













where h0 = 2πh/λx is the dimensionless thickness as introduced in Section 4.4 and the subscript (i)
refers to either the horizontal or vertical degree of freedom. Starting from the results of Chapter 4, the
focus here is on the response of rigid footings on the free-surface of the slab foundation as illustrated
in Figure 5.12.
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Because of the plane-wave assumption, the displacement field at soil-foundation interface and at
the free-surface can be written as:
û1(x,ω) =U1(x,ω) ũ1(k′,ω) (5.36a)
û2(x,ω) =U2(x,ω) ũ2(k′,ω) (5.36b)
where U1 and U2 are describing functions in the exponential form, as in Equation 5.1, referring to
points x at the interface and at the free-surface respectively.
The discussion in Section 5.1 can be then reiterated with reference to Equations 5.2 – 5.19 and
to the displacement field û2 at the free-surface of the slab. The foundation-building coupling regions
on top of the flexible foundation can be then idealised as surface, rigid footings on the elastic layer
as schematically illustrated in Figure 5.12c. The rigid response of such footings, similarly to the
argument for rigid foundations, can be expressed as:
ûf (ω) = A2(ω) ũ2(k′,ω) (5.37)
The equivalence of Equation 5.25 to Equation 5.26 in Section 5.1 still holds so that Iguchi’s method is
applicable with the due limitations related to the conditions in Equations 5.23 and 5.24. The rigorous
solution for the response of the rigid footings can be obtained, similarly to Equation 5.20, as:
ûf (ω) = Ĥf (ω)ST TQ [Ĝu(ω)]−1 U2(ω) ũ2(k′,ω) = A2(rig.)(ω) ũ2(k′,ω) (5.38)
with U2 = U0, but this time the boundary element matrix Ĝu refers to a layered half-space (i.e. slab
foundation + soil). The approximate response of the rth rigid footing may be obtained by application
of Iguchi’s method as:









It is clear that, according to Iguchi’s method, the transfer function relating, for instance, the
rigid footing horizontal motion û(F)fr to the free-surface horizontal amplitude ũ2 is equal to the
transfer function relating the rigid foundation horizontal motion û(R)fr to the free-surface horizontal
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amplitude ũ0 as found by Equation 5.28. Such transfer function ΨIg(i), referring to the ith degree
of freedom of the rigid response, is reported in Section 5.3 as a closed-form expression by solving
Equation 5.27 for rectangular rigid regions and for incident plane wave-fields. In general, the same it is
not true for the rigorous counterparts of the rigid foundation and the rigid footing transfer functions
ΨR0(i) = û
(R)
fr(i)/ũ0(i) and ΨF2(i) = û
(F)
fr(i)/ũ2(i) respectively. In the following the cases of a single and
two adjacent rigid footings are investigated with the focus on the comparison between the rigorous
and the approximate solutions.
5.2.1 The case of a single rigid footing
Similarly to the argument used for the single rigid foundation, the validity of Iguchi’s method for




















= ΨF2 ·Ψ f (5.40)
which is valid, in general, for each of the 6 DoF of the response so that the subscript i for the ith DoF
is omitted in the following. It is worth noticing that the transfer function ûf/ũ0 may be expressed
as the product of the transfer functions ΨF2 and Ψ f , with the latter referring to the amplitudes of
the displacement in the frequency-wavenumber domain before (ũ0) and after (ũ2) the addition of the
slab, as found in Chapter 4 and reported in Equation 5.35.
The transfer function ΨF2 is reported for two different values of the Poisson’s ratio and for a
value of h0/b0 = h/b = 2.8 (i.e. h = 0.7 m for the benchmark #2) in Figure 5.13. It is possible
to acknowledge a limited variation of the response, of the order of 0.5 dB at most, with reference
to the two values of νs. Differences of about 4 dB are found for the response to different incident
waves (i.e. influence of the parameters θV and γ). The latter are restricted around the frequencies
where the restraining effect occurs, while no differences are registered in the rest of the frequency
spectrum. A value of h0/b0 = h/b = 6 (i.e h = 1.5 m for benchmark #2) is assumed for the results
shown in Figure 5.14 with the other parameters referring to Table 3.1 and νs = 0.49. It is apparent that
the dimensionless thickness h0 has a limited effect on the transfer function ûf/ũ2 = ΨF2 and that
differences of, at most, 2 dB are obtained for comparison with the case of h/b = 2.8 in Figure 5.13.
The agreement is even more favourable for values of b0 ≤ 2 that satisfy the condition in Equation 5.31.
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SV-wave at θV = π/8
SV-wave at θV = 3π/8
P-wave at θV = π/8
P-wave at θV = 3π/8















































SV-wave at θV = π/8
SV-wave at θV = 3π/8
P-wave at θV = π/8
P-wave at θV = 3π/8
Fig. 5.13 Results for the horizontal ûf , vertical ŵf and rocking ϕ̂fy response of a square, surface
rigid footing on the free-surface of a slab foundation overlying the ground. Plane-wave excitation
is considered in the form of a Rayleigh wave, and to incident sub-horizontal (θV = π/8) and sub-
vertical (θV = 3π/8) P- and SV-waves at θH = 0. Comparison is made for the magnitude of the
rigid-body displacement between the rigorous solution obtained with BEM and the approximate
solution obtained with Iguchi’s method. The plots refer to the dimensionless width b0 = 2πb/λx
and to two values of Poisson’s ratio: νs = 1/3 (top) and νs = 0.49 (bottom).
Although, in general, the transfer function ΨF2 depends on all the dimensionless groups reported
in Equation 5.40, the argument here is that the kinematic interaction of the rigid footing is governed
by the parameter b0 and that Iguchi’s method may be a suitable approximation regardless of the values
assumed by the rest of the dimensionless groups in Equation 5.40, which are accounted for in the
transfer function Ψ f . In other words, it is envisaged to divide the transfer function ΨF0 into two parts:
one related to the addition of the slab as a layer (i.e. Ψ f as found in Chapter 4) with a dependency














5.2 Iguchi’s method for the response of rigid footings 165
Iguchi’s method provides a transfer function ΨIg, which is an approximation of ΨF2. This
approximation may be deemed satisfactory in a limited range of b0 ≤ 2 (see Figures 5.13 and 5.14), as
for the case of a rigid foundations. In this range of b0, differences up to 5 dB, 2 dB and 1 dB are found
for the horizontal, vertical and rocking response respectively. Hence, the general rule-of-thumb in
Equation 5.31 for the validity of Iguchi’s method for rigid foundations can be extended to the case
of rigid footings on a slab foundation.












































SV-wave at θV = π/8
SV-wave at θV = 3π/8
P-wave at θV = π/8
P-wave at θV = 3π/8
Fig. 5.14 Results for the horizontal ûf , vertical ŵf and rocking ϕ̂fy response of a square, surface
rigid footing as in Figure 5.13 for νs = 0.49. Here a thicker slab foundation is considered with
h = 1.5 m and an associated value of h0/b0 = h/b = 6.
5.2.2 Two adjacent rigid footings
It is desired to extend the validity of Iguchi’s method to the case of multiple rigid footings by
considering the slab foundation with two adjacent surface, square, rigid footings as represented in
Figure 5.12c. The response of the footings depends on the dimensionless groups as in Equation 5.40




















Figure 5.15 shows the results of the upstream (r = 1) and downstream (r = 2) rigid footings response
for sub-horizontal (θV = π/8) and sub-vertical (θV = 3π/8) incident P- and SV-waves and Rayleigh
waves for the values of the dimensionless distance d/b = 2.5 and 20. The comparison between the
rigorous solution and Iguchi’s method yields differences in the order of 0-20 dB, along the frequency
spectrum, for the response of the upstream footing for both cases of closely-spaced (i.e. d = 2.5b)
and remote (i.e. d = 20b) rigid footings. For the latter, results are a perfect match to those observed in
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Figure 5.14; this suggests that, as far as the kinematic interaction of the upstream footing is concerned,
the through-soil coupling may be neglected for remote footings with d ≥ 20b. The same cannot be
said with reference to the kinematic interaction of the downstream footing. For both closely-spaced
and remote footings, the rigorous response of the downstream footing, at relatively high values of
b0, diverges from the approximate response obtained by Iguchi’s method; this indicates that the
through-soil coupling has an important role for the kinematic interaction of the downstream footing
regardless of the dimensionless distance d/b. For instance, the response of the downstream footing
for the case d = 20b agrees well with Iguchi’s approximation up to a dimensionless width b0 ≈ π ,
which corresponds approximately to a ratio d/λx ≈ 10. For greater values of the latter, that is for
higher frequencies, the rigorous solution diverges from that obtained by Iguchi’s method. This may be





























































































SV-wave at θV = π/8
SV-wave at θV = 3π/8
P-wave at θV = π/8
P-wave at θV = 3π/8
(a)


































































































SV-wave at θV = π/8
SV-wave at θV = 3π/8
P-wave at θV = π/8
P-wave at θV = 3π/8
(b)
Fig. 5.15 Results for the horizontal ûf , vertical ŵf and rocking ϕ̂fy response of two square, surface
rigid footings of width b on the free-surface of the slab foundation at a centre-to-centre distance (a)
d = 2.5b and (b) d = 20b. Sub-horizontal and sub-vertical incident P- and SV-waves and Rayleigh
waves are considered at θH = 0. Comparison is made for the magnitude of the response for the
upstream (r = 1) and downstream (r = 2) footings between the results obtained with the rigorous
solution (BEM - 8 × 8 quadratic elements for each foundation) and with Iguchi’s method. The
plots refer to the dimensionless width b0 = 2πb/λx and to the Poisson’s ratio νs = 0.49.
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qualitatively explained by examining the scattered wave-field generated by the presence of the two
rigid footings as illustrated in Figure 5.16. The scattered wave-field ŵs associated with a relatively
low frequency excitation has a limited magnitude relative to that of the free-field ŵ2 around the
downstream footing. Conversely, at relatively high frequencies, the scattered ŵs and the free-field
ŵ2 vertical displacement have comparable magnitudes around the downstream footing so that the
effect of the through-soil coupling becomes important and relevant for the response of the downstream
footing. This effect is relevant for the assumed (damped) plane-wave excitation originated in the soil;
for a given frequency, the horizontal wavelength λx is always smaller than the horizontal wavelength
λ (scat.)x of the scattered wave-field associated with the tractions exerted at the free-surface of the
upstream foundation, because of the associated driving point response of the footing on a concrete



























































































Fig. 5.16 Resulting wave-field ûf (a) and (c), and the related scattered wave-field ûs (b) and (d), of
two, square, rigid footings of side 2b = 0.5 m at a centre-to-centre distance d = 20b subjected to a
sub-horizontal incident SV-wave at θV = π/8 and θH = 0. Results are obtained with the rigorous
solution (BEM - 8 × 8 quadratic elements for each footing) and with reference to a dimensionless
width b0 = 0.1π (a) and (b), and b0 = π (c) and (d) related to a dimensionless distance d/λx = 1
and d/λx = 10 respectively. The coloured scale refers to either: (a) and (c) the normalised verti-
cal displacement ŵ f (x,y,h,ω) of the resulting wave-field ûf, (b) and (d) the normalised vertical
displacement ŵs(x,y,h,ω) of the scattered wave-field ûs.
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high frequencies the incident wave-field is sufficiently damped at the location of the downstream
footing that the scattered wave-field becomes relevant instead.
Comparison of the rigorous and the approximate response in Figure 5.15 validates the use of
Iguchi’s method also for the case of multiple rigid footings, with both d/b = 2.5 and 20, for values
of b0 ≤ 2, with differences up to 5 dB. The agreement is as good as that obtained for a single rigid
footing. It can be concluded that, for both the case of rigid foundations on the ground (i.e. direct
coupling of the portal-frame building with the ground - benchmark #1) and the case of rigid footings
on a concrete slab foundation overlying the ground (i.e. coupling of the portal-frame building with a
foundation system - benchmark #2), Iguchi’s method provides a valuable means of estimating the
kinematic interaction of the rigid regions. The resulting input motion ûf can then be used for the
subsequent soil-foundation-building interaction analysis.
5.3 An approximate strategy for the response of rigid footings
Following the discussion in Section 5.1 and 5.2, Iguchi’s method may be adopted as a valid approxi-
mate approach for the kinematic interaction of rigid foundations and/or footings. This is a necessary
step to obtain the input motion ûf needed for the purpose of coupling a portal-frame building model to
the soil-foundation system. The results shown so far demonstrate that Iguchi’s method may be con-
sidered valid for multiple rigid foundations and/or rigid footings with reference to the rule-of-thumb
dictated by Equation 5.31. Although the latter may seem restrictive, for commonly encountered soil
properties (e.g. see Table 3.1) with an associated Rayleigh wave speed of about VR ≈ 190 m/s and
for a column’s cross-section of 2b = 0.5 m, the maximum frequency that can be considered according
to Equation 5.31 is fmax ≈ 242 Hz, which corresponds to the upper bound of the frequency range of
interest for problems related to ground-borne vibration.
Here, Equation 5.27 is evaluated analytically for a surface, rectangular, rigid footing on a layered
ground subjected to a plane-wave excitation with a free-surface amplitude ûr = [ûr, v̂r, ŵr]T at the
centroid of the rth footing. The free-surface amplitude for plane-wave excitation may be found by
application of the Stiffness-Matrix-Method [189] as seen in Chapter 4. The result can be expressed
as transfer functions ΨIg(i) for the response of the rigid footing referring to the ith degree of freedom.
According to the results in Equation 5.27, the response of a surface, rectangular rigid footing, as
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illustrated in Figure 5.12(c), may be obtained as:































{v̂r(x,ω) · x− ûr(x,ω) · y} dydx (5.43d)
The rigid-body response ûf r in Equations 5.43 is a weighted average of the free-surface displacement
ûr on the domain Ωr of the footing. By solving the integrals in Equation 5.43, the following closed-
form solutions for the transfer functions ΨIg(i) can be obtained:
for θH 6= (n−1)π ∧ θH 6= (2n−1)
π
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for θH = (2n−1)
π
2


























where χ = c/b is the aspect ratio of the rectangular footprint Ω, α = b0 cosθH , β = χb0 sinθH and
b0 = 2b/λx.
The resulting rigid-body response ûf r of the rth footing is of interest for main design aspects.
It provides the necessary input for the following soil-foundation-building interaction analysis with
reference to a portal-frame building [214]. For instance, a useful parameter that can be obtained
from Equation 5.44 is the transfer function Θf , already adopted in Section 3.5.1 for the investigation












for incident wave-fields at θH = 0.
Moreover, the comparison between the response û(F)f r and û
(R)
f r for the r
th footing and foundation
respectively, at the same location in plan and with the same geometry, provides an understanding
of the added-foundation effect, as already investigated in Chapter 4, but this time with reference to
the particular coupling points of interest for the soil-foundation-building interaction analysis. Such



















Based on the discussion in Sections 5.1 and 5.2, we understand that the transfer functions ΨR0 and
ΨF2 are both driven by the kinematic interaction and the geometric restraining effect illustrated in
Figure 5.4 and are dependent on b0. We have seen that, in both cases, a good approximation for the
these is given by the transfer function ΨIg as defined in Equation 5.44. It follows that Equation 5.46










































































































































































































































Fig. 5.17 Comparison between the transfer functions related to the rigid-body displacement
û(F)f /û
(R)
f of a single footing and foundation, as obtained by Iguchi’s method and BEM approach,
and the ones related to the displacement amplitudes ũ2/ũ0 in the frequency-wavenumber domain.
The results refer to a Rayleigh wave (a), and sub-horizontal incident SV- (b), and P-waves (c) at
θV = π/8. Poisson’s ratio νs = 0.49 and h = 0.7 m are assumed with the rest of the parameters as
in Table 3.1.
may be simplified further:
û(F)fr
û(R)fr
= ΨF2 ·Ψ f ·
1
ΨR0
= ΨIg ·Ψ f ·
1
ΨIg
= Ψ f (5.47)
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and the added-foundation effect, with reference to the coupling points, is described by the one transfer
function Ψ f referring to the frequency-wavenumber amplitudes, as explored in Chapter 4.
The comparison of the transfer functions representative of the added-foundation effect are reported
in Figure 5.17 for a Rayleigh wave and for sub-horizontal P- and SV-waves. A very good agreement
is obtained between the rigorous and approximate transfer functions with differences of, at most,
10 dB that appear at relatively high frequencies. It is possible to conclude that the approximate
strategy leads back to the results obtained in Chapter 4 for the added-foundation effect, and that the
latter remains unaltered with reference to the rigorous response of the rigid footings as the subsequent
coupling points for the soil-foundation-building interaction.
The added-foundation effect is often of interest as a salient “relative” measure for the design of
buildings when the effect of adopting different configurations of foundation needs to be studied. We
can conclude that Iguchi’s method for analysing the soil-foundation interaction, with reference to rigid
footings on the free-surface, may be adopted with the final focus on both “absolute” measures of the
vibration field (as seen in Section 5.1 and 5.2) and to relative measures (i.e. the added-foundation
effect); it must be noted that in both cases the limitation expressed by Equation 5.31 applies and
must be considered for the particular problem in hand.
5.4 The response of rigid footings on a finite slab foundation
The assumption of infinite horizontal extent for the slab foundation is tested in this section by
considering a finite slab foundation. Two Finite Element Method (FEM [106]) models are considered
by means of the Finite Element Analysis software ABAQUS [114]: a three-dimensional model
(3D model) that fully accounts for continuum deformations based on the C3D20R element; and a
two-dimensional model, related to the mid-surface of the slab, that considers only through-thickness
first-order shear deformations based on the S8R element (see Figure 5.18). A coarse (2D model A)
and a refined (2D model B) mesh configurations are adopted for its validation against the incident
wave-field.
Rigid footings on the upper surface of the foundation are considered as the subsequent coupling
points with a building. These are reference points for which the response may be compared with
the one obtained by the previously discussed approximate (i.e. Iguchi’s method) or rigorous (i.e.
BEM solution) strategies that refer to an infinitely large slab foundation. Wave-fronts perpendicular
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(c)
Fig. 5.18 Mesh configurations for FEM models of the finite slab foundation: (a) a coarse 2D model
A, (b) a refined 2D model B, both with shell elements S8R, and (a) a 3D model with solid elements
C3D20R.
to an alignment of five rigid footings (i.e. θH = 0) are considered so as to compare the results of
benchmark #2 for the reference problem introduced in Section 3.1.2. The rigid footings have a
geometry consistent with the cross-section of the columns (i.e. b = 0.25 m), they have a centre-to-
centre distance d/b = 20 and they are centred in the x−y plane of a 30 m by 30 m slab foundation. For
the purpose of simplified notation, the subscript ‘p’ and the noun ‘plate’ is adopted in the following for
describing each of the finite slab foundation models. This is not intended to hold a specific meaning
for the assumptions of each model, which are intrinsic of the FEM models, but rather to ease the
discussion and the comparison with previously discussed results.
5.4.1 A combined finite-element boundary-element method
A combined finite-element boundary-element method is used to calculate the soil-foundation inter-
action. A conforming coupling is considered with the involved collocation points as on the lower
surface Ω` of the examined plate model.
The boundary element method (BEM) is used to calculate the dynamic stiffness matrix K̂s of the
soil starting from the displacements Ĝu and tractions Ĝt boundary-element system matrices referring
to the collocation points on a domain corresponding to Ω` on the free-surface of an elastic half-space.
These are obtained by means of the BEMFUN toolbox [38] by making use of the Green’s functions
as calculated by the ElastoDynamics toolbox [36, 37], both implemented in MATLAB [35]. For
the unbounded domain represented by the elastic half-space (i.e. ground), the traction-displacement







û(xs,ω) = Ĝtu(xs,xs,ω) û(xs,ω) (5.48)
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with the vector xs indexing the degrees-of-freedom for the collocation points on the domain Ω` at
the free-surface of the ground. The conforming soil-foundation coupling is ensured by the adoption
of quadratic elements for both the BEM and the FEM models of the soil and the plate respectively.
These refer to 8 collocation points per element on the domain Ω`, with the mesh defined by the FEM
models as in Figure 5.18. The forces at the soil-plate interface for the ith collocation point on Ω` due










j Ĝtu(xsi,xs j,ω) û(xs j,ω)dΩ`k =
= TQ(xsi,xs j)Ĝtu(xsi,xs j,ω) û(xs j,ω) = K̂s(xsi,xs j,ω) û(xs j,ω)
(5.49)
with the integration scheme on the boundary element mesh and the matrix TQ as defined in Equa-
tions 5.16 and 5.16 respectively. The dynamic stiffness matrix of the soil K̂s(xsi,xs j,ω) is obtained
by integration of the traction-displacement BEM system matrix Ĝtu(xsi,xs j,ω) over the domain Ω`.
The finite-element analysis is adopted to calculate the dynamic stiffness matrices of the FEM mod-
els by means of ABAQUS. The static stiffness Kp and the mass Mp matrices of the plate models are
retrieved with reference to the degrees-of-freedom and to the collocation points of the considered
element formulation and the mesh configuration as shown in Figure 5.18. The global dynamic stiffness
matrix can then be obtained as:
K̂pd (xp,xp,ω) = Kp(xp,xp)(1+ iη)−ω2 Mp (xp,xp) (5.50)
with the vector xp indexing the degrees-of-freedom for the collocation points that compose the plate
model. A hysteretic damping model is adopted by applying the correspondence principle to the static
stiffness matrix Kp as shown in Equation 5.50. This is equivalent to consider a complex Young’s
modulus E ′ = E (1+ iη), with η the damping loss factor that here has the value 0.1 (as in Table 3.1).
This damping model has the conceptual significance of considering equal damping for both P- and
S-waves within the plate. Although this differs from the previously adopted damping model, as
presented in Section 3.2.3, no substantial differences are to be expected given that the plane-wave
excitation is defined in the soil, whose damping model is defined as in Section 3.2.3.
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In general, for the FEM models used here, the degrees-of-freedom (DoFs) of a given model may
be collected in the following vector:
xp = xs ∪xpϕ∪xpF ∪xp f (5.51)
where xs, xpϕ, xpF and xp f collect the DoFs of the BEM model of the soil, the DoFs related to the
rotations at each collocation point on Ω` (i.e. 3 rotations for the shell element S8R and none for the
solid element C3D20R), the DoFs of the rigid footings and the remainder of the DoFs of the plate
model, respectively. For an incident wave-field applied on the domain Ω`, the degrees-of freedom
directly related to the coupling may be indexed as xE = xs, while those related to the free-part of the
plate model are xN = xpϕ∪xpF ∪xp f . It follows that the condensed dynamic stiffness matrix of the
plate that contributes to the soil-plate interaction may be written as [168]:





Let us consider the incident wave-field û0(xs,ω) defined by Equation 5.1 on the domain Ω` on
the free-surface of the ground. After the coupling of the plate, the response on the same domain may
be written as:
ûf(xs,ω) = û0(xs,ω)+ Ĥs(xs,ω) f̂s(xs,ω) (5.53)
with Ĥs the FRF matrix of the soil obtained by inversion of the dynamic stiffness matrix K̂s. The
forces exerted by the plate on the soil may be obtained as:
f̂s(xs,ω) =−f̂p(xE,ω) =−K̂(c)pd (xE,xE,ω) ûf(xs,ω) (5.54)









The response of the plate can be obtained by partitioning K̂pd and applying the Dirichlet boundary
condition ûf(xE,ω) = ûf(xs,ω) on the DoFs xE and the force-free Neumann boundary condition on
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The response ûf(xp,ω) = ûf(xE,ω)∪ ûf(xN,ω) of the foundation system to an incident wave-field is
then obtained. This includes the response of the rigid footings ûf(xpF ,ω) = u(p)f (ω) that is of interest
for the comparison with the results obtained by modelling the slab foundation as an elastic layer.
5.4.2 Results for different models of the finite plate
The use of different FEM models for the plate can be investigated with reference to the response of the
footings. Figure 5.19 shows the horizontal and vertical response of the first footing (i.e. upstream
footing) to a Rayleigh wave. From a numerical perspective, this is the most restrictive case of
plane-wave excitation since it involves the shortest horizontal wavelength (i.e. λR).
A first comment about the accuracy of the numerical approach can be made by comparison of
the 2D models A and B. The maximum dimension of the quadratic element, along the direction
of propagation x, is δ = 1.12m and δ = 0.56m for the coarse and refined mesh respectively. By
comparison of the first footing response to a Rayleigh wave, as illustrated in Figure 5.19, it is possible
to acknowledge a good agreement between the two models up to a frequency of 80Hz. The latter
corresponds to a ratio δ/λR of approximately 1/2 and 1/4 for the 2D models A and B respectively.
The condition δ/λx < 1/2, with λx the shortest apparent wavelength in the wave propagation problem,
may represent a general requirement for the mesh size of FEM models based on a quadratic element
formulation. A rule-of-thumb of 1/8 < δ/λx < 1/5 may be found in literature [108, 107, 57] for
soil-structure interaction problems analysed by a FEM approach with a linear element formulation.
Figure 5.19 shows also the result of the first footing translational response obtained with the
3D model. While differences, with the 2D model, of at most 3 dB are registered for the vertical
response, important discrepancies of up to 18 dB are found for the horizontal response. Although it
is not shown here, a similar trend is registered for the response of the other footings. Based on the
discussion in Section 3.5.2, both horizontal and vertical vibration should be correctly accounted for;
it follows that the three-dimensional modelling of the foundation is a necessary requirement in the
context of ground-borne vibration. It may be more so when the focus is on absolute predictions of
vibration levels.
5.4 The response of rigid footings on a finite slab foundation 177











































Fig. 5.19 Comparison of the (a) horizontal and (b) vertical response of the first footing for the
examined FEA models of the finite plate subject to an incident Rayleigh wave. The response is
normalised against the amplitude of the incident wave-field in the frequency-wavenumber domain.
Data from Table 3.1 are assumed with h = 1.5 m.
The SSI associated with a finite plate, as studied here, is inevitably complex and difficult to
decipher. Some features may be qualitatively explained by looking at the modal response of the
finite plate (see Figure 5.20(a)). A restraining effect at about 33.7 Hz is evident in Figure 5.19(a) for
the horizontal response of the footing. One may be inclined to explain this by looking at the modal
response of the plate. The examined frequency is indeed a natural frequency for the plate with the
mode shape, as reported in Figure 5.20(a), showing a nodal line along the x−direction at the location
of the footings. However, the restraining effect is less evident for the vertical response of the footing
because of the plane-wave excitation (see Figure 5.20(b) and (c)). It appears that the results of the
SSI analysis of the finite, flexible plate may be difficult to interpret; the extent to which the modal
Fig. 5.20 Magnitude of the displacement field u(x) for the (a) mode shape of the 2D finite plate at
fn = 33.7 Hz, and for the displacement ûf(x) at the same frequency for both (b) the response of the
2D model and (c) the 3D model to a Rayleigh wave.
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response of the plate influences the overall response depends on the wave-excitation considered and
may only be determined properly by using validated numerical approaches.
5.4.3 The added-foundation effect of a finite slab foundation
As discussed in Section 5.3, the added-foundation effect referring to coupling points and to the
infinitely large slab foundation has been found to be well approximated by the results of the frequency-
wavenumber approach as discussed in Chapter 4 (see Figure 5.17). Here, the added-foundation
effect is investigated with reference to the response of the rigid footings on the slab foundation as a
finite plate.
Figure 5.21 shows the horizontal, vertical and rocking response of the first footing to a Rayleigh
wave and to sub-horizontal P- and SV-waves. The results refer to the magnitude of the response
ratio of the rigid regions after (i.e. footings) and before (i.e. foundations) the coupling of the finite
plate. This is defined as the added-foundation effect referring to the coupling points of interest,
as examined in Figure 5.17 for the infinitely large slab foundation. The results of the latter case
are reported alongside those of the finite plate; they both refer to benchmark #2 of the reference
problem (see Section 3.1.2) with the soil’s Poisson ratio νs = 0.49 and the slab thickness h = 1.5 m
(see Table 3.1).
In general, as observed before, a good agreement between the 3D and the 2D models of the plate
is obtained for the vertical and rocking response of the rigid footing, with maximum differences up
to 3 dB or less depending on the incident wave-field. On the other hand, the discrepancies observed in
the previous section for the horizontal response to a Rayleigh wave are found in the order of, at most,
20 dB also in the case of sub-horizontal P- and SV-waves. A common feature for the added-foundation
effect is to result in no attenuation at zero-frequency; this is because of the associated wave-field that
has, virtually, an infinite wavelength, which result in a rigid motion. As this is an excitation imposed
by the incident wave-field, no differences are to be expected for the case of rigid foundation and/or
rigid footings, hence an added-foundation effect that approaches unity is obtained.
The agreement between the results for the infinite and the finite slabs is poor, especially for wave-
fields with relatively short wavelengths (i.e. R- and SV-waves); this suggests that the SSI associated
with a finite slab foundation cannot be properly studied with the assumption of in-plane infinite extent.
It is worth noticing that the attenuation of the response is more significant for incident wave-fields with
relatively short wavelength. A maximum attenuation of 20 and 30 dB is obtained for the horizontal
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Fig. 5.21 Comparison of the added-foundation effect for the horizontal, vertical and rocking re-
sponse of the first footing (r = 1) for the benchmark #2 with Poisson’s ratio νs = 0.49 and the
slab foundation thickness h = 1.5 m. A Rayleigh wave and sub-horizontal P- and SV- waves are
considered as plane-wave excitation. The results referring to the 3D and 2D models of the finite
slab are reported together with those obtained with the assumption of the slab as an elastic layer
(see Section 5.3).
and vertical, and for the rocking response respectively. This result refers to the 3D model and to
both Rayleigh waves and sub-horizontal SV-waves. As seen in Section 5.3, the results shown here
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Fig. 5.22 Comparison of the added-foundation effect for the horizontal, vertical and rocking re-
sponse of the first footing (r = 1) for the benchmark #2 with Poisson’s ratio νs = 0.49 and the
slab foundation thickness h = 1.5 m. Sub-vertical and normally incident P- and SV- waves are
considered as plane-wave excitation. The results referring to the 3D and 2D models of the finite
slab are reported together with those obtained with the assumption of the slab as an elastic layer
(see Section 5.3).
are comparable, at least in principle, with those obtained by the frequency-wavenumber approach in
Chapter 4.
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While poor agreement is obtained for the general case with θV 6= π/2, the case of normal incidence
provides an interesting upper bound for the attenuation achieved with the finite plate. As seen in
Figure 4.11, the upper bound for the attenuation with reference to the horizontal displacemet and to











Interestingly, the value in Equation 5.57 provides an approximate upper bound for the attenuation
expected by the addition of a finite slab. Although the latter argument may be useful during foundation
design, it is clear that it may serve only as an approximate reference since it is based on the highly
idealised case of an infinite slab foundation subject to a normally incident SV-wave.
Figure 5.22 shows the results of the added-foundation effect with reference to sub-vertical and
normally incident P- and SV-waves. The horizontal wavelengths involved are larger than those in
the previous case and the agreement between the results of the finite and infinite slab foundation
models is generally better. It is worth noticing that the results for the finite and infinite slab foundation
are in reasonable agreement for the case of normally incident P- and SV-waves, a scenario that is
hardly representative of ground-borne vibration.
5.5 Conclusions
This chapter has summarised the soil-foundation interaction associated with a plane-wave excitation
and to rigid regions at the free-surface of the homogeneous and/or the layered half-space representing
the soil and/or the soil-foundation system respectively. This is consistent with the assumption of
the soil-foundation system represented by a slab foundation, modelled as an infinitely large elastic
layer, overlying the ground, which is modelled as an homogeneous and elastic half-space. The
soil-foundation interaction, as studied in this chapter, is a necessary step that provides the input motion
at the coupling points for the subsequent soil-foundation-building interaction.
The response of rigid foundations and/or footings is analysed in its general form with the aim of
introducing the dynamic stiffness matrix associated with multiple rigid foundations and/or footings
and to obtain their response to incident wave-fields. The integral equations involved in the formulation
are then reformulated in algebraic form by means of the Boundary-Element-Method (BEM). An
account on the relevant numerical aspects is given, although a full review is beyond the scope of
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this dissertation and can be found in literature. The results obtained here refer to the use of the
EDT [36, 37] and the BEMFUN [38] toolboxes for obtaining the Green’s function of a layered
half-space and for the application of the BEM.
The adopted formalism leads naturally to Iguchi’s method as an approximate strategy for obtaining
the response of rigid foundations to incident wave-fields. The application of Iguchi’s method is
investigated and compared with rigorous solutions obtained by the BEM for both rigid foundations
and footings. The influence of dimensionless parameters such as the Poisson’s ratio νs, the slab-
thickness to footing-dimension ratio h/b and the distance to footing-dimension ratio d/b is investigated
with the conclusion that the kinematic interaction of each rigid foundation and/or footing is driven
by the horizontal-wavelength to footing-dimension ratio λx/b. It is illustrated that the approximate
response obtained by Iguchi’s method agrees well with the rigorous solution for values of λx/b greater
than π , with differences of up to 5 dB. This condition serves as a rule-of-thumb for the application
of Iguchi’s method to ground borne vibration problems.
Closed-form expressions are obtained for the rigid foundation/footing response with reference to
the amplitude of the incident wave-field at the centroid of the rigid foundation and/or footing. This
allows the definition of an approximate input motion for the subsequent soil-foundation-building
interaction analysis for a given plane-wave excitation. Moreover, it is possible to find a relationship
between the horizontal and the rocking response of the rigid foundation and/or footing such that
transfer functions for the horizontal and rocking added-building effect may be found in the form
already investigated in Chapter 3. It is pointed out that similar results for the added-foundation
effect, as examined in Chapter 4, may be found with reference to the coupling points represented by
the rigid footings.
Finally, the assumption of in-plane infinite extent for the slab foundation is removed and the soil-
foundation interaction is studied by means of a combined FEM-BEM approach. Both two-dimensional
and three-dimensional FEM models of the slab foundation as a plate are considered. It is found that
small differences in the order of 3 dB are found for the vertical response of the rigid footings when
2D and 3D models of the plate are explored; nonetheless, important differences up to 20 dB are found
for the horizontal response of the rigid footings, indicating that accurate modelling of soil-foundation
systems may be a necessary requirement in ground-borne vibration problems. The added-foundation
effect associated with different incident wave-fields and related to the coupling points is investigated
by means of the finite plate models. It is found that the assumption of the infinitely large foundation
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greatly overestimates the attenuation provided by the addition of the foundation. The SSI associated
with the finite plate is generally complex with the rigid footings response that depends on both the
plane-wave excitation and the modal response of the plate. A general comment can be made in that
an indicative upper bound for the attenuation provided by the plate can be obtained from the case
examined in Chapter 4 for normally incident SV-waves and with the slab foundation as an elastic
layer. The level of attenuation seems to be governed by the impedance mismatch between the concrete
slab and the soil.

Chapter 6
A design analysis framework for
base-isolated buildings
The previous discussion has presented and validated simplified models and methods that may be
used to account for the soil-foundation-building interaction during the analysis of buildings against
ground-borne vibration. This is reviewed in current section with the definition of a design analysis
framework, which is then contextualized to the design of base-isolated buildings and to the evaluation
of the isolation performance. A rigorous analysis framework is then presented with the purpose of
validating the results in terms of isolation performance.
6.1 A design analysis framework
As seen in Section 2.4.3, empirical [134, 16] and semi-empirical [135] methods are commonly used in
practice to carry out ground-borne vibration assessments. These are based on the definition of curves
for the green-field vibration level, associated with a specific database of experimental evidence, and
on the subsequent use of transfer functions for considering the nature of the source, the propagation
path characteristics, the coupling of a foundation-building system and the vibration transmission
to a receiver in the building interior (e.g. floor). As set out in Chapter 3.1.2, the part concerning
the coupling of a foundation-building system is of interest in this dissertation. For instance, the
Federal Transit Administration (FTA) [16] suggests the use of a coupling loss factor, associated
with different foundation-building typologies, for obtaining the vibration levels at the foundation
level of a building starting from the ground vibration levels as obtained by the assessment procedure.
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The values of the suggested coupling loss factors range from −5 dB for wood frame houses to
−13 dB for large masonry buildings on footings. The general rule, suggested by the FTA, is the
heavier the building construction, the greater the coupling loss. The definition of a coupling loss
factor, as described by the FTA, is based on measured data that refer to a design scenario with the
building present. It is clear that, at the design stage, the interest of the practising engineer lies on
the variation of the ground vibration levels before and after the construction of the building. The
latter corresponds to the added-foundation effect and the added-building effect as investigated in
Chapters 3, 4 and 5. It has been demonstrated that such effects are complex in nature and lead to an
attenuation that, in general, is frequency-dependent and, of course, involves both the vertical and the
horizontal vibration, which may both be important for the overall response of the building. On this
basis it is clear that, while the empirical methods may provide a general assessment of vibration levels
for a building on a specific site, they should not be used beyond their intended scope, for instance,
for a detailed prediction of vibration levels. A more complete understanding of the coupling loss,
Fig. 6.1 The design framework as suggested and used in this dissertation. (1) An incident plane
wave-field is considered with a resulting free-field vibration ũ0. (2) A wave-based approach (SMM)
allows to add a slab foundation as an elastic layer and to retrieve the modified free-surface vibra-
tion ũ2.(3) The input motion ûf of a rigid footing at the free-surface is then obtained by means of
Iguchi’s method (IM) from ũ2. (4) The added-building effect (ABE) can be evaluated by coupling
the cone model of the soil-foundation system and the building as a damper (i.e. model fW-bD).
(5) With reference to the general single-point coupling model, the response at the base ûb and
in the interior ûn of the building can be evaluated. The total mean-vibrational power entering
the building P̄b serves as a general measure of the vibration levels associated with the building’s
response. This depends on both the foundation and the building design alike.
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yet referring to reasonable simple models and methods, may be obtained by the analysis of the
added-foundation effect and the added-building effect as discussed in Chapters 3, 4 and 5.
The simplified models and methods discussed in this dissertation provide the basis for a design
analysis framework that starts with an assumed green-field, which may be represented by an incident
wave-field ũ0, and gives the response at the base ûb and in the interior ûn of a portal-frame building.
This design framework is adopted in this dissertation for the evaluation of the isolation performance,
which is a relative measure of vibration levels between two different design configurations of the
building. However, it is instructive to contextualize the design analysis framework to the absolute
prediction of vibration levels. The diagram shown in Figure 6.1 summarises the several steps involved:
1. consider the green-field as the result of an incident plane wave-field ũ0 in an elastic and
homogeneous half-space representing the ground;
2. consider the addition of a slab foundation as an elastic layer and retrieve the free-surface
vibration field ũ2 by means of the Stiffness-Matrix-Method (SMM). Alternatively, a different
incident wave-field may be assumed for the layered half-space (i.e. ground + slab) with
a resulting free-surface vibration field û2 associated with a describing function U2 and an
amplitude ũ2 at the origin (see Equation 5.36); the assumed wave-field may refer to available
vibration measurements or may be obtained by some source-propagation modelling (e.g. PiP
model [197]);
3. consider rigid regions at the free-surface representative of the subsequent coupling points with a
portal-frame building; their rigid response ûf to the incident wave-field may be obtained by
application of Iguchi’s Method (IM);
4. consider the coupling of a portal-frame building; the response ûbr at the base of the building
for the rth coupling point may be obtained by means of the simplified foundation-building
model fW-bD as described in Chapter 3;
5. depending on the purpose, either a global metric (i.e. mean vibrational-power entering the
building) or a local metric (i.e. vibration in one direction at one location in the building) may be
of interest; in the former case, the simplified foundation-building model fW-bD may be used;
in the latter case, the response at the base of the building ûb may be applied at the base of a
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detailed structural model (e.g. FEM model of a building), already available to the structural
engineer, to obtained the response ûn in the interior of the building.
Figure 6.1 illustrates the added-foundation effect (AFE), which may be influenced by the design of the
foundation, and the added-building effect (ABE), which relates to both the design of the foundation
and the building. In general, the response of the building is then the result of both the AFE and
the ABE, and of the assumed incident wave-field. It is clear that the effectiveness of, for instance,
a foundation design change (e.g. slab thickness) in reducing the vibration levels, should not be
evaluated by looking at the added-foundation effect alone, but at the resulting response of the building.
Especially in these cases, when a relative measure of performance between design configurations is of
interest, the mean-vibrational power-flow in the building is a useful metric for the design. An example
is the evaluation of the isolation performance for a base-isolated building in terms of the PFIG. The
adoption of the design analysis framework for such a purpose is illustrated in Figure 6.2. In this case
the interest lies in the comparison between the unisolated and the isolated building configurations. It
Fig. 6.2 The design framework as used for the evaluation of the isolation performance in terms
of the Insertion Gain (IG) and/or the Power-Flow Insertion Gain (PFIG). As the insertion of an
isolation system involves a change in the building configuration only, the soil-foundation-building
interaction analysis refers to the same input motion ûf for both the isolated and unisolated case.
The added-building effect and the building’s response is then obtained for the isolated and uniso-
lated configurations. A comparison of the total mean-vibrational power entering the building in
the two configurations (P̄(iso)b and P̄
(uniso)
b ) provides the PFIG referring to the whole building and
accounting for both the axial and the bending response.
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is worth noticing that, once the soil-foundation-building interaction is approached in separate steps, as
illustrated in Figure 6.2, the consideration of different building designs may be addressed starting
from the input motion obtained by the soil-foundation interaction analysis. The same does not happen
in a fully-coupled analysis (i.e. direct method) where the soil-foundation-building interaction is solved
at once. The disadvantage of using such a strategy is twofold: there are no intermediate steps that
may provide a conceptual understanding of the correctness of results, for instance the coincidence
phenomenon observed for the AFE of a slab foundation; and the increase in computational cost for a
parametric design of the building. The steps of the analysis framework in Figure 6.1 and 6.2 refer to a
sub-modelling technique, such as used by Hussein et al. [166], that follows naturally by looking at the
construction stages of the building, as discussed in Section 3.1, but is often, crucially, overlooked
in practice. This strategy may be also adopted with more rigorous methods and models. This is
illustrated in the next section where the rigorous analysis framework is presented.
6.2 A rigorous analysis framework
A rigorous model of a portal-frame building (model bF) and of a series of rigid footings (model fB)
are illustrated in Figure 6.3. These are the rigorous counterparts of the building and the foundation
Fig. 6.3 A rigorous model of a portal-frame building (a) based on the Dynamic Stiffness Method
of a beam-bar element (b), and of a rigorous Boundary Element Method model of a series of rigid
footings on the free-surface of a slab foundation overlying the ground (c).
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Fig. 6.4 The rigorous analysis framework as used for the evaluation of the isolation performance
in terms of the Insertion Gain (IG) and/or the Power-Flow Insertion Gain (PFIG). As the insertion
of an isolation system involves a change in the building configuration only, the soil-foundation-
building interaction analysis refers to the same input motion ûf for both the isolated and unisolated
case. The latter is obtained by solving the kinematic interaction of the rigid footings by means of
the Boundary Element Method. The added-building effect and the building’s response is then ob-
tained for the isolated and unisolated configurations with reference to a Dynamic Stiffness Method
of the portal-frame building. A comparison of the total mean-vibrational power entering the build-
ing in the two configurations (P̄(iso)b and P̄
(uniso)
b ) provides the PFIG referring to the whole building
and accounting for both the axial and the bending response.
models used in Chapter 3 for the evaluation of the added-building effect and the isolation performance.
This section introduces these models as a means of validating those of the proposed design analysis
framework. It is worth noticing that the sub-modelling technique (or substructure method), as
previously adopted, applies also in the case of a rigorous analysis framework. Figure 6.4 shows a
diagram for the evaluation of the isolation performance by means of model fB and model bF for
the foundation and the building. The kinematic interaction of the rigid footings at the free-surface
subjected to an incident wave-field is solved rigorously by means of a Boundary Element approach
as seen in Chapter 5. The added-building effect is then evaluated by means of Equations 3.48, with
the adoption of the dynamic stiffness matrix at the base of the unisolated and isolated portal-frame
building K̂bF and K̂ (iso)bF , and the FRFs matrix ĤfB obtained by a BEM model of the rigid footings. It
is worth noticing that the notation adopted for the SSI and for the isolation performance in Chapter 3
is still valid for the rigorous analysis framework. However, in this case, there are multiple contact
6.2 A rigorous analysis framework 191
points at the foundation-building interface so that the generalised force and displacement vectors at
the base of the building are defined as:
ûb =
[




ŝb1, f̂b1, q̂b1, . . . , ŝbr , f̂br , q̂br , . . . , ŝbn f , f̂bn f , q̂bn f ,
]T
with n f the number of coupling points at the foundation-building interface. By assuming rigorous
foundation and building models, the through-soil and the through-floor coupling in the soil and the
building are considered in the analysis. This leads to the matrices K̂bF and ĤfB being fully populated.
As a general reference, it is worth to discuss briefly the computational cost associated with the
rigorous analysis framework. For the benchmark problem in Figure 6.3 and by considering a 8×8
quadratic elements BEM mesh for each footing, the execution time for the rigorous framework, as
in Figure 6.4, for 250 frequencies is approximately 30 minutes on a workstation with a 6-core CPU
with 3.50 GHz. This figure may drastically increase when a three-dimensional model of the building
and/or a high-fidelity model of the foundation are considered. For the same benchmark problem and
with reference to the mean-vibrational power entering at the base of the building, the design analysis
framework, as in Figure 6.2, runs in seconds, thus being more suitable for design purposes. In the
following a summary of the rigorous foundation and building models is given.
6.2.1 Modelling the foundation
The foundation models used within the rigorous analysis framework may refer to either rigid foun-
dations or rigid footings, as described in Chapter 5. Figure 6.3(c) shows the case of the benchmark #2
of the reference problem, as introduced in Section 3.1.2. By considering an incident wave-field, the
soil-foundation interaction analysis may be approached rigorously by means of a BEM approach,
as described in Chapter 5. It has been seen that the formulation yields the dynamic stiffness matrix
related to the rigid footings, as presented in Equation 5.12. For further reference, this is labelled as
K̂fB, with the letter B indicating the BEM approach. The FRF matrix ĤfB of the rigid foundations
and/or footings may be obtained by inversion of K̂fB. Because of the through-soil coupling of the
foundations and/or footings, the matrix ĤfB of model fB is fully-populated. This is used for the
added-building effect in the rigorous analysis framework (see Figure 6.4). The vertical, horizontal
and rocking compliance terms, obtained by the BEM approach for a single rigid foundation on an
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Fig. 6.5 Results for the horizontal (a), vertical (b) and rocking (c) compliance terms of a single
rigid foundation on an elastic half-space with νs = 1/3 (benchmark #1). Both a constant (8 × 8
elements) and a quadratic (8 × 8 elements) formulation are used by means of the BEMFUN and
the EDT toolboxes in MATLAB. Comparison is made with the results of Wong & Luco [92] and by
Rizzo et al. [215].
elastic half-space with νs = 1/3, are reported in Figure 6.5. Comparison is made with the solutions
obtained by Wong & Luco [92] and by Rizzo et al. [215] referring to a constant (8×8 elements) and a
quadratic (4×4 elements) formulation respectively. Both the results for the constant and the quadratic
formulation are reproduced by means of the BEM approach and by using the BEMFUN and the
EDT toolboxes in MATLAB. Figure 6.5 shows a good agreement of the resulting compliances with
the results reported by the reference studies. Moreover, other results of the BEM approach referring
to the case of a rigid footing and to the kinematic interaction have been validated in Chapter 3 and 5
respectively. The resulting rigorous foundation model is three-dimensional: both the radiation of
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energy away from the foundation and the scattering of the incident wave-field are properly accounted
for. An hysteretic damping model is assumed for both the soil and the slab foundation, as seen in
Section 3.2.3. This results in compressional waves being less damped then shear waves, in a a measure
defined by Equation 3.9.
6.2.2 Modelling the building
In general, as illustrated for the general scenario in Figure 3.1, a building is a three-dimensional
structure that comprises different structural elements such as columns, beams, walls, floors and
partitions. As seen in Section 3.1.2, the discussion in this dissertation is restricted to the case of
portal-frame buildings that feature an assembly of columns and beams as representative of the main
structure. Although the presence of other structural elements (e.g. structural core), may change
considerably the distribution of mass, stiffness and damping within the building, this assumption
is a necessary sacrifice to simplify the investigation, with the reservation that the presence of a
structural core and/or partitions may be the subject of further work.
Modelling a three-dimensional portal-frame building would require, given that a beam-bar for-
mulation is used for each element, the consideration of 6 degrees of freedom at any point of the
discretised domain. While this may be a requirement in practice, for instance, for accurate absolute
predictions of vibration levels, a two-dimensional representation of a portal-frame building subject
to in-plane excitation greatly simplifies the analysis and it is often used by many researchers (see Sec-
tion 2.4.2). The consideration of the third-dimension extends the coupled axial-bending response of
the 2D portal-frame in three dimensions and enables the modelling of torsion in the structural elements.
The result is an increased modal density and an additional mechanism of vibration transmission [33]
(i.e. torsional motion). The extent to which the latter may be relevant depends greatly on the incident
wave-field considered. For instance, it is clear from Section 5.3 that the torsional motion associated
with an incident wave-field at θH = 0 (i.e. wave-front perpendicular the footings’ alignment) is null
so that the use of a 2D-portal-frame model should be restricted to this case. On the other hand, in
general, torsional motion may arise also from diffracted wave-fields and/or from the coupling of the
three-dimensional building to the ground.
It is worth mentioning that the two-dimensional portal-frame model accounts for the conversion
of axial and flexural vibration from the column into flexural and axial vibration of the beam, and
vice versa. This is an important effect that the 2D portal-frame model is able to capture, unlike, for
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instance, the simplified column model bC presented in Chapter 3. Based on this general discussion, the
two-dimensional portal-frame model is considered to be a meaningful representation of a portal-frame
building, with the understanding that a more detailed study of the influence of considering the third
dimension may be relevant for further investigations.
A comment can be made on the use of the beam-bar formulation for each structural element of
the portal-frame. As discussed in Section 3.1.2, a rigid-like contact is intrinsically assumed at the
foundation-building interface when a beam-bar formulation is considered for the portal-frame. Based
on the ability of the rigid contact to follow the incident wave-field, an upper-bound of 60−120 Hz
for the range of frequency has been defined in Section 3.1.2. It is worth stressing that this limitation
may be conservative and that higher frequency may be investigated still referring to the beam-bar
formulation. The extent to which this may be possible is case-sensitive and depends on the actual
contact that materialises at the foundation-building interface. Despite the implications of using a
two-dimensional portal-frame building over the three-dimensional counterpart, a model of the former
is adopted in this dissertation, believing that the related assumptions are necessary for addressing
the problem in its simplest form, and that their influence in assessing isolation performance is likely
to be limited.
Application of the Dynamic Stiffness Method
The Dynamic Stiffness Method (DSM) [49] is chosen for modelling the two-dimensional portal-frame
building. Compared to the FEM, the DSM has the advantage of referring to exact solutions of the
governing equations for the beam-bar element (see Appendix B), hence, it represents a high-accuracy
method that does not require a significant discretisation of the model at high frequencies (conversely
to the FEM). The application of the DSM to building structures is supported by the work of Cryer [47],
Hunt [125] and Talbot [33]. A summary of the method for a 2D portal-frame building is presented
in the following, with reference to the Dynamic-Stiffness formulation presented in Appendix B.
A typical element of the two-dimensional portal-frame is illustrated in Figure 6.3(b) and it is
defined by its length L, cross-sectional area A, second moment of area I, Young’s modulus E and
density ρ . Each element of the portal-frame may be assigned with different values of these properties.
The beam-bar DSM formulation used in this dissertation is presented in Appendix B and refers to the
dynamic longitudinal and transverse response of each element by the analytical solutions for an elastic
bar and Euler beam. The latter is a beam model for which shear deformation and the influence of
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rotational inertia are assumed negligible. The adoption of the beam-bar element leads to the additional
assumption that the longitudinal and the transverse response of the element are uncoupled, which
may be a reasonable hypothesis given the low amplitudes involved in ground-borne vibration. For
the assumed harmonic motion, the generalised forces at the nodes of the jth element are related to
the respective displacements, in the global reference system (x,z), by Equation B.13. The individual
dynamic-stiffness matrices K(j)g corresponding to each element j of the portal-frame are assembled
to yield the global dynamic stiffness matrix K̂g by adding the dynamic-stiffness contributions to each
degree of freedom of each node shared by the relevant elements, a technique used in the FEM [106]
and commonly adopted in structural analysis [168]. In agreement with the notation adopted in
Chapter 3 (see Equation 3.11), the letter F is used to denote the use of a portal-frame building model.
The relationship between the forces and displacements at the nodes of the DSM model can be then









= K̂gF ûgF (6.1)
with the subscripts b and n referring to the base and to the internal nodes of the portal-frame model
respectively. Imposing the free condition f̂nF = 0 in the building’s interior, the force-response relation
at its base may be written:
f̂bF = K̂bF ûbF =
[
ĤbF
]−1ûbF with K̂bF = K̂bbF − K̂bnF [K̂nnF ]−1K̂nbF (6.2)
with K̂bF the condensed dynamic stiffness matrix at the base of the portal-frame, as used in Equa-
tion 3.48a for the added-building effect. A similar formulation, not reproduced here for brevity of
discussion, to that seen in Sections 3.1.3 and 3.4.2 may be written also for the SSI associated with
the rigorous analysis framework. The B matrix for the unisolated and the isolated case are obtained
via Equations 3.48 and are reported in the next section. The response at the nodes of the portal-frame









= ĤgF f̂gF (6.3)
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with the ĤgF the global FRFs matrix of the portal-frame building obtained by inversion of K̂gF .
Given an input motion at the base of the building, the response at the n internal nodes of the
portal-frame may be obtained as seen in Equations 3.5 and 3.42 for the unisolated and isolated
configurations respectively. Once the response at the nodes of each element is obtained, the response
along the element j can be calculated by combining Equation B.9 and B.7, prior transformation of
the displacement vector û( j)g in the local coordinate system as uj (see Equation B.12). Besides the
displacement field along the element, the corresponding force distribution, in the local coordinate
system, can be obtained by using Equation B.6. Once the internal forces are retrieved, the calculation
of the mean-vibration power is straightforward, as demonstrated by Langley [162]. As discussed in
Section 2.6.4, the mean-vibrational power associated with a structural domain is an important metric
that may be adopted for design purposes. By considering a cross-section at x′ of the jth element,
the mean-vibrational power flow through that section is given by the mean rate at which the forces
f (x′),s(x′) and q(x′) do work against the generalised displacements u(x′),w(x′) and ϕ(x′). Hence,
for a time-harmonic motion at angular frequency ω , the mean-vibrational power through the section














with ‘?’ the complex conjugate symbol. The vector symbol x indicates the location of the cross-section
(i.e. x′ in the local coordinates) in the global reference system. The power flow analysis of portal-frame
buildings is discussed in Section 6.4.1 with the goal of defining the Power-Flow-Insertion-Gain for
different incident wave-fields for the reference problem in Section 3.1.2.
Additional comments on the beam-bar formulation
A discussion on two aspects of the beam-bar formulation is needed. The first relates to the damping
model assumed for each element. A summary of damping models that may be assigned in a beam-bar
formulation has been presented in Section 3.3.2. The same discussion applies for the definition of
damping for the jth element of the portal frame. It should be noted that, in general, different damping
models may be used for the elements comprising the portal-frame, should any indications of different
damping mechanisms arise. Here, the hysteretic damping model as assumed in Chapter 3.3.2 is
assigned to all the elements of the portal-frame building.
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Another aspect regards the Euler beam formulation adopted in the definition of the DSM used in this
dissertation. This model ignores the shear deformation and the rotatory inertia that, in general, should
be included in the formulation for more accurate results. It has been demonstrated by Talbot [33]
that for problems related to ground-borne vibration, with typical dimensions of the beam element,
the maximum error for the natural frequencies ωEn is in the order of 8 % for the frequency-range of
interest. This value refers to the improved Timoshenko beam model, which considers both the shear
deformation and the rotatory inertia and for which an expression for the modified natural frequencies
of a simply-supported beam can be found in Timoshenko et al. [216], as reported by Talbot. An
additional concern may be the influence of any static axial loading in the beam. This has also been
considered by Timoshenko et al. [216], who give an expression of the modified natural frequencies
of a simply-supported beam subject to a constant axial force. By considering the latter as large as 10 %
of the Euler buckling load for the beam, Talbot [33] finds that the first natural frequency is reduced by
5 %, with the higher modes being affected less. Although the use of the Euler beam model is indeed a
simplification, the previous discussion supports this assumption for the investigation of portal-frame
buildings in ground-borne vibration. After reviewing the rigorous foundation and building models
used in this dissertation, the added-building effect, resulting form their application, is investigated
in the next section.
6.3 The Added-Building Effect
It is has been seen in Section 6.2 that the adoption of a rigorous analysis framework leads to the
consideration of the multiple coupling points at the foundation-building interface. When the added-
building effect is considered, as described in Section 3.5.1, the matrix B refers to the motion of
the n f coupling regions before and after the addition of the building. In general, the matrix B is
a fully-populated, non-symmetric matrix and it is representative of the added-building effect on
the displacement amplitude at the foundation level. The ith displacement component of the rth
rigid footing (or rigid foundation) after the addition of the building can then be related to the jth
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The following investigation of the components of the B matrix, for both the unisolated and the
isolated case, is not intended to be exhaustive for the general added-building effect but rather to be
representative of the results for the reference problem presented in Section 3.1.2, which corresponds
to common features found in practice for reinforced-concrete buildings. Results are shown for the
different simplified and rigorous models of both the foundation and the building, which refer to
the assumptions at the points 4 to 7 listed in Section 3.6. Table 6.1 illustrates schematically each
tested assumption for the comparison of the results for two different combinations of foundation-
building models, as labelled throughout the dissertation. The capital letters refer to the theoretical
model (F - DSM portal-frame, C - independent columns, D - independent dampers, B - BEM model,
W - Wolf’s model ), while lower-case letters, associated with the previous one, specify the case of a
foundation model with ‘f’ or a building model with ‘b’. Table 6.1 reports also the properties of the
FRFs matrix Ĥf of the foundation, the dynamic stiffness matrix at the base of the building K̂f and of
the resulting B matrix for different foundation-building models. The following discussion investigates
the implications of using different foundation-building models on the results for the matrix B with
Table 6.1 Overview of the adopted foundation-building models. The diagonal entries summarise
the key features of each model; the off-diagonal entries summarise the physical phenomena that
may be investigated by comparing any two foundation-building models: through-floor coupling,
through-soil coupling and/or modal response of the building.
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Fig. 6.6 Absolute values in dB of the components of the direct B(1,1) matrix considering the
foundation-building models fW-bD, fB-bC and fB-bF for benchmark #2 with h = 1.5 m and
νs = 0.49. An upper bound and a lower bound of ±5 dB are shown starting from the values ob-
tained with the simplified model fW-bD.
reference to the diagonal B(1,1) of the first rigid footing (or foundation) and the off-diagonal B(1,m)
sub-matrices. The purpose is to suggest the design analysis framework, based on the model fW-bD ,
for the evaluation of the added-building effect; this approach is limited by the basic assumptions
of neglecting the influence of the through-soil coupling, the through-floor coupling and the modal
behaviour of the building.
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Figure 6.6 shows the results, for the first rigid footing (r = m = 1), for the components of the
B matrix related to the unisolated case and for the benchmarck #2 (i.e. rigid footings on a slab
foundation). For brevity, the results for the isolated case are not reported here, since conceptually they
are no different from those seen in Chapter 3, and this investigation is not aimed at commenting on
quantitative results. The results obtained with the model fW-bD, which are the same as those obtained
in Chapter 3, are in favourable agreement with those obtained with the rigorous model fB-bF. The
agreement for the horizontal-rocking terms B(x,ϕ) and B(ϕ,x) is good, although maximum differences
up to, approximately, 15 dB are registered. Because of the uncoupled axial and bending behaviour
of model bD, and the neglected through-soil coupling for model fW, the terms related to the vertical-
horizontal and the vertical-rocking are null for the model fW-bD. The comparison between the results
of model fB-bC and model fB-bF gives an idea of the influence of the through-floor coupling within
the portal-frame building. For the direct terms B(x,x), B(z,z) and B(ϕ,ϕ), the results for the independent
column model are, overall, a good fit to the results of the portal-frame model. The resulting higher
modal density associated with the latter, compared to the former, has the effect of ‘smoothing’ the
response at the natural frequencies of the column, although additional amplification and/or attenuation
effects are present, inherently due to the coupling of the several columns by floors.
Figure 6.7 shows the results obtained with the rigorous foundation-building model fB-bF for
both the direct B(1,1) and the off-diagonal B(1,m) matrices. Two general comments follow. First, the
terms B(x,x), B(z,z) and B(ϕ,ϕ) referring to the off-diagonal matrix B(1,m) are, at least, 20 dB smaller
than those related to the matrix B(1,1). This suggests that the contribution of the mth coupling point,
with the input motion û(i)fm, to the response û
(i)
br of the r
th footing may be negligible. Second, the
matrix components referring to B(1,m) have, in general, the same order of magnitude when two remote
footings are considered, say, the 3rd and the 5th footing. This suggests that the through-soil and the
through-floor coupling in the soil-foundation and building systems for two remote coupling points are
efficient: an input motion û(i)fm imposed at the mth footing leads to a response of the coupled system
at the rth footing û( j)br of similar order of magnitude, regardless of the distance between the mth and
the rth footings. Although the rigorous and the design analysis framework may be used, in principle,
for evaluating the added-building effect for absolute predictions, as summarised in Section 6.1, the
interest in this dissertation is related to the isolation performance as investigated in the next section.
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Fig. 6.7 Absolute values in dB of the components of the direct B(1,1) and off-diagonal B(1,m) matri-
ces considering the rigorous foundation-building models fB-bF for benchmark #2 with h = 1.5 m
and νs = 0.49. The results of B(1,1) for the simplified foundation-building model are also reported
for reference.
6.4 Base-Isolation performance for different incident wave-fields
In this section, the isolation performance is investigated with reference to the design and the rigorous
analysis frameworks introduced in Sections 6.1 and 6.2 respectively. First, the case of normally
incident P- and SV-waves are considered. Although they hardly represent an appropriate incident
wave-field in ground-borne vibration, they may offer insights into the limit design scenarios of in-
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phase, predominantly vertical and/or horizontal input motion ûf respectively, at the coupling points.
The more realistic scenarios of incident sub-horizontal and sub-vertical P- and SV-waves, and Rayleigh
waves, are also explored to observe the difference in isolation performance with reference to the
case of normal incidence. The main metric used for the isolation performance is the Power Flow
Insertion Gain, but the commonly used Insertion Gain is adopted for comparison of results. A brief
summary of the power-flow analysis of portal-frame buildings is presented for introducing the main
parameters of reference for the following discussion.
6.4.1 Power Flow analysis of portal-frame structures
The application of the Dynamic Stiffness Method to portal-frame buildings has been discussed in
Section 6.2. Equation 6.4 provides the mean-vibrational power at a location x of the building referring
to a local coordinate x′ of the jth element. This represents the time average, over one cycle, of the rate
at which the internal forces at x′ do work. Let us consider a sub-domain b of the portal-frame building








The power P̄b is the dissipated power within the sub-domain b in one cycle of vibration and can
be found as the difference between the output and input mean-vibrational power at the boundary
of the sub-domain. As discussed in Section 2.6.4, this may represent a measure of the vibration
associated with the sub-system and can be adopted for the definition of the PFIG as a metric for the
isolation performance. It may be argued that both the dissipated power and, consequently, the PFIG
depend on the damping model assumed for the building. In lightly damped structures, the values of
the dissipated power are small even though the vibration amplitude may be high enough to induce
annoyance for the building occupants. However, it has been demonstrated in Section 3.5.2 that, for the
single-point coupling model subject to vertical input, the consideration of the dissipated power for the
definition of the PFIG is indeed representative of the change in vibration levels when an isolation
system is inserted. This gives us confidence that, as long as the building has some form of damping,
which is always the case in practice, the PFIG is a meaningful metric for the isolation performance.
Figure 6.8 illustrates the result of a power-flow analysis for the reference building (benchmark #2)
subject to an normally incident P-wave at θV = π/2. The mean-vibrational power at the location
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Fig. 6.8 The mean-vibrational power-flow within the unisolated building. The results refer to
the benchmark #2 and to a normally incident P-wave at 75 Hz. The mean-vibrational power at a
location x of the jth element P̄j(x) is shown as percentage of the total mean-vibrational power P̄b
entering the building at its base.
x associated with the element j is shown as a percentage over the total mean-vibrational power
entering the building at its base P̄b. The numbers in blue are associated with the column elements
while those in green relate to the floor elements. As a consequence of Equation 6.6, at each node
of the portal-frame, continuity must be ensured in that the output power is equal to the input power.
An additional comment can be made on the subdivision of the dissipated power between axial and
bending motion. A general understanding is that people are more susceptible to vibration normal
to the structural member, and also because this is responsible for the radiation of sound [190]. It
may be then instructive to consider the dissipated power associated with the bending of the elements
204 A design analysis framework for base-isolated buildings
comprising the portal-frame. Equation 6.4 can be then divided into two parts for the axial and bending




















The latter may be used in the analysis also to investigate the mechanism of vibration transmission
associated with an incident wave-field. Different cases of normally and obliquely incident P- and
SV-waves, and of Rayleigh waves, are considered in the follwing with the goal of defining the isolation
performance in each case. This may help with the definition of guidelines, based on the results of
the design framework for the design of base-isolated buildings.
6.4.2 The case of normally incident P- and SV-waves
Normally incident P- and SV-waves are first considered as limit scenarios. Although these particular
incident wave-fields are hardly experienced in ground-borne vibration, they may provide useful
insights for comparison with the results of the single-point coupling model investigated in Chapter 3.
Vertical input motion
A normally incident P-wave has a resulting in-phase vertical input motion ûf at the coupling points
of the building. This scenario is consistent with the case of a purely vertical input motion for the
single-point coupling model examined in Section 3.5.2. The added-building effect and the response of
the isolated and unisolated building may be obtained with reference to the notation already presented
in Section 3.1.3 and 3.4.2 respectively. A power-flow analysis of the isolated and unisolated building
follows from Section 6.4.1. The isolation performance may be then obtained in terms of IG and/or
PFIG as discussed in Section 2.6.4. The difference between the two metrics is evident in that the
PFIG refers to a sub-domain of the building and considers all the DoFs associated with the motion,
while the IG refers to specific locations within the building and to a single direction of vibration.
The IG related to the vertical DoF, and to locations at the base (green lines) and at the top (red lines)
of the building, is shown in Figure 6.9. Although both the building and the input motion ûf are
symmetrical, important differences are found for the vertical IG. This is the result of two effects:
first, the added-building effect changes the input motion so that, in general, horizontal and rocking
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Fig. 6.9 Isolation performance referring to the benchmark #2 and reported in terms of both the
PFIG for the whole building (blue line) and the IGz in the vertical direction for points at the
bottom (green lines) and at the top (red lines) of the building. A normally incident P-wave is
considered and the results refer to the rigorous SMM-BEM-model fB-bF. An isolation frequency
fS = 5 Hz and a slab foundation thickness of h = 1.5 m are considered.
motion may be associated with the purely vertical response of the building at its base; second, the
building remains a complex multi-modal structure for which the response at any location cannot be
representative of the whole building. It is possible to notice a frequency-band around 70−100 Hz
for which no differences are found. Because of the considered wave-field, this region of the frequency
spectrum is mostly associated with axial vibration of the columns. This is clearly shown in Figure 6.8
where the power-flow analysis for the unisolated building at 75 Hz indicates the majority of power
“flowing” through the columns. It follows that the through-floor coupling is negligible and that the
system converges to a model of independent columns, responding in axial vibration, with additional
mass and stiffness contributions provided by the floors and concentrated at the floor-level. The
two-dimensional portal-frame may be then described by a single-point coupling model excited by
a vertical input. Hence, the results of Section 3.5.2 apply in this frequency-range and the vertical
IG has the same value for multiple locations within the “equivalent column”. Moreover, as seen
in Section 3.5.2, the vertical IG is equivalent to the PFIG. The latter can be calculated for the
whole building by considering the P̄b entering the building, at its base, in the isolated and unisolated
configuration. This value is also plotted in Figure 6.9 (blue line); as expected, between 70 and 100 Hz
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Fig. 6.10 Percentage of mean-vibrational power associated with bending motion at the base of the
rth column over the total mean-vibrational power P̄b(r) entering the same column. Values for the
unisolated (left) and isolated case (right) are shown.
the PFIG and the IG converge to the same value. This feature serves as a conceptual example for
the application of the power-flow for the analysis of the mechanism of vibration transmission within
the building. The predominant axial vibration can also be visualised by considering the division
between the bending and the axial mean-vibrational power entering the building. Figure 6.10 shows
the mean-vibrational power associated with bending motion at the base of each column as a percentage
of the total mean-vibrational power entering the same column. The previous argument of the axial
motion being dominant over the frequency range 70−100 Hz is confirmed by the low quota of the
bending mean vibrational power, in the same frequency range, at all the coupling points at the base
of the building. As expected, along the frequency spectrum, a higher influence of the bending motion
is shown for the peripheral columns, while no bending motion is associated with the 3rd column
in accordance with the symmetry condition of no rocking and no horizontal motion possible for a
vertical input.
An additional consideration regards the spatial variability of the IG and the PFIG for different
locations and different sub-domains of the building. With the idea that the motion perpendicular to
the member is responsible for radiating sound in the room, the IG for horizontal motion (dashed
gray lines) at the mid-height of the column elements and the IG for the vertical motion (solid gray
lines) at the mid-span of the beam elements are plotted in Figure 6.11. As mentioned earlier a large
variability is expected, in both cases, due to the multi-directional motion and to the multi-modal
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response of the building. The PFIG for the whole building (blue line) is also shown together with
the PFIG calculated with reference to the mean power dissipated in two different rooms at the
top (red line) and bottom (green line) of the building. Although differences of up to 10 dB are found,
the same trend of the PFIG is valid for different parts of the building, indicating that the isolation is
beneficial for both higher and lower floors. If the PFIG is regarded as a representative metric for the
isolation performance, different values can be obtained for different sub-domains of the building. This
is plotted in Figure 6.12(b) for each room comprising the building (gray lines) and compared with
the PFIG for the whole building (blue line), and with the limit value of Equation 3.73, which refers to
the design analysis framework with a vertical input. Maximum differences of up to 18 dB are found
for the isolation performance referring to different rooms, indicating a large variability of the expected
reduction in vibration levels within the building. This is an intrinsic characteristic of the problem that
depends on the complex dynamic response of the unisolated and isolated building. It demonstrates that,
Fig. 6.11 Results of the PFIG and the IG for the soil-foundation-building system (bench-
mark #2) subjected to a normally incident P-wave. The results refer to the rigorous framework
SMM-BEM-model fB-bF and to the design framework SMM-IM-model fW-bD. An approximation
of the latter, for a purely vertical input, is given by the limit value in Equation 3.73 and reported
here (chained black line). (a) Comparison between the PFIG for the whole building (blue line),
the IGz in the vertical direction for points at the mid-span of the beam elements (solid gray lines),
the IGx in the horizontal direction for points at the mid-height of the column elements (dashed
gray lines), and the PFIG referring to two rooms at the top (red line) and bottom (green line) of
the building. An isolation frequency fS = 5 Hz and a slab foundation thickness of h = 1.5 m are
considered.
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Fig. 6.12 Comparison between the PFIG for the whole building (blue line), (a) the PFIG for a
room at the top (red line) and/or botton (green line) of the building, and (b) for each individual
room in the building (gray lines). (b) The limit value of Equation 3.73 is also reported. An isolation
frequency fS = 5 Hz and a slab foundation thickness of h = 1.5 m are considered.
even by considering deterministic mechanical and geometrical properties for the soil-foundation-
building system (as done in this dissertation), care should be taken to define the isolation performance
with a unique, frequency-dependent value. Even for a symmetric building and a symmetric input
motion, such the case discussed here, large spatial variability of the isolation performance should be
expected. An additional comment may regard the use of the mean-vibration power associated with
only bending motion or the complete structural response of the considered building’s sub-domain.
Figure 6.12(a) plots the results of the PFIG for the three alternatives of considering axial, bending
or the complete response of the room at the top of the building. Maximum differences up to 2 dB are
found between the results obtained with the total or the bending mean-vibrational power. The PFIG
referring to the total mean-vibrational power will be used in the following with the understanding that
the character of the general discussion presented here does not rely on this detail.
Horizontal input motion
A similar analysis may be carried out for the case of normally incident SV-waves. An in-phase
horizontal input motion ûf at the coupling points is obtained by means of Iguchi’s Method (IM). At
this point, the design analysis framework may be adopted by considering a horizontal input for the
simplified model fW-bD. The comparison of the isolated and unisolated building response provides
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Fig. 6.13 Results of the PFIG and the IG for the soil-foundation-building system (bench-
mark #2) subjected to a normally incident SV-wave. The results refer to the rigorous framework
SMM-BEM-model fB-bF and to the design framework SMM-IM-model fW-bD (chained black
line). (a) Comparison between the PFIG for the whole building (blue line), the IGz in the vertical
direction for points at the mid-span of the beam elements (solid gray lines), the IGx in the hori-
zontal direction for points at the mid-height of the column elements (dashed gray lines), and the
PFIG referring to two rooms at the top (red line) and bottom (green line) of the building. (b) Com-
parison of the PFIG for the whole building (blue line) and the PFIG referring to each room (light
gray lines). An isolation frequency fS = 5 Hz and a slab foundation thickness of h = 1.5 m are
considered.
a frequency-dependent value of the PFIG, as plotted in Figure 6.13 (chained black line), which is
the result of the design staged approach as schematically illustrated in Figure 6.2.
The rigorous analysis framework is adopted to obtain results for the PFIG for the whole building (blue
line), the IG in the lateral and vertical directions at the mid-height of columns (dashed gray lines)
and at the mid-span of beams (solid gray lines), and the PFIG referring to two rooms at the top (red
line) and bottom (green line) of the building. These results, as shown in Figure 6.13(a), confirm the
large spatial variability of the isolation performance. Similarly to that shown for the case of incident
P-waves, the PFIG referring to each room of the building is plotted in Figure 6.13(b). While there is
a strong influence of the resonances and the anti-resonances in the isolated and unisolated building
for the results in terms of the IG, the PFIG results provide a smoother trend that may be easier to
decipher, although not being necessarily more representative of the IG in terms of the “correct” value
of isolation performance. Also in this case, differences of up to 26 dB may be found for the isolation
performance as “observed” in different rooms of the building. It should be stressed that such spatial
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variability could be partly due to the adoption of a two-dimensional portal-frame building model,
which exhibits a strong modal behaviour. This represents a limitation since real buildings, which are
three-dimensional and composed of two-dimensional floors, walls and partitions, are likely to have
increased modal density and, as a result, a reduced spatial variability of the isolation performance.
This is a matter open to questions that may well benefit from further investigations.
Overall, as can be seen from Figure 6.13(a), the PFIG, referring to the mean vibrational power
entering the whole building, provides some form of “average” performance, when compared with
the values of the IG at different locations. Figure 6.13 shows that the design analysis framework,
as described in Section 6.1, provides a value of the PFIG that matches the trend observed for the
results of the rigorous analysis framework. Although an in-phase horizontal input motion is hardly
representative of ground-borne vibration, it is worth noticing that, in this case, potential amplifications
are expected in the range of 20−120 Hz, which is of interest for induced vibration and re-radiated
noise within the building. We find then an incident wave-field for which mounting a building on
springs may be actually detrimental for vibration and re-radiated noise: a scenario that is not foreseen
by means of typical simplified models used for base-isolated buildings (i.e. mass on a spring model).
The extent to which this may actually occur is investigated next by considering the case of an incident
Rayleigh wave, which is more representative of the ground-borne vibration induced by surface
railways.
6.4.3 The case of incident Rayleigh waves
As mentioned in Appendix C, a Rayleigh wave is confined to the surface of the elastic and homo-
geneous half-space (i.e. the ground), and involves a retrograde elliptical motion at the free-surface,
thus both horizontal and vertical particle motion. The latter and the reduced horizontal wavelength
associated with Rayleigh waves represent the major differences with the normally incident wave-fields
considered in previous sections. Hence, the input motion ûf associated with the coupling points
comprises the horizontal, vertical and rocking motion of the rigid regions and includes, generally,
a phase difference at each coupling point. Analogous to the cases examined in Section 6.4.2, Fig-
ure 6.14 shows the results for the PFIG and IG obtained with the rigorous framework as well as
those referring to the design analysis framework (chained black line). The latter provides a good fit
to the isolation performance obtained with the rigorous framework, which inherently accounts for
the spatial variability of the response within the building. A plot of the PFIG associated with each
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Fig. 6.14 Results of the PFIG and the IG for the soil-foundation-building system (bench-
mark #2) subjected to a Rayleigh wave. The results refer to the rigorous framework
SMM-BEM-model fB-bF and to the design framework SMM-IM-model fW-bD (chained black
line). (a) Comparison between the PFIG for the whole building (blue line), the IGz in the vertical
direction for points at the mid-span of the beam elements (solid gray lines), the IGx in the hori-
zontal direction for points at the mid-height of the column elements (dashed gray lines), and the
PFIG referring to two rooms at the top (red line) and bottom (green line) of the building. (b) Com-
parison of the PFIG for the whole building (blue line) and the PFIG referring to each room (light
gray lines). An isolation frequency fS = 5 Hz and a slab foundation thickness of h = 1.5 m are
considered.
room of the building (see Figure 6.14(b)) shows a spatial variability of the isolation performance
up to 27 dB at relatively high frequencies, somewhat of the same order as the value obtained for
the case of a normally incident SV-wave. The isolation performance,with reference to the design
framework and in terms of attenuation of vibration levels expressed as the PFIG, goes from a value
of 4 dB at 20 Hz, reaches a maximum of 18.5 dB at around 100 Hz and a reduced value of about
12 dB at 250 dB. A reduced attenuation is then obtained in this case when compared to the results
for a normally incident P-wave (see Figure 6.12). However, Figure 6.14 illustrates that the potential
amplification of vibration levels seen for the case of normally incident SV-wave is hardly obtainable
with an incident wave-field more representative of ground-borne vibration (i.e. a Rayleigh wave).
Figure 6.15 shows a power-flow analysis of the unisolated (left) and the isolated (right) portal-
frame building subjected to an input motion ûf associated with a Rayleigh wave. By comparison with
the power-flow analysis of Figure 6.8 for a normally incident P-wave, it is possible to notice that, in
this case, the majority of the total mean-vibration power is entering the first column. This is because
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of the assumed wave-field: an incident Rayleigh wave that meets the first column and then decays at a
rate that depends on the material damping in the soil ηs. Because of the plane-wave excitation, no
radiation damping is associated with the incident wave-field, and the effect of the material damping on
the free-surface motion, hence on the input motion ûf , can be calculated by using Equation 4.1. For
the reference values in Table 3.1, as used for the results in Figure 6.14, the frequency-space wave
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with kx = ω/V ′R the complex horizontal wavenumber for Rayleigh waves, the first footing is taken at
the origin of the coordinate system (i.e. x1 = 0) and xr indicates the x coordinate of the rth footing’s
centroid. It follows that the free-surface motion associated with the following coupling points, with
r = 2 . . .5, has a magnitude attenuated by about 3.3 dB, 6.9 dB, 10.2 dB and 13.5 dB with respect to
Fig. 6.15 Power-flow analysis of the portal-frame building (benchmark #2) subjected to an input
motion ûf associated with a Rayleigh wave. The unisolated (left) and isolated (right) configurations
of the building are examined with the coloured scale referring to the total mean-vibrational power
P̄j(x), at the location (x) of the jth element, as a percentage of the total mean-vibrational power
P̄b entering the unisolated or the isolated building, respectively, at its base. An isolation frequency
fS = 5 Hz and a slab foundation thickness of h = 1.5 m are considered.
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Fig. 6.16 Power-flow analysis of the portal-frame building (benchmark #2) subjected to an input
motion ûf associated with a Rayleigh wave. The unisolated (left) and isolated (right) configurations
of the building are examined with the coloured scale referring to the total mean-vibrational power
P̄j(x), at the location (x) of the jth element, as a percentage of the total mean-vibrational power P̄b
entering the unisolated or the isolated building, respectively, at its base. Lightly damped soil and
concrete are considered, with ηs = ηc = 0.01, resulting in a small variation on the magnitude of
the input motion across the footprint of the building. An isolation frequency fS = 5 Hz and a slab
foundation thickness of h = 1.5 m are considered.
the free-surface motion at the first footing’s centroid. By virtue of Equations 5.44, we understand that,
at least, the same order of attenuation is expected for the vertical and horizontal input motion ûf r at
the rth footing. This may explain, in qualitative terms, the power-flow analysis in Figure 6.15, with
an important share of power dissipated in the upstream part of the building. A comparative analysis
may be undertaken by considering a lower value of material damping in the soil ηs = 0.01 and in the
slab ηc = 0.01. Figure 6.16 shows the power-flow related to this case for the unisolated (left) and
isolated (right) building. In this case, the free-surface motion associated with the following coupling
points, with r = 2 . . .5, has a magnitude attenuated by, at most, 1.3 dB with respect to the free-surface
motion at the first footing’s centroid. As a result, the power-flow analysis shows a more uniform
distribution of the total mean-vibrational power at the coupling points, especially in the isolated case,
compared with the previous case in Figure 6.15. However, it should be stressed that the power-flow
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Fig. 6.17 (a) Comparison of the PFIG related to the mean-vibrational power entering the base of
the building, obtained for a damped (red lines) and a lightly damped (black lines) soil-foundation
system. The results for ηs = ηc = 0.1 are the same as those reported in Figure 6.14. (b) Comparison
of the PFIG as obtained by the design analysis framework with reference to a single-point coupling
model fW-bD for the rth coupling point and the result obtained with reference to the total mean-
vibrational power entering the series of dampers representing the building as a whole. An isolation
frequency fS = 5 Hz and a slab foundation thickness of h = 1.5 m are considered.
depends not only on the motion at the section considered, but also on the internal dynamic forces
at that point of the complex portal-frame structure (see Equation 6.4). Hence, the argument that,
for a sufficiently damped incident Rayleigh wave, the majority of the mean-vibrational power is
dissipated in the upstream part of the building can be only supported qualitatively on the basis that the
input motion across the footprint of the building varies significantly in magnitude.
It is instructive to compare the isolation performance obtained for the case of a lightly damped soil-
foundation system and the one investigated in Figure 6.14. Figure 6.17(a) shows such a comparison
in order to acknowledge the influence of the material and, potentially, of the radiation damping,
on the isolation performance. These, in general, deliver different magnitude levels of the input
motion at the coupling points for a given incident wave-field (i.e. for a given source of vibration).
While the latter may play an important role for the power-flow within the portal-frame building (as
seen in Figures 6.15 and 6.16), it does not seem to bear significance for the isolation performance.
Figure 6.17(a) shows maximum differences of the PFIG, between the two cases, in the order of
2 dB, at most. This indicates that, as long as the horizontal, vertical and rocking motion at a given
coupling point are in the same proportions and have the same phase difference, which depend on
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the particular source of vibration, no significant differences of the PFIG are found with regard to
having an input motion with a substantially different magnitude.
This last argument also indicates the validity of the design analysis framework as used to obtain
the PFIG in Figure 6.17(a) (thick lines). Even though the design framework refers to a single-point
coupling model as presented in Chapter 3, the staged approach presented schematically in Figure 6.2
is able to properly capture the added-foundation effect of the rigid footings (see Chapter 4 and 5) and
obtain the input motion for each footing with comparable proportions and phase differences between
the horizontal, vertical and rocking motion as the rigorous counterpart. Then, the use of the simplified
foundation-building model fW-bD, referring to any of the coupling points, provides, approximately,
the same value of the isolation performance (see Figure 6.17(b)). This is possible because of the
regularity of the portal-frame building considered in the reference problem, which basically ensures
the same added-building effect with respect to each footing. It should be noted that, for a general
building with different columns’ size and, perhaps, a different subdivision of the total mass amongst
the columns (i.e. different isolation stiffness for each bearing), the isolation performance with the
design analysis framework should be calculated with reference to the total mean-vibrational power
entering the series of dampers representing the building as a whole. This value is reported with
the label dampers in Figure 6.17(b) for the reference problem (benchmark #2 with the soil and the
slab lightly damped). As anticipated, the isolation performance calculated as such is equal to the
isolation performance referring to the single-point coupling model referring to any of the coupling
points. In the following the case of an obliquely incident P- or SV-wave is investigated in order to
assess how the isolation performance changes depending on the free-surface particle motion related to
different incident wave-fields.
6.4.4 The case of incident P- and SV-waves at an angle θV
Different incident P- and SV-waves are considered in the following: sub-horizontal (θV = π/8),
diagonal (θV = π/4) and sub-vertical (θV = 3π/8). They all involve a free-surface particle motion
that, in general, includes both horizontal and vertical motion. These in turn lead to a general input
motion ûf that includes horizontal, vertical and rocking motion of each rigid footing. Figure 6.18
shows the results for the PFIG, referring to the total mean-virbational power entering the building, for
(a) P-waves and (b) SV-waves with different values of the incidence angle θV . These are compared
with the results of the closed-form expression in Equation 3.73, which refers to a vertical input,
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Fig. 6.18 Comparison of the PFIG, related to the mean-vibrational power entering the base of the
building, obtained for incident (a) P- and (b) SV-waves at different angles θV . Reference values
of the PFIG for the case of normally incident P- (blue line) and SV-waves (red line), and for an
incident Rayleigh wave (green line) are also reported. An isolation frequency fS = 5 Hz and a slab
foundation thickness of h = 1.5 m are considered.
thus to the case of a P-wave at θV = π/2, and those obtained with the design analysis framework
for an incident Rayleigh wave (green line) and a normally incident SV-wave (red line). The PFIG
expressed by Equation 3.73 provides a reasonable lower bound for the isolation performance, as
obtained by the rigorous framework for both incident P-and SV-waves, up to about 150 Hz, with
an over-estimated performance of 4 dB, at most, for the considered wave-fields. At relatively high
frequencies, a reduced isolation performance is observed, especially for the case of incident SV-waves.
In the frequency range 150−250 Hz, a lower bound of the isolation performance may be given by the
results of the design framework for an incident Rayleigh wave (green line), with an over-estimated
performance of 6 dB, at most, for the considered wave-fields. It is interesting to notice that the
reduced attenuation and/or amplification at relatively low frequencies (around 50 Hz), obtained for
the case of SV-waves at θV = π/2, seems to be not relevant for incident P- and SV-waves at an
angle θV . The analysis of P- and SV-waves at different incidence angles shows that the results of
the isolation performance for the limit cases of a normally incident P-wave and an incident Rayleigh
wave, obtained via the design analysis framework, may be adopted as reference values for the design
of base-isolated buildings. This idea is tested in the following section with regard to an incident
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wave-field that is more representative of the induced ground-borne vibration from a localised source
on the free-surface.
6.4.5 The case of a localised source
Let us consider the case of a localised source represented by a forced-excitation at a distance dP from
the first footing of the building and applied on a surface rigid footing resting on the free-surface of the
concrete slab foundation overlying the ground. We assume that the forced-excitation is unaffected
by the coupling with the building, so that an external source is providing a given force P̂ on the











Because of the presence of the building, we can write:
f̂ ′b =−f̂b =−K̂b ûb (6.10)
with K̂b the dynamic stiffness matrix of the building condensed at its base, as already seen in
Chapter 3 and in Section 6.2.2. By substitution of Equation 6.10 into Equation 6.9, after some
algebraic manipulation, it is possible to relate the response at the base of the building ûb and the

















The first term in the squared brackets in Equation 6.11b provides the driving point response of the
loaded footing, whereas the second term is the contribution provided by the presence of the building,
thus representative of the source-receiver interaction. The response of the portal-frame building may
be calculated as described in Section 6.2.2 and in Chapter 3 starting from the response at its base
ûb induced by a force P̂ at the first footing. The latter is assumed in the form of a vertical load
P̂ = [0 P̂z 0]T . The resulting power-flow analysis for the unisolated and isolated portal-frame
building is reported in Figure 6.19 for an excitation frequency of 50 Hz. A qualitative comment can
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Fig. 6.19 Power-flow analysis of the reference portal-frame building (benchmark #2) with an
incident wave-field induced by a vertical load P̂z on a rigid footing at a distance dP = 5 m from the
upstream footing of the building. The power-flow analysis refers to a frequency of 50 Hz and to
the unisolated (left) and isolated (right) configuration of the portal-frame building. An isolation
frequency fS = 5 Hz and a slab foundation thickness of h = 1.5 m are considered.
be made in that the power-flow analysis is similar to the one obtained for the case of an incident
Rayleigh wave examined in Figure 6.15. This is because the localised forced-excitation induces, in
the far field, a Rayleigh wave with circular wave-front. The wave speed of the latter is generally
greater than the Rayleigh wave speed of the ground alone, as used for the incident wave-field in the
previous sections, and depends on the properties of the layered system composed of the concrete
slab overlying the ground.
Figure 6.20(a) shows the isolation performance of the reference portal-frame building (bench-
mark #2) for an isolation frequency fS = 5 Hz. The PFIG referring to the total mean-vibrational
power entering the base of the building (black line) and the PFIG referring to the power dissipated
in each room (gray lines) are calculated by means of the rigorous analysis framework. As seen for
the case of generally incident P- and SV-waves in Figure 6.18, the reference values referring to the
design Equation 3.73 for a vertical input and to the PFIG for a Rayleigh wave obtained with the
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Fig. 6.20 Isolation performance obtained for the reference problem (benchmark #2) subjected
to a vertical load applied on a surface, rigid footing at a distance dP = 5 m from the upstream
footing of the building. (a) Comparison of the PFIG entering the whole building (black line) and
the PFIG for each room of the portal-frame building (gray lines), as obtained by the rigorous
framework SMM-BEM-model-fB-bF. The value the limit IGz (blue line) for a vertical input, from
Equation 3.73, and the result of the PFIG for an incident Rayleigh wave obtained with the design
framework SMM-IM-model-fW-bD are shown for reference. An isolation frequency fS = 5 Hz and
a slab foundation thickness of h = 1.5 m are considered. (b) Comparison of the PFIG obtained by
means of the rigorous framework and the design Equation 3.73 for different values of the isolation
frequency fS = 5,10 and 15 Hz.
design framework provide a good lower bound for the isolation performance to be expected for the
case of a localised, vertical source of vibration. Moreover, Figure 6.20(b) shows the results obtained,
with reference to the rigorous analysis framework (black lines) and to the design Equation 3.73 (blue
lines), for the PFIG referring to different values of the isolation frequency fS = 5,10 and 15 Hz as
investigated in Section 3.5.3. It is clear that, in all cases, the design Equation 3.73 captures well
the trend of the isolation performance obtained with the rigorous framework, although the latter is
strongly dependent on frequency.
This section has provided some indication that the design analysis framework, as presented in
Section 6.1, may be a valid, simplified, staged approach for the design of base-isolated buildings with
reference to more realistic sources of vibration than the plane-wave excitation assumed in previous
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sections. Another important assumption regarding the slab foundation is tested in the following
section with the purpose of validating the design analysis framework for a surface foundation with
finite in-plane dimensions.
6.4.6 On the validity of the infinitely-large slab foundation model
In this section, the assumption of an infinitely-large slab foundation is tested by comparing the
results of the isolation performance for an incident Rayleigh wave, as obtained in the previous
Section 6.4.3, to those calculated by considering the 2D Model A of the finite plate as introduced
in Section 5.4. It has been acknowledged that the assumption of in-plane infinite extent for the slab
leads to an over-estimated added-foundation effect (see Section 5.4.3). Here, the interest lies in
the relative measure of the isolation performance, which, as seen in Chapter 3, strongly depends
on the impedance mismatch between the building and the soil-foundation system, and the isolation
and the building. It should be noted that, as it is clear from the diagrams in Figure 6.2 and 6.4, the
response of the unisolated and the isolated buildings is obtained starting from the same input motion
ûf , which is the result of the soil-foundation interaction under a given incident wave-field. Thus, the
comparison of results of the isolation performance with a finite or infinite slab foundation is aimed
at investigating how sensitive the isolation performance is to a change of the input motion due to
the modal response of the finite slab foundation. The response of the rigid footings ûf to incident
wave-fields can be calculated as in Section 5.4, where the added-foundation effect of the finite slab
is examined. The added-building effect can be then approached by considering the dynamic stiffness
K̂fP of the soil-foundation composed of the finite plate on the elastic and homogeneous half-space.
This can be obtained by:
• coupling the dynamic stiffness matrix of the plate model K̂pd (see Equation 5.50) to dynamic
stiffness matrix of the soil K̂s (see Equation 5.49) at the relevant degrees of freedom xE;
• condense the resulting stiffness matrix of the soil-foundation system to the degrees of freedom
of the footings xpF .





can be calculated, and the added-building effect and the response within the uniso-
lated and the isolated building may be approached, formally, as in Chapter 3 in Equations 3.4 and 3.5,
and Equations 3.41 and 3.42 respectively. Once the response of the building is retrieved, a power-flow
6.4 Base-Isolation performance for different incident wave-fields 221
analysis can be carried out, for both the unisolated and the isolated configurations, as described in
Section 6.4.1. The response referring to the rigorous approach with the finite plate is referenced in the
following as SMM-FEM-BEM-model-fP-bF.
Figure 6.21 shows the results of the PFIG for the whole building referring to the rigorous analysis
framework (blue line) and to the same rigorous approach with the exception of considering the finite
slab foundation (black line). Although differences of up to 10 dB are found for the two rigorous
solutions along the frequency spectrum, it appears that the overall trend, captured by the result of
the design analysis framework (green line), has not substantially changed. This supports, as long as
the relative measure of the isolation performance is concerned, the use of the infinitely-large slab
foundation model as adopted in both the design and the rigorous analysis framework. Moreover, the
results of Figure 6.21 show that not only the isolation performance is only marginally influenced by
Fig. 6.21 Comparison of the isolation performance, for the case of an incident Rayleigh wave,
in terms of the PFIG for the whole building referring to the rigorous analysis framework (blue
line) and to the same rigorous approach with the exception of considering the finite slab founda-
tion (black line). The results of the design analysis framework are also shown alongside with a
green line. Additionally (a) the IGx and the IGz referring to the mid-height of the columns and to
the mid-span of beams are shown together with (b) the PFIG referring to the power dissipated in
each room of the portal-frame building. An isolation frequency fS = 5 Hz and a slab foundation
thickness of h = 1.5 m are considered.
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Fig. 6.22 Comparison of the isolation performance, for normally incident (a) P- and (b) SV-waves,
in terms of the PFIG for the whole building referring to the rigorous analysis framework SMM-
BEM-model-fB-bF and to the same rigorous approach with the exception of considering the finite
slab foundation (SMM-FEM-BEM-model-fP-bF). The limit value of the IGz for a vertical in-
put (chained blue line), from Equation 3.73, is shown alongside the results for the incident P-wave,
while the result of the design analysis framework SMM-IM-model-fW-bD (chained red line) is
shown alongside the rigorous results for the incident SV-wave. An isolation frequency fS = 5 Hz
and a slab foundation thickness of h = 1.5 m are considered.
a change of the input motion ûf due to the modal response of the finite slab foundation, but also that
the latter provides the same order of magnitude for the soil-foundation impedance obtained with the
infinitely-large slab foundation model.
The values of the IG, along the horizontal and vertical directions, and the PFIG referring to the power
dissipated in each room of the portal-frame building are also shown in Figure 6.21. They do not
seem to add any additional understanding compared to the results shown in previous sections, if not
reiterating the significant spatial variability of the isolation performance with reference to a specific
location and/or room within the building.
Additional results are shown in Figure 6.22 for normally incident P- and SV-waves. The comparison
of the results of the rigorous solutions obtained with a finite plate or with an infinite slab foundation
gives differences of, at most, 9 dB and 4 dB for the case of a normally incident P- and SV-wave
respectively. This supports the argument that a surface foundation, representative of a concrete slab
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foundation beneath a building, can be treated as infinitely large for the purpose of the evaluation of the
isolation performance. The resulting comments on this and other aspects investigated in this chapter
are summarised in the following.
6.5 Conclusions
This chapter has presented a design analysis framework that adopts simplified models and methods
thoroughly investigated in Chapter 3, 4 and 5. The design framework has been used for the evaluation
of the isolation performance for a base-isolated building against ground-borne vibration, and it has
been tested against a rigorous analysis framework. The latter follows the same staged approach, for
the soil-foundation-building interaction, but this time adopting a rigorous Stiffness Matrix Method
and a Boundary Element Method (BEM) approach, presented in Chapter 4 and 5, to solve the added-
foundation effect and considers a Dynamic Stiffness Method (DSM) model of the portal-frame
building coupled to a BEM model of the soil-foundation system for solving the added-building
effect.
A first consideration relates to the latter. The design framework may, in principles, be used in the
context of absolute predictions of vibration levels, in conjunction with an accurate building model.
For this purpose, it has been shown that, although the overall trend of the added-building effect,
referring to different degrees of freedom, is clearly captured by the results of the design framework,
differences up to 15 dB with the rigorous counterpart may be found in certain frequency bands for
the portal-frame building referring to the reference problem introduced in Chapter 3. Thus, the use
of the design framework for capturing the soil-foundation-building interaction, with reference to the
response at the base of the building, is open to questions and it may represent an interesting topic for
further investigations.
Both the design and the rigorous frameworks have been then adopted for the evaluation of the
isolation performance. Unlike any absolute measure of vibration levels, this is a relative measure of
performance that it may be correctly captured by properly accounting for the foundation-building
impedance mismatch. This has been investigated with reference to the case of the portal-frame
building of benchmark #2, as presented in Chapter 3, for different incident wave-fields, in an effort
to validate the design framework. Preference has been given to the Power Flow Insertion Gain (PFIG)
as a scalar metric that is able to describe the isolation performance, which accounts for the general
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bending and axial motion associated with the complex response of a building. The Insertion Gain (IG),
describing the isolation performance in terms of attenuation of vibration levels at one location in
the building along one direction, has been also considered as a more traditional metric. It has been
demonstrated that the three limit scenarios of normally incident P- and SV-waves, and an incident
Rayleigh wave completely define the possible isolation performance that may be obtained with a more
general incident wave-field is considered. For the latter purpose, incident P- and SV-waves, at different
angles θV , have been considered as well as a localised vertical source in the vicinity of the building.
In all cases, a good match of the PFIG of the design framework has been observed when compared to
the results of the rigorous analysis framework. Moreover, the examined case of a normally incident
SV-wave has indicated a frequency-range for which amplifications of vibration levels may be obtained
with base-isolation. This trend has been shown to be hardly obtainable for incident wave-fields more
representative of ground-borne vibration. By comparison of the results of the design and the rigorous
analysis framework, it has been shown that the results of the isolation performance, obtained by the
design framework, for the case of an incident Rayleigh wave and a normally incident P-wave have the
potential to drive the design of base-isolated building for a large variety of incident wave-fields. In
particular, the closed-form expression, related to the design framework and obtained for the single
point-coupling model subject to a vertical input, of the Insertion Gain has been shown to provide a
valid approximation to the isolation performance for different incident wave-fields. This may have
profound implications on how base-isolated buildings are designed in practice, which nowadays
relies on the fallacious mass-on-a-spring model without accounting for the soil-foundation-building
interaction.
Finally, another important assumption of the design framework is tested in order to validate its
results in terms of isolation performance. The assumption of an infinitely-large slab foundation is
removed by solving the soil-foundation-building interaction via a FEM-BEM approach that considers a
finite 2D plate representative of the slab foundation. Although the infinite in-plane extent of the slab
foundation leads to a considerable over-estimation of the added-foundation effect (see Chapter 5),
the results in terms of the PFIG have demonstrated that this assumption does not greatly affect the
isolation performance. Possible differences with the results of the rigorous analysis framework have
been found in the order of 10 dB, or less, in certain bands along the frequency spectrum. However,
the isolation performance obtained with the design analysis framework has been shown to provide a
6.5 Conclusions 225
valuable trend of the frequency-dependent isolation performance obtained by the rigorous solution
with the finite slab foundation.

Chapter 7
A measurement campaign at South Bank,
London
This chapter describes a measurement campaign conducted at the Shell Centre redevelopment site
at South Bank, London. The discussion of the measurement results is general and aims at validating
the concepts of the added-foundation and the added-building effect as investigated in the previous part
of the thesis. A brief introduction of the construction site is given in the following before commenting
on the vibration levels registered during the several construction stages.
7.1 The construction site
The measurement campaign focuses on monitoring the vibration levels during the construction of
a building, which is part of the Shell Centre redevelopment site. The latter is composed of a mixture of
commercial and residential buildings together with a two-storey and a three-storey basement at the
north and south of the site respectively. The master-plan of the redevelopment involves the area of the
pre-existing “upstream” Shell Centre, completed in 1962 [217], and retains the 107 m high Shell Tower
while demolishing the original wing buildings to make space for the new ones. The site is situated
on the south bank of the Thames in the London Borough of Lambeth, and it is bounded by York Road
to the east, Chichely Street to the south, Jubilee Gardens to the west and the Waterloo-Charing Cross
viaduct to the north. Major transport hubs are present in the vicinity of the construction site, including
Waterloo Station. The Waterloo-Charing Cross viaduct, and the Bakerloo and the Northern line
tunnels, which run beneath the site, are the main sources of ground-borne vibration for the new,
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Fig. 7.1 (a) A plan view (derived from [218]) and (b) a 3D view of the underground railway
infrastructure at the Shell Centre redevelopment site.
and the existing, buildings on site. An illustrative plan view of the transportation infrastructure that
intersects the site is shown in Figure 7.1. The building highlighted in green is the case study building
for the measurement campaign. The complexity of both the redevelopment, its foundation system
and the Bakerloo and the Northern line tunnels are shown in a three-dimensional view as taken from a
report of the Structural Engineer, WSP Ltd [218].
The geotechnical aspects of the design are given by the Geotechnical Engineer, ARUP Ltd [4].
These are based on the results of the project-specific site investigation and on the geological
survey undertaken for the construction of the original Shell Centre. This, as described by Mea-
sor & Williams [217], consisted of 51 cased borings on land to various depths up to 40 m and an
additional 70 m deep boring beneath the Shell Tower to ascertain the presence of a chalk bedrock. The
resulting layered ground at the construction site is reported in Table 7.1. After an overall 7 m thick
layer of soft silty clay and sandy gravel, the London clay is the predominant layer under the site.
A detailed discussion on the design features of the original Shell Centre project was carried out by
Measor & Williams [217]. This gives a detailed insight into the operational difficulties of the project,
given the vicinity of the site to the river and to the underground tunnels. With regard to the latter, the
Bakerloo line tunnels run beneath the case study building as they did originally for the York wing
building of the Shell Centre. The tunnels are situated in the London clay layer, and the crown of the
upper tunnel is only just more than 2 m from the basement floor of the original Shell Centre (see
Figure 7.2). At the time, the foundation design philosophy focused on the protection of the tunnels











Table 7.1 Layering of the ground at the construction site as reported by the geotechnical engi-
neer [4]
from both construction operations (e.g. tunnel heave resulting from the ground excavation) and, in the
long term, from the additional loads from the buildings [217]. As seen in Figure 7.2, this was achieved
by the design of a complex basement infrastructure composed of peripheral retaining walls, a 1 m
thick slab foundation, deep concrete piles with enlarged bases that are able to bring the concentrated
loads into the London clay layer and away from the tunnel, and of pre-stressed concrete beams that
are able to transfer the loads across and away from the tunnels. The foundation design for the new
complex of buildings retains most of the basement infrastructure of the original Shell Centre, and
extends and/or modifies some parts for increasing the bearing capacity.
Fig. 7.2 Basement infrastructure of the original Shell Centre from Measor & Williams [217]:
(a) the original slab-piled foundation in the vicinity of the Bakerloo line tunnels; (b) the basement
infrastructure composed of the slab-piles foundation across the site and the pre-stressed concrete
beams transferring the loads away from the tunnels.
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The case study building is a 17-storey, steel-framed building with steel-concrete floors and a
glazed façade. The structural plan consists of a core of structural walls situated at the south, which is
able to bear horizontal loads, and perimetral columns on the west, north and east sides. There is a two-
storey basement beneath the ground floor, before reaching the foundation level (i.e. basement floor).
The foundation design for this building involves the construction of an additional slab foundation,
of about 1.3 m thickness, over the original 1 m thick slab, and additional bearing piles to support
the concentrated loadings from the new building. An important aspect of the building design relates
to its isolation against ground-borne vibration. This is achieved by isolating the structural core,
which is designed to rest on a floating-slab overlying an elastomeric layer at the foundation level,
and by isolating each individual column at the ground-floor level by means of rubber bearings.
After reviewing the main features of the construction site and the case-study building, the vibration
measurement objectives and planning are described in the following sections.
7.2 Objectives of the measurement campaign
The main objective of the measurement campaign is to corroborate the added-foundation and the
added-building effect, as observed in theory in this dissertation, by means of experimental evidence.
This is possible when the vibration levels, for the case-study as investigated here, are monitored during
the construction of the building. The measurement sessions, planned for the case-study, follow
the construction stages schematically shown in Figure 7.3: (a) the brown-field vibration levels are
registered after the in-situ construction of the new bearing piles through the existing slab-piled
foundation of the original Shell Centre; (b) part of the new slab foundation is cast over the existing
one; (c) the floating-slab is added over the area that is subsequently occupied by the structural core;
(d) the new slab foundation is completed over the remainder of the building’s footprint together
with the 2-storey basement and the concrete structural core; (e) the steelwork is erected; (f) the
glass façade is installed. It is clear that because of both the complexity of the construction process
and the peculiarity of the base-isolated building under investigation, the added-foundation and the
added-building effect do not correspond to the idealised scenario, as introduced in Section 3.1.2, of
a portal-frame building on a slab foundation of thickness h overlying an homogeneous half-space.
Nevertheless, an added-foundation effect, similar to that studied in Chapter 4 and 5, may be expected
for the construction stages referring to Figure 7.3(a) and (b), with the influence of the existing slab-
7.2 Objectives of the measurement campaign 231
Fig. 7.3 A schematic illustration of the construction stages and the associated measurement ses-
sions for the case study: (a) new piles are cast in-situ on the existing slab-pile foundation with the
resulting vibration levels w0; (b) part of the new concrete slab foundation is cast in-situ with the
resulting free-surface vibration levels wf1; (c) a floating-slab on a layer of elastomeric material is
built, for isolating the structural core, with the resulting free-surface vibration levels wf2; (d) after
the construction of the structural core, the vibration levels wb1 at the foundation-building interface;
(e) the structural steelwork is completed and the vibration levels are labelled wb2; (f) finally, the
façade is completed and the vibration levels wb3 are registered at the foundation-building interface.
piled foundation and of the new piles. The added-building effect, referring to the several construction
stages in Figure 7.3(d), (e) and (f), is that related to a base-isolated building, with the isolation of the
structural core at the basement level and the isolation of the individual columns at the ground level.
It is worth pointing out that the discussion assumes constant underground conditions with reference to
both the underground railways (e.g. no change in rail roughness) and the soil properties, which may
be altered by seasonal changes (e.g. saturation level dependent on the water table level).
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Fig. 7.4 Site configuration, for the case study building, for each measurement session at different
construction stages: (a) the stage preceding the addition of a concrete slab foundation over the
footprint of the structural core (dashed green line) and that of the entire building (chained red
line); (b) after the slab foundation has been cast in-situ and in preparation of the isolation of the
structural core by means of a elastomeric mat; (c) after the construction of a floating, concrete slab
over the footprint of the structural core; (d) after the construction of the 17-storey high structural
core; (e) after the completion of the concrete-steel work of the structural columns and floors, and
partial installation of the façade; (f) at the completion of the main structural work, including the
installation of the façade, but still with flooring work ongoing in the unfurnished building.
Figure 7.4 shows the same construction stages reported in Figure 7.3, but this time as pictures taken
on site from a camera installed on the Shell Tower (kindly provided by Canary Wharf Contractors Ltd)
for (a), (b) and (c), as pictures of the building taken from York road for (d) and (e), and as an image for
the completed building taken from a WSP report [219]. The approximate footprint for the structural
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core and for the case-study building are highlighted with a green and red line, respectively, in the
aerial pictures in Figure 7.4(a), (b) and (c). A brief description of the site configuration for each
measurement session is given, in chronological order, as follows:
• SBP 08/09/2016 - Measurement session on the 8th September 2016. The excavation activities
are finished next to the case-study building, but are still ongoing for the adjacent building. The
piling activities are finished for what concerns the area of the structural core footprint, but
they have not started yet for the rest of the case-study building’s footprint. This is because the
construction process will start with the structural core and will continue with the framed part
only when the core is completed. A drainage layer has been installed over the existing slab
with a covering layer of screed. The south part of the core footprint is already covered by the
reinforcing steel-bars of the new slab foundation;
• SBP 05/10/2016 - Measurement session on the 5th October 2016. The new slab foundation
has been cast over the structural core footprint and, partly, on the footprint of the case-study
building. The south-east part of the structural core footprint is covered with the elastomeric
layer used for the floating-slab beneath the core. Construction activities on site include the
installation of reinforcing steel-bars for the new slab foundation over the basement floor and
excavation activities in the adjacent area;
• SBP 23/10/2016 - Measurement session on the 23th October 2016. The floating-slab has been
cast over the footprint of the structural core. The south area of the latter is occupied by the
scaffolding for the two-storey basement. The new slab foundation has been cast over the
basement floor adjacent to the case-study building up to the Shell Tower, but an area on the east
side of the case-study building is still on the existing slab foundation, close to ongoing piling
operations for the adjacent building;
• SBP 12/04/2017 - Measurement session on the 12th April 2017. The structural core has been
completed, having reached the 17th storey. The two-storey basement levels have been completed
and the construction of the steelwork for the first and second storey is taking place;
• SBP 14/12/2017 - Measurement session on the 14th December 2017. The steelwork and the
concrete-steel floors have been completed for the 17-storey building. The installation of the
glazed façade is ongoing on the east side of the building.
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• SBP 07/11/2018 - Measurement session on the 7th November 2018. The installation of the
façade is completed and the flooring and the furnishing operations are taking place at the
ground-floor.
Although the description of the site during construction operations is far from being exhaustive, it
gives a glimpse of how complicated the construction site is and how vibration measurement sessions
may have several constraints because of the construction activities. Moreover, the several construction
stages do not take place in a orderly fashion, as idealised in Figure 7.3, but rather in an order that
optimises the construction site efficiency. The next section discusses the methodology adopted for
the vibration measurement sessions.
7.3 Methodology
An overview of the measurement plan is given in the following together with the methodology adopted
for the selection of train pass-by signals and their processing.
7.3.1 Measurement plan
The vibration measurements are taken across the south-north alignment of the case-study building,
following an imaginary line across the footprint of the building that meets, in plan, the Bakerloo line
tunnels running at the border of the building. Figure 7.5 illustrates the measurement plan with the
location of the Bakerloo line tunnels. Generally, at least four measurement locations are considered
across the structural core and one location at what will be the mid-span of the floor. Due to occasional
constraints at the construction site (e.g. inaccessible location and/or location occupied by stocked
material), the measurement locations may have been changed slightly from session to session. When-
ever possible, more than five measurement locations are adopted in order to have redundancy of
measurements, should any malfunctioning take place. For the sake of summarising the results, this
chapter refers to the measurement locations from channel 1 (Ch.1) to channel 5 (Ch.5), as reported
in Figure 7.5. Ideally, preference would be given to the locations closer to the tunnels, which are in
the north-east corner of the building. However, as can be seen from the pictures in Figure 7.4, this
area was hardly accessible during several sessions, thus preference was given to keeping a consistent
measurement alignment throughout the campaign, although further away from the tunnels.
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Fig. 7.5 Plan view of the alignment of the measurement locations within the case-study building.
Measurements are taken at a number of locations (usually 4 - channel #1 to #4) within the structural
core footprint and, where possible, at a location of what will be the mid-span floor (channel #5). An
approximate length-scale of the structural core width and the floor span is shown. The area, beneath
the building, occupied by the Bakerloo line tunnels is also reported, showing that the tunnels run
just along the border of the building for the chosen measurement alignment.
7.3.2 Data acquisition
Up to 8 high-sensitivity, ‘seismic’, accelerometers with a sensitivity of 10 V/g and a measuring
range of ±0.49 g (±5 V) have been used for the measurements. These have mounted on levelling,
steel plates on a three points support system, as shown in Figure 7.6. The data have been acquired
by a National Instruments acquisition system with a connected laptop. As it will be seen later in
Section 7.3.4, a sampling frequency of 2048 Hz has been assumed for properly investigating the
frequency range of interest up to 250 Hz. A last comment can be made on the logistics of the
measurement campaign: because of the weight and volume of the measuring instrumentation (cables
included), a minimum of two people were required. Moreover, the construction site is an ever-
evolving environment, which can change drastically in time, with possible presence of stocked tools
and materials at the locations of interest, and, in unfortunate situations, the presence of water due
to construction activities and/or weather conditions. Figure 7.6 shows two pictures taken during
the measurement session SBP 14/12/2017 at both the south side of the structural core at the ground
level (Figure 7.6(a)), and at the middle-span location of the +2 level (Figure 7.6(b)). In both cases, the
pictures show the set up of the alignment with 4 accelerometers along the structural core and one at
the mid-span of the steelwork.
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Fig. 7.6 An overview of the measurement alignment for the measurement session SBP 14/12/2017
and the associated accelerometer set up: (a) a view from the location of channel 1 at the ground
level and (b) a view from the location of channel 5 at +2 level.
7.3.3 The measurement campaign in numbers
The measurement campaign has a total of 10 measurement sessions. Six of them are discussed in this
chapter, while the remaining 4 relate to either an intermediate construction stage or to unsuccessful
attempts because of present construction activity on site. The measurements were taken at the end
of the working day so as to minimise the influence of any activities on site. Each measurement
session, as described in Section 7.2, has a number of measurement events. Each one of them refers
to an acceleration time-history with a maximum duration of 1 to 2 minutes . This is a requirement
introduced for keeping the size of the data files manageable and to ease the data processing. Typically,
it is possible to identify a number of passing trains (one to three train pass-bys) for each measurement
event. The first four measurement sessions (i.e. SBP 08/09/2016, SBP 05/10/2016, SBP 23/10/2016
and SBP 12/04/2017) refer to vibration levels taken at the level -2, which means two storeys below
ground level. The remaining two sessions, SBP 14/12/2017 and SBP 07/11/2018, have considered
measurements at levels -2, 0, +2 and +6 in order to observe the variation in vibration levels up the
height of the building. A first analysis of the measurement campaign can be carried out by looking
at the number of train pass-bys for each measurement session. The number N of the train pass-bys
for the first 4 measurement sessions is reported in Figure 7.7. These are shown on a histogram
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Fig. 7.7 Histogram of the peak-particle-acceleration (ppa) values of the first 4 measurement
sessions at -2 level.
according to the value of the peak-particle-acceleration (ppa), as a describing parameter for each
acceleration time-history. The first session, before the construction of the new slab foundation,
shows the majority of the pass-bys having ppa < 0.04 m/s2, but almost 25% of the recorded time-
histories have a larger value up to 0.16 m/s2. With the construction of the new slab foundation (SBP
05/10/2016), only about 10% of the pass-bys have a value of ppa greater than 0.04 m/s2, up to a
maximum value of 0.08 m/s2. After the construction of the floating slab (SBP 23/10/2016), 25 %
of the pass-bys have ppa values grater than 0.04 m/s2 up to a maximum of 0.07 m/s2. With the
construction of the structural core (SBP 12/04/2017), most of the recorded pass-bys have ppa values
smaller than 0.04 m/s2, with the exception of one acceleration time-history having ppa = 0.105 m/s2.
Although the ppa is a somewhat simple parameter, which conveys limited information of the vibration
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Fig. 7.8 Histogram representation of the distribution of the acceleration time-history for the mea-
surement sessions SBP 14/12/2017 and SBP 07/11/2018 according to the peak-particle-acceleration
values.
levels, it is possible to notice a reduction of the maximum peak-particle-acceleration values, for
sets of 50 to 80 recorded time-histories, during the construction of the foundation and the structural
core of the building. The time-histories considered here refer to the position of channel 3 (Ch.3) in
the measurement plan in Figure 7.5. A similar understanding follows from the data presented for
the measurement sessions SBP 14/12/2017 and SBP 07/11/2018 (see Figure 7.8), associated with
the construction of the steelwork and the façade respectively. The maximum value of ppa, at the
level -2, decreases, as the steelwork and the façade are installed, to a value 0.043 m/s2 and 0.031 m/s2
respectively. In general, a reduction of the ppa values is also observed for measurement locations at
the level +6, although this seems to be more significant for the completed building. After introducing
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the measurement campaign, the next section gives details on the more representative characteristics of
the train pass-bys in the frequency domain.
7.3.4 Summary of the data processing
This section provides a general overview of the processing tools adopted for analysing the acceleration
time-histories. First, the methodology adopted for the calculation of the Power Spectral Density (PSD)
and the third-octave band Root Mean Square (RMS) values, starting from an acceleration time-history,
is presented. Two measurement events are then discussed, each one taken as a whole. This gives
insights into how the train pass-bys have been selected from the raw data and into their features.
Finally, the vibration levels of the first measurement session are discussed before moving on to the
experimental added-foundation and added-building effects investigated in the following sections.
Calculation of the Power Spectral Density and RMS values
Let us start by considering a single acceleration time-history x(t), representative of a train pass-
by. This is available in the form of a finite sample data xr that is truncated from the raw data of
a measurement event. We want to discuss here the implications of deducing information about
the frequency content of the acceleration time-history, which is idealised as a random process, by
analysing the sample data. As stated by Newland [220], even assuming the random process to
Fig. 7.9 Acceleration time-history of a typical train pass-by of the measurement session
SBP 07/11/2018. A section of approximately constant level of acceleration is selected.
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be ergodic, which indicates any time-history to be representative of the infinite ensemble of the
random process (i.e. time averages equal to ensemble averages), there are errors related to having
a discrete time-history of finite length (i.e. sample data). Here, we shall not discuss the statistics of the
random process associated with the acceleration time-history of a train pass-by, but we will consider
the procedure defined by Newland [220] to calculate the Power Spectral Density (PSD) associated
with a sample data xr obtained from the measurements. The procedure considers the accuracy of
measurements by providing estimates of the PSD with a given accuracy at the cost of frequency
resolution. The details of the theoretical background will be not discussed here as they are available
in the relevant literature [220]. Figure 7.9 shows a typical acceleration time-history associated with
a possible train pass-by at the site during the measurement session SBP 07/11/2018 taken at level -2.
This is a discrete time series xr of N sample data with a duration T . Typically, for the train pass-by
recorded on site, the duration of the time series ranges from 10 to 16 seconds. This is a limitation
for the calculation of the PSD, since one would ideally increase the recorded time to increase the
frequency resolution and the accuracy of the measurements. Starting from this “fixed” parameter,
the procedure for the calculation of the PSD is given, as used in this dissertation and as reported by
Newland [220], in the following:
1. Estimate the frequency range of interest and the maximum frequency that can be obtained
from xr (i.e. Nyquist frequency). The maximum frequency of interest is fmax = 250 Hz, the
sampling frequency fs = 2048 Hz so that the Nyquist frequency fNyq = 1024Hz > 4 fmax. The
time sampling is ∆ = 1/ fs ≈ 4.9 ·10−4 s;
2. Decide the required accuracy for the measurement, defined by the ratio between the standard
deviation σ and the mean m of a measurement of spectral density. If σ/m is small there is
a high confidence that a sample measurement lies close to the mean value; Newland [220]
provides an approximate level of confidence associated with a spectral density estimate when
σ/m is known. This is based on the assumption that the spectral estimates can be expressed in
terms of k statistically independent Gaussian random variables. A Chi-square (χ2k ) probability
distribution with k statistical degree-of-freedom may be then associated with the true mean m.










and, consequently, the 95% confidence levels for the mean are given by:
0.637S0 < m < 1.843S0 (7.1)
which means that, given a measured spectral estimate S0, the true mean lies, with the 95% of
probability, in the range defined by Equation 7.1. For the processing of the data we choose
k = 20 and a related accuracy of σ/m = 0.3162 (see Newland [220]);
3. Estimate the required effective bandwidth, for the averaging scheme of the spectral estimates,




















with B(max)e and B
(min)
e defining the possible range of the frequency resolution of the calculated
PSDs depending on the duration of the analysed time-series xr;
4. Determine the number of data points N = T/∆ in xr;
5. Find the number of added zeros L to increase the number of data points to NFFT = N +L to the
nearest power of 2;








7. Execute the calculation procedure that can be found in the book of Newland [220] and that
gives Sx the discrete series of spectral coefficients of the discrete time series xr;
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10. Carry out the smoothing of the spectrum by averaging (2n+1) adjacent estimates as described
by Newland:






S̃ ′x(ω( j+m)) (7.5)
11. Adjust the two-sided Power Spectral Density in the angular frequency ω j to the one-sided
PSD in cycles per second f j:
S̃n = (4π)S̃ ′n , S̃x = (4π)S̃
′
x (7.6)
The results in terms of the Power Spectal Density and the related third-octave band RMS values,
obtained with the above procedure, and referring to the time-history in Figure 7.9, are shown in
Figure 7.10. The PSDs S̃x and S̃n are shown together with the PSD S̃p calculated by means of the
pwelch function in MATLAB [35]. This implements Welch’s algorithm to calculate the PSD by
Fig. 7.10 Third-octave band Root Mean Square (RMS) values (left) and the related Power Spectral Den-
sity PSD (right) of an acceleration time-history representing a train pass-by. Two procedures are tested
for the calculation of the PSD: an average of adjacent spectral coefficients (see Newland [220]) or
Welch’s algorithm [221] as implemented in MATLAB [35].
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breaking the original time series in NW time windows. With no overlapping of the windows, the
statistical degrees of freedom of the chi-square distribution associated with the spectral estimates
are given by k = 2NW [221]. We can then obtain the same accuracy σ/m, of that used for S̃n, by
considering NW = 10 windows for the calculation of Sp. Moreover, in order to have comparable results,
no filtering window is applied to the time windows of sample data. It can be seen in Figure 7.10
that the agreement between the two procedures is excellent, with maximum differences in the RMS
values of up to 0.4 dB. This suggests that the use of one or the other procedure should not lead to
significant differences in ground-borne vibration problems, particularly when the aim is to monitor
for differences. The time-history obtained from several measurement events, and their frequency
content, are discussed in the following.
Train signatures
Different measurement events referring to the first and to the last measurement sessions, namely
SBP 08/09/2016 and SBP 07/11/2018, are considered here as examples of the different recorded
time-histories registered at the site. They refer to the basement floor level on the footprint of the
Fig. 7.11 Acceleration time-history and running third-octave band RMS values for a measurement
event of the SBP 08/09/2018 session: (a) comparison of the acceleration time-history and the
associated filtered time-histories in third-octave bands; (b) time-history of the third-octave band
RMS values calculated by truncating the original time-history in 50 time-windows.
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structural core, although the first is taken at the level of the existing slab foundation and the last at
the level of the floating-slab of the structural core (see Figure 7.3(a) and (f)).
Figure 7.11(a) shows the acceleration time-history (black line) of a measurement event of the first
session. A time-history of the third-octave band RMS values, obtained by sampling and processing
50 adjacent time-windows of the original signal, is shown alongside for observing changes in the
RMS values next to the signal of a possible passing train. Two train pass-bys are visible, both with a
rather high-frequency content. The first one has relatively low levels of associated RMS values with
predominant 315-400 Hz third-octave bands. The second has a significant frequency content for
the same bands, but a predominant content of the 200 Hz third-octave band together with important
levels in the 160 Hz and 250 Hz third-octave band. This is a frequency content that is more likely,
compared with the high frequency content in the 315 Hz and 400 Hz bands, to be representative of
trains passing underground. A similar range of frequency in the 63-250 Hz bands has been observed
by Brookes et al. [12] in measurements taken at the basement level of the Grand Central Recording
Studios, in London, and related to multiple underground train lines. Whether or not the high-frequency
content (315-400 Hz bands) may be actually representative of a passing train is open to questions, with
Fig. 7.12 Acceleration time history and running third-octave bands RMS values for a measurement
event of the SBP 07/11/2018 session: (a) comparison of the acceleration time-history and the
associated filtered time-histories in third-octave bands; (b) time-history of the third-octave band
RMS values calculated by truncating the original time-history in 50 time-windows.
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the possibility that it may be due to filtering/amplification effects, due to the complex underground
structure, and/or to operating machinery at the site, although it was registered none in the close
proximity to the measurement locations.
Figure 7.12 shows a similar plot, this time for a measurement event of the session SBP 07/11/18.
It is clear that the vibration levels are decreased from both the values of the ppa of the train pass-bys
and on the related third-octave band RMS values. A first train pass-by is registered with a high
frequency content in the 400 Hz band. RMS values in the 63 Hz, 80 Hz, 200 Hz and 315 Hz bands
are comparable at a level of 0.001-0.0015 m/s2. The second train pass-by is characterised by a clear
frequency content in the 100-125 Hz third-octave bands.
More examples of train pass-by measurements are shown in Figure 7.13 and 7.14 for measurement
events of the first and the last session respectively. The first one features two train pass-bys with
predominant third-octave bands of 63, 80 and 100 Hz, and 40, 63 and 80 Hz respectively. Both train
pass-bys have an absent or limited high-frequency content, conversely to what seen previously.
Three train pass-bys are visible in the measurement event of the last session. The first one has a
frequency content in the 63, 80, 100 and 125 Hz third-octave bands, with very low RMS values at
Fig. 7.13 Acceleration time history and running third-octave bands RMS values for a measurement
event of the SBP 08/09/2016 session: (a) comparison of the acceleration time-history and the
associated filtered time-histories in third-octave bands; (b) time-history of the third-octave band
RMS values calculated by truncating the original time-history in 50 time-windows.
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Fig. 7.14 Acceleration time history and running third-octave bands RMS values for a measurement
event of the SBP 07/11/2018 session: (a) comparison of the acceleration time-history and the
associated filtered time-histories in third-octave bands; (b) time-history of the third-octave band
RMS values calculated by truncating the original time-history in 50 time-windows.
higher frequencies. The second train pass-by has the same order of magnitude of the RMS values of
the first one in the 63-80 Hz, but it also has a significant RMS value in the 400 Hz third-octave band.
The third train pass-by has a quite broad band frequency content with a predominant RMS value in
the 400 Hz band.
From this qualitative analysis of the train pass-bys registered at the site, one can realise that it
is challenging to categorise them in different, distinctive train signatures. Indeed, this is something
that it is not attempted here. The interest lies on the variation of the vibration levels as the construction
of the building progresses. For this purpose, the train pass-bys that result in the highest levels of the
RMS values, in the third-octave bands from 40 Hz to 125 Hz, will be grouped together, as Group 1, to
represent the higher vibration levels to be expected on site. As discussed later, the high frequency
content beyond 125-150 Hz might be related to a local condition, rather then to an actual feature of
the underground trains. The remaining pass-bys belong to the Group 2 representing lower vibration
levels. The following section explains how this subdivision of the train pass-bys is carried out and
presents results for the first measurement session SBP 08/09/16.
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Brown-field measurements
A summary of the vibration levels, in terms of the RMS values in third-octave bands, for the
first session SBP 08/09/16 is presented here. This corresponds to the brown-field stage in which
the foundation and the building are yet to be constructed. The terminology brown-field indicates
that measurements are taken at a site strongly influenced by man-made structures. In practice,
measurements are taken at the free-surface of the existing slab foundation, of the original Shell Centre,
surrounded by the excavating ground, some basement structures and adjacent buildings (e.g. the
Shell Tower). The condition of an ideal construction site, without any surrounding structure, that is
known as green-field does not really apply here.
Based on the previous discussion about the different train signatures, the train pass-bys are
categorised, qualitatively, in two groups. We want to separate the main group of pass-bys (Group 1)
that have a significant frequency content in the range 40–125 Hz. This is done by considering the
RMS values in the pertinent third-octave bands (i.e. 40–125 Hz centre frequency), taking their mean
value RMS(mean)(i) 40–125 for each i
th train pass-by and dividing the train pass-bys in two groups:
• Group 1, in which each train pass-by satisfies the condition:
RMS(mean)(i) 40–125 > RMS
(mean)
(max) 40–125 −dBrange
• Group 2, the remaining train pass-bys that satisfy the condition:
RMS(mean)(i) 40–125 ≤ RMS
(mean)
(max) 40–125 −dBrange
with RMS(mean)(max) 40–125 the maximum among the RMS
(mean)
(i) 40–125 for all the train pass-bys of the session,
and dBrange a range arbitrarily chosen to obtain the two groups. Although this procedure is purely
arbitrary and based only on practical judgement, it provides a means of selecting the pass-bys that
have higher vibration levels in the frequency range of interest.
Figure 7.15 shows the third-octave bands RMS acceleration values and the PSDs estimates for
each group identified for channel 3 of the measurement session (see Figure 7.5). In agreement with
what seen before, a high-frequency content is present, which actually shows a large variability in the
PSDs estimates and the related third-octave bands RMS values. The value dBrange is taken as 6 dB.
The RMS values are shown in a boxplot, which provides, visually, statistics related to the finite set of
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Fig. 7.15 Third-octave band acceleration RMS (left) and PSD (right) values for train pass-bys of (a)
and (b) Group 1, and (c) and (d) Group 2 of the measurement session SBP 08/09/2016 obtained at
the location of channel 3 (see Figure 7.5). The average value of the estimated PSDs of the Npb train
pass-bys is shown in a black thick line with the upper and lower 95 % confidence levels, referring
to k = 20 statistical degrees of freedom, shown with a dashed and a dotted red line respectively.
Npb pass-bys for each third-octave band: the black-white circular marker and the stair-line provide
the median value, the bar provides the interquartile range (IQR) from the 25th to the 75th percentile,
the whiskers show any maximum and minimum value beyond the IQR, and circular markers beyond
the whiskers (if any) represent outliers. It should be noted that these statistics are inferred from the
value of each PSD estimate referring to a given pass-by of the analysed set (Group 1 and/or Group 2).
Any PSD estimate suffers not only from the measurement accuracy, as seen before, but also from
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the statistics of the random process itself (i.e. acceleration time-history), which are not discussed
here. However, just for reference, the confidence levels as obtained in Equation 7.1, referring to the
accuracy of the adopted procedure, are reported with a dashed and a dotted red lines starting from
the mean value (black line) obtained by averaging the PSDs estimate of the train pass-bys (gray
lines). A comment that can be made on Figure 7.15, confirmed by the results shown in those that
follow (Figure 7.16 and 7.17), is that Group 1 collects pass-bys with high-level acceleration and
Fig. 7.16 Third-octave band acceleration RMS (left) and PSD (right) values for train pass-bys of (a)
and (b) Group 1, and (c) and (d) Group 2 of the measurement session SBP 08/09/2016 obtained at
the location of channel 4 (see Figure 7.5). The average value of the estimated PSDs of the Npb train
pass-bys is shown in a black thick line with the upper and lower 95 % confidence levels, referring
to k = 20 statistical degrees of freedom, shown with a dashed and a dotted red line respectively.
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excellent repeatability of ±3 dB in the frequency range of interest, while Group 2 collects pass-bys
with low-level acceleration and high variability. This gives us an indication that the method adopted
for the subdivision can be qualitatively assumed appropriate.
It is instructive to investigate to what extent the vibration levels change along the measurement
alignment in Figure 7.5. Figure 7.16 and 7.17 show similar plots for the RMS and PSD values as
before, but this time for the locations at channel 4 and channel 1 respectively. The former is closer
Fig. 7.17 Third-octave band acceleration RMS (left) and PSD (right) values for train pass-bys of (a)
and (b) Group 1, and (c) and (d) Group 2 of the measurement session SBP 08/09/2016 obtained at
the location of channel 1 (see Figure 7.5). The average value of the estimated PSDs of the Npb train
pass-bys is shown in a black thick line with the upper and lower 95 % confidence levels, referring
to k = 20 statistical degrees of freedom, shown with a dashed and a dotted red line respectively.
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to the Bakerloo line while the latter is further away. Few comments can be made. First, in both
cases, the high-frequency content beyond 125 Hz has considerably reduced, if not disappeared. This
suggests that the high-frequency content, beyond 125–150 Hz, observed for channel 3 may be due
to an unknown phenomenon at that location rather than a feature of the running trains underground. In
both locations, channel 1 and channel 4, the frequency content, for the Group 1 of the train pass-bys,
is confined in the 40–125 third-octave bands, a feature common for underground trains [12]. Second,
there is a clear attenuation of the vibration levels from the north to the south side of the footprint of the
structural core. For instance, the RMS values in the 63 Hz third-octave band go from 54.5 dB, 49 dB
to 44.7 dB for channel 4, 3 and 1 respectively, with an overall attenuation of about 10 dB across the
measurement alignment on the footprint of the structural core, which is roughly 15 m long. The next
sections are dedicated to the investigation of the added-foundation and the added-building effect
by looking at the different measurement sessions, listed in Section 7.2, by adopting the procedure
summarised in this section.
7.4 Post-slab measurements: The Added-Foundation Effect
This section presents the measurement results of sessions SBP 05/10/2016 and SBP 23/10/2016,
after the construction of the new slab foundation and the floating-slab beneath the structural core,
respectively. The same procedure and methodology, summarised in the previous section, is followed
for obtaining the third-octave bands RMS acceleration values of the train pass-bys categorised in the
Group 1. This induces the highest level of vibration, and the interest lies in investigating how this
may vary during the construction of the foundation.
Figure 7.18 shows the results for the session SBP 05/10/2016 at the locations of channel 1 and
channel 4. A difference of about 5 dB is found for the RMS values in the 63 Hz third-octave band
between the two locations, which indicates a limited attenuation across the measurement alignment
compared to that obtained for the brown-field case examined earlier. Similar to that seen before, the
train pass-bys are characterised by a frequency content in the 40–160 Hz range. From the spectrum of
the third-octave band RMS values, a distinctive frequency content in the 500 Hz third-octave band
is present, probably due, as commented before, to a local feature rather than to characteristics of the
underground trains. The 63 Hz third-octave band is, also in this session, pre-dominant with levels of
about 44 dB and 48.5 dB at channel 1 and 4, respectively. Compared with that obtained in the last
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Fig. 7.18 Third-octave bands acceleration RMS (left) and PSD (right) values for train pass-bys
of Group 1 referring to (a) and (b) channel 1, and (c) and (d) channel 4 (see Figure 7.5) of the
measurement session SBP 05/10/2016. The average value of the estimated PSDs of the Npb train
pass-bys is shown in a black thick line with the upper and lower 95 % confidence levels, referring
to k = 20 statistical degrees of freedom, shown with a dashed and a dotted red line respectively.
section, this represents an attenuation of about 6 dB and less than 1 dB for locations closer and further
away from the Bakerloo line. This is a somewhat limited value of attenuation when compared with
the 10–20 dB attenuation obtained for the added-foundation effect examined in Section 5.4.3, with
reference to a numerical model of a finite slab foundation. This may be because of the increased
impedance provided by the existing, underlying 1 m thick, slab foundation and/or because of the
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Fig. 7.19 Third-octave bands acceleration RMS (left) and PSD (right) values for train pass-bys of
Group 1 referring to (a) and (b) channel 1, (c) and (d) channel 4, and (e) and (f) channel 5 (see Fig-
ure 7.5) of the measurement session SBP 23/10/2016. The average value of the estimated PSDs
of the Npb train pass-bys is shown in a black thick line with the upper and lower 95 % confidence
level (k = 20) shown with a dashed and a dotted red line respectively.
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incident wave-field from the underground trains, which hardly may be represented by a plane-wave
excitation.
Figure 7.19 shows the measurements results for the session SBP 23/10/2016 at the locations of
channel 1, 4 and 5 as in Figure 7.5. Channel 1 and 4 are situated on the floating-slab overlying an
elastomeric layer, which was installed on the new slab foundation (see Figure 7.4(b)), to isolate the
structural core. Channel 5 is installed as in Figure 7.5 on the area beyond the footprint of the structural
core and directly on the new slab foundation, which, at this point of the construction, has been cast
in-situ on this area. As before, we comment on the median RMS values in the 63 Hz third-octave
band by observing a value of 63.3 dB, 58.8 dB and 51.7 dB for channel 1, 4 and 5 respectively. Hence,
for the two locations on the floating-slab an amplification of about 20 dB and 10 dB is observed at the
locations of channel 1 and 4 respectively. This is because of the relatively soft elastomeric material,
which provides, effectively, a spring beneath the floating-slab that tends to amplify the vibration
levels in the frequency range of interest. However, the extent to which this occurs is challenging to
predict because of the particular incident wave-field from the underground trains, the complexity of
Fig. 7.20 Experimental Added-Foundation Effect for the case-study building during the construc-
tion of the foundation beneath the footprint of the structural core. A comparison of the third-octave
band RMS acceleration values, in dB, is obtained between different sessions: (a) after and before
the construction of the new slab foundation (SBP 05/10/2016 vs. SBP 08/09/2016), (b) after and
before the construction of the floating-slab (SBP 23/10/2016 vs. SBP 05/10/2016) and (c) after
and before the construction the foundation system for the structural core (SBP 23/10/2016 vs.
SBP 08/09/2016). The results with reference to different locations, at the footprint of the structural
core (-2 level), are shown with a solid line (Ch.4), dashed line (Ch.3), chained line (Ch.2) and
dotted line (Ch.1) (see Figure 7.5).
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the foundation structure (mass, stiffness and damping) and the different elastomeric materials, used
on the footprint (see Figure 7.4), with variable properties.
An overview of the added-foundation effect is given in Figure 7.20, with reference to the different
construction stages of the foundation system of the structural core. The comparison is shown in
terms of the reduction and/or amplification of the third-octave band median RMS acceleration values
with respect to different measurement sessions. Figure 7.20(a) shows the difference obtained with
the construction of the new slab foundation. An attenuation of up to 10 dB is obtained for all the four
locations investigated across the footprint up to the 32 Hz third-octave band. At higher frequencies
the attenuation reduces until amplification occurs, especially at the locations Ch.1 and Ch.2 on the
south side of the footprint of the structural core (i.e. further away from the Bakerloo line).
Figure 7.20(b) shows the comparison of vibration levels after and before the construction of the
floating-slab, while Figure 7.20(c) provides the overall added-foundation effect provided by the
combination of the floating-slab overlying the new slab foundation. The results obtained for the added-
foundation effect of the floating-slab are of conceptual interest. It is clear that, although to a different
extent for the several locations, an amplification of the vibration levels up to about 20 dB is observed,
particularly in the 50, 63 and 80 Hz third-octave bands. This is a significant experimental evidence,
which suggests that the construction of a floating-slab, without any consecutively supported structure,
may be the cause of potential amplifications, which should be checked against in the frequency range
of interest. However, in our case, these are interim data that describe only the added-foundation effect.
The following step is the construction of the structural core with an associated added-building effect,
as explored in the next section.
7.5 Post-building measurements: The Added-Building Effect
A similar investigation to that of the last section can be carried out for sessions related to the
construction of the building. We want to acknowledge the added-building effect, as investigated in
Chapter 3 and 6, with reference to experimental measurements of vibration levels. These refer to
locations on the footprint of the structural core, at the basement level (i.e. -2 level). The reference
vibration levels are those of the measurement session SBP 23/10/2016, in which the construction of
the foundation system has been completed, but any parts of the building (e.g. core, steelwork, etc.)
are yet to be constructed. As the construction of the latter progresses, a change in vibration levels is to
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Fig. 7.21 Third-octave bands acceleration RMS (left) and PSD (right) values for train pass-bys
of Group 1 referring to (a) and (b) SBP 12/04/2017, (c) and (d) SBP 14/12/2017, and (e) and (f)
SBP 07/11/2018 (see Figure 7.3), all referring to the location of channel 1. The average value of the
estimated PSDs of the Npb train pass-bys is shown in a black thick line with the upper and lower
95 % confidence level (k = 20) shown with a dashed and a dotted red line respectively.
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be expected, generally an attenuation of vibration levels, as seen in Section 3.5.1 for the single-point
coupling model and in Section 6.3 for the portal-frame building.
Figure 7.21 shows the the resulting vibration levels in terms of the third-octave band RMS accelera-
tion values and the related PSDs for the measurement sessions: (a) and (b) after the construction of the
structural core (SBP 12/04/2017), (c) and (d) after the construction of the steelwork (SBP 14/12/2017),
and (e) and (f) after the installation of the façade (SBP 07/11/2018). For the latter, there are no
data available at the location of channel 4 due to a malfunctioning of the accelerometer. From
Figure 7.21, a qualitative comment can be made in that the frequency content is still visible within
the 63–80 Hz third-octave bands, although with sharpened peaks rather than the broader frequency
content previously observed in Figure 7.19(b). Starting from the 63 Hz median RMS value, observed
in the session SBP 23/10/2016, of 63.3 dB, the vibration levels in this band are reduced to 48 dB,
45.4 dB and 39 dB in the consecutive construction stages of the building. The added-building effect
can be then obtained, for the three measurement sessions involving the construction of the different
parts of the building, as the difference, in dB, of the median RMS vibration levels after construction
of the structural core, the steelwork and the façade, and the median RMS vibration levels of session
SBP 23/10/2016. This is shown in Figure 7.22, for the four locations under investigation. For the
Fig. 7.22 Experimental Added-Building Effect for the case-study building during the construction
of the structural core, the steelwork and the façade of the building. A comparison of the third-
octave band RMS acceleration values, in dB, is obtained between the relevant sessions and the
vibration levels of reference of session SBP 23/10/2016: (a) after the construction of the structural
core (SBP 12/04/2017), (b) after the construction of the steelwork (SBP 14/12/2017) and (c) after
the installation of the façade (SBP 07/11/2018). The results with reference to different locations, at
the footprint of the structural core (-2 level), are shown with a solid line (Ch.4), dashed line (Ch.3),
chained line (Ch.2) and dotted line (Ch.1) (see Figure 7.5).
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three construction stages, an incremental attenuation of the vibration levels is expected, although
the reduction is, in general, frequency-dependent. The construction of the structural core reduces
the vibration levels from 6 dB to 18 dB, with a better attenuation for locations further away from
the Bakerloo line (e.g. channel 1). An amplification and a limited attenuation are observed at the
80–100 Hz third-octave bands for channel 4 and channels 1–3 respectively. As the construction
progresses with the steelwork, the added-building effect provides an attenuation of levels for all the
third-octave bands of interest up to 160 Hz, although differences as large as 10 dB may be found
between the levels of different frequency-bands and/or the different locations examined. A similar
trend is observed for the completed building, with an increased attenuation of up to 24 dB for the
location further away from the Bakerloo line (channel 1). Figure 7.23 shows the added-building effect
referring to the completed building, as in Figure 7.22(c), but this time up to higher frequencies and by
reporting the spatial average of the median RMS acceleration values referring to the three considered
Fig. 7.23 Experimental Added-Building Effect for the case-study building. A comparison of
the third-octave band RMS acceleration values, in dB, is obtained between the measurement
session SBP 23/10/2016, before the construction of any part of the building, and the session
SBP 07/11/2018 with the completed building. The results with reference to different locations,
at the footprint of the structural core (-2 level), are shown with a dashed line (Ch.3), chained
line (Ch.2) and dotted line (Ch.1) (see Figure 7.5) and their average is reported with a red line.
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locations (channel 4 not shown because of a malfunctioning). From the results, with an attenuation
of up to 20 dB in the 63 Hz third octave band, we understand that the experimental added-building
effect, obtained for the case-study, provides a significantly greater attenuation of vibration levels
compared to that seen for a portal-frame building in Section 3.5.1 and 6.3. Let us consider the basic
expression of the added-building effect in Equation 3.51. This is governed by the impedance mismatch
at the foundation-building interface between the building and the foundation (i.e. K̂b/K̂f ). The reason
for a greater attenuation than expected may be then found by realising that, for this case study, we
may have a softer foundation system (because of the presence of the elastomeric layer) and a stiffer
building system, since we are considering structural walls instead of slender columns. The actual
configurations of the foundation and building systems leads then to an increased impedance mismatch
K̂b/K̂f and, consequently, to an increased added-building effect. An approximate idea of the actual
(vertical) impedance mismatch that may materialise in practice, with reference to the configuration
of the case-study, may be then obtained from Equation 3.51 as:
K̂b
K̂f
= 10α/20 −1 (7.7)
with α the amount of attenuation observed (in dB). From Figure 7.23, we observed that attenuation
values of 6, 12, 18, and 24 dB are possible within the frequency-range of interest, corresponding
approximately to a ratio K̂b/K̂f of 1, 3, 7 and 15 respectively. This suggests that, in practice, the
impedance mismatch, with reference to the structural core of the building, may vary considerably,
perhaps by one order of magnitude, within the frequency range of interest.
7.6 Conclusions
This chapter has reported the results of a measurement campaign undertaken at the Shell Centre re-
development site at South Bank, London. By describing the construction site and giving a summary of
the measurement plan, it has been shown that experimental measurements are considerably challeng-
ing to obtain, and to interpret, especially during the construction process of a building. Nonetheless,
by making any effort possible in keeping reference locations for the vibration measurements at all
the construction stages, it has been possible to report two main aspects of practical interest.
First, the added-foundation effect, as explored, in theory, in Chapter 4 and 5, has been observed
with reference to the construction of the new slab foundation over the existing slab foundation of the
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original Shell Centre. Although differences between locations and along the frequency spectrum are
important, a reduction of vibration levels of the order of 6 dB is observed for the lower part of the
frequency range of interest.
Second, the added-building effect, as observed, in theory, in Chapter 3 and 6, has been reported
with reference to locations at the footprint of the structural core of the building. A considerable
attenuation of vibration levels, in the range of approximately 6–24 dB, has been registered, indicating
that a significant impedance mismatch between the building and the foundation system may be present,
in practice, at the foundation-building interface on the basement level of the structural core.
Chapter 8
Conclusions and future work
This dissertation has explored the use of simplified methods and models for the definition of design
guidelines for base-isolated buildings against ground-borne vibration. A design analysis framework
has been suggested, which is intended to bring the practising engineer one step closer towards a
performance-based design of base-isolated buildings. This has the two-fold consequence of easing the
design and of interpreting results obtained by a more involved numerical model. Here, a summary
of the main concluding remarks is presented. For specific aspects the reader is redirected to the
conclusions of the relevant chapters. Comments on possible future research directions are also
summarised.
8.1 Conclusions
An important aspect presented throughout this dissertation is the role played by the soil-foundation-
building interaction in problems related to ground-borne vibration of buildings. This has been broken
down into several parts for the pursuit of a design analysis framework for base-isolated buildings
against ground-borne vibration. This has been possible by referring to a general design scenario
with a surface foundation and a portal-frame building. In the following, general conclusions are
presented for the isolation performance of a base-isolated building (Chapter 3 and 6), and for the
added-foundation (Chapter 4 and 5) and the added-building effects (Chapter 3 and 6).
262 Conclusions and future work
Isolation performance: a conclusion
A first-principles approach has been adopted for evaluating the isolation performance associated with a
portal-frame building. Thanks to the introduction of a general single-point coupling model, useful in-
sights have been deduced for the response of base-isolated buildings. First, as an extension of the work
of Talbot [33], the equivalence of the Insertion Gain (IG) to the Power Flow Insertion Gain (PFIG)
has been proved for the case of a purely vertical input. Although the result refers to the single-point
coupling model, the equivalence has been observed also for the examined portal-frame building,
subject to in-phase vertical input, in a frequency-range where the axial response of columns dominates.
This supports the use of the PFIG as a valid alternative to the IG as a metric of isolation performance.
An important design consideration has been made on the basis of the tractable results referring
to the single-point coupling model subject to vertical input: the isolation performance does not depend
strictly on the isolation frequency, as deduced by the mass-on-a-spring model, but rather on the
impedance mismatch between the building and the foundation, and between the building and the
isolation system at the foundation-building interface.
In addition, a simplified foundation-building model has been adopted in the form of a cone model
for the foundation, and a damper for the building at each coupling point of the foundation-building
system. By considering the cone-damper model subject to a vertical input, a closed-form expression
has been obtained for the isolation performance in terms of the PFIG. This has been tested against
the results of a rigorous base-isolated building subjected to different incident wave-fields including
the case of a vertical, localised source at the free-surface. The results suggest that the closed-form
expression captures the trend of the isolation performance along the frequency spectrum. Thus, the
closed-form expression may serve as a guideline for hand-calculations of the isolation performance
during preliminary design considerations.
On the other hand, the design analysis framework, based on the cone-damper model, may be used
in a more advanced stage of the design. By comparison with a rigorous foundation-building model,
it has been shown that the design framework is able to properly capture the frequency-dependency
of the isolation performance, in terms of the PFIG, for several incident wave-fields in the form of
P-, SV- and Rayleigh waves.
Valuable design considerations have been presented involving the design of the isolation system,
the building and the foundation of base-isolated buildings. In particular, the choice of a relatively
soft or stiff isolation system (equivalent to fS = 5 Hz or fS = 15 Hz), may lead to differences in the
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isolation performance up to 17 dB in the frequency-range of interest. This conclusion is in agreement
with what found by Talbot [33]. Although this result refers to the single-point coupling model for a
purely vertical input, it has been shown that it is indicative also for the case of a localised source, as
suggested by the results of the rigorous framework.
A final conclusion refers to the results of the rigorous analysis framework. It has been shown that
relevant variability of the isolation performance is obtained when considering the mean vibrational
power dissipated in different sub-domains of the building (i.e. different rooms). This is something
to consider: even by using deterministic values for the different parameters involved in the problem,
the performance of a given isolation-system should be associated with a frequency-dependent range
of values rather than a single frequency-dependent value.
The added-foundation and the added-building effects
An important part of the thesis has been dedicated to the added-foundation effect of surface foundations
subjected to incident, plane wave-fields. The extent to which the incident wave-field is influenced
by the addition of a concrete slab foundation has been examined by a wave-based approach. It has
been shown that the thickness of the slab and the coincidence phenomenon are the main aspects that
drive the attenuation of the vibration levels. It has been also demonstrated that the through-thickness
effects may be relevant in the frequency-range of interest. This clearly shows that the thin-plate
theory alone is insufficient for modelling the effect of a slab foundation. Furthermore, models that
assume a relaxed boundary condition at the soil-slab interface have been found to underestimate the
attenuation provided for the vertical vibration at the free-surface by 5 to 10 dB in the case of Rayleigh
wave excitation. In addition, results of the added-foundation effect are presented for different incident
wave-fields showing that the attenuation of vibration levels is more significant for surface waves
than for body waves.
With reference to the response at subsequent coupling points (with the building) at the free-
surface of the infinitely-large slab foundation, it has been shown that Iguchi’s method is an excellent
alternative to the rigorous BEM approach. The limitations of the adoption of this approximate
method for obtaining input motions in ground-borne vibration of buildings have been explored for
different incident wave-fields. It can be concluded that the kinematic interaction is governed by the
horizontal-wavelength (λx) to the footing-dimension (2b) ratio. By comparison with rigorous results,
a rule-of-thumb of λx/b > π has been defined for the use of Iguchi’s method. As a result, this strategy
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is more suited for incident body-waves and care must be taken when adopting it with an incident
Rayleigh wave at relatively high frequencies.
Further investigation on the added-foundation effect of a slab foundation of finite dimensions has
shown that the infinitely-large assumption for the foundation leads to overestimating the provided
attenuation. This suggests that, as far as the soil-foundation interaction is concerned, the foundation
system, with all its features, has to be appropriately described by three-dimensional models. On the
other hand, the isolation performance obtained via the design framework has been proven to be in
good agreement with the rigorous counterpart referring to the finite slab foundation model. This
suggests that the in-plane infinite extent assumption for the slab foundation may be deemed valid
for the evaluation of relative measures of performance (e.g. PFIG associated with a base-isolated
building).
An additional aspect investigated in this dissertation is the influence of adding a building to
pre-existing vibration levels at the foundation level. It has been shown that, although there are
numerous simplifying assumptions associated with the cone-damper model of the design framework,
the overall added-building effect is well-captured for the horizontal, vertical and rocking degrees of
freedom. The extent to which this may be satisfactory for absolute predictions of vibration levels
depends greatly on the modal behaviour exhibited by the building. Discrepancies in the added-building
effect in certain frequency bands may be found in the order of 15 dB, and this may change considerably
on a case-to-case bases.
A final comment relates to the experimental work undertaken at South Bank, London. The added-
foundation effect and the added-building effect have been captured experimentally with reference to
the level at the basement. It has been shown that the insertion of an elastomeric material, beneath
the floating-slab, introduces potential amplifications that may fall in the frequency-range of interest.
In the examined practical case, the addition of a floating slab has been followed by the construction of
the building. This has reduced the vibration levels as a result of the added-building effect.
8.2 Future work
Following the concluding remarks, some recommendations for further work can be given. The design
and the rigorous analysis framework have been set up in the form of a general staged-approach. This
allows a more representative incident wave-field of train-induced vibration to be readily considered.
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This can be part of further investigation with the use, for instance, of the PiP model for obtaining
an incident wave-field from an underground train and for evaluating the isolation performance by
following the analysis framework presented in this dissertation.
So far, the design analysis framework has been set up for surface foundations and for portal-
frame buildings. An important extension would be to consider the influence of different foundation
typologies (e.g. pile foundations) and different structural components such as a structural core and/or
partitions within the building, both features that are typically found in practice.
A feature observed by means of the rigorous analysis framework is the spatial variability of
the isolation performance, both in terms of the IG and, to a lesser extent, the PFIG. A further
development in this direction would require the consideration of a three-dimensional building model
to study the effect of the increased modal density on the spatial variability of these two metrics.
Further investigations are required to ascertain the range in which these metrics can vary within the
building domain.
A disadvantage of considering a high-fidelity model for the foundation is an involved numerical
approach that has a high computational cost and can hardly be used for design purposes. In this
context, further work is required to seek alternative, efficient routes to solve the added-foundation
effect, still considering the three-dimensional features of the foundation.
A different, but related, topic of interest is the consideration of the added-foundation effect for
additional types of foundations, for instance, embedded foundations (i.e. basements) and/or piled
foundations. The latter are the subject of current research in Cambridge with the development of
an efficient, numerical approach to tackle the source-soil-foundation interaction in ground-borne
vibration problems.
It has been seen that, in principle, the added-foundation effect and the added-building effect may
be evaluated by rather simplified methods and models. This could be the focus of further research
in order to adopt the design analysis framework for the prediction of absolute vibration levels. For
this purpose, the cone-damper model remains to be tested for the added-building effect, while an
alternative method for addressing the added-foundation effect needs to be identified.
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In the following, a summary of two examples of well-established simplified foundation models is
presented: the cone model for a rigid, surface foundation and/or footing and the Novak’s pile model as
an example of a deep foundation. The former are used extensively throughout the dissertation while
the latter is adopted comparatively in Chapter 3.
A.1 Cone foundation models
The necessity of dynamic modelling of foundations is often encountered in the context of earthquake-
related problems in which the dimension of the entire surface foundation (i.e. slab foundation) is
relatively small compared to the wavelength of the excitation. As a result, research efforts have
considered the assumption of a rigid response for the foundation. A simplified approach for obtaining
the dynamic stiffness of such foundation system is based on a strength-of-material approach and dates
back to Ehlers [169] for the case of vertical motion. Substantial contributions to the so-called cone
model [87] of a rigid foundation have been made by several researchers over the years. A thorough
review of the cone model is reported by Wolf [84] with application to foundation vibration analysis.
The cone model of a rigid foundation is based on the following assumptions:
• the soil-foundation interface is regarded as a massless base-mat to which a rigid motion is
imposed;
• the soil is idealised, for each degree of freedom, as a truncated semi-infinite, homogeneous,
linear-elastic cone with its apex at z0 from the rigid foundation as illustrated in Figure 3.4;
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• the cone is regarded as a tapered rod with the displacement in a cross-section at z defined by the
corresponding value at its axis (i.e. plane sections remain plane).
A.1.1 Dynamic stiffness of a rigid foundation in vertical direction
With the assumptions as above, let us consider the dynamic force-response relationship in vertical
direction for a cone model of a circular disk of radius r0 as represented in Figure. This is done by
examining the equilibrium of the truncated cone in the static and dynamic case.
Static case




















with E the Young’s modulus, N(z) and A(z) the compressive internal force and the cross-section area


























For a rigid motion of the foundation w0 at z0, the radiation condition at z → ∞ of null displacement
w(∞) = 0 provides the constant C2 = 0 so that C1 = z0w0. The decrement of the displacement along
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w0 = K(st)f z w0 (A.6)
with K(st)f z the vertical static stiffness of the rigid foundation on the soil idealised as a truncated cone.
The apex distance z0 is found by imposing the equality of K
(st)






The geometry of the cone model is then defined for convergence to the exact solution as the frequency
tends to zero. The dynamic equilibrium can be then investigated to establish the frequency dependency
of the vertical stiffness of the foundation.
Dynamic case







with t the time variable and ρs the soil density. For the assumption of the cone model as a tapered
bar, the compressional wave speed can be found as VP =
√
E/ρs. By consideration of the latter and














The solution of Equation A.9 may be expressed in the d’Alambert form:
zw(z, t) = z0 f
(










where f and g are waves that propagate in the positive and negative direction respectively. Focussing
on the response due to a displacement w(z0, t) = w0(t) and considering the unbound domain of the
cone model, there is no incoming wave g and the outgoing wave f defines the response. For z = z0
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Equation A.10 reduces the the following identity:
w0(t) = f (t)
which provides the unknown function f representing the propagating wave. Substituting the latter
back into Equation A.10, one can write:








The external force f0(t) may be found as in Equation A.6, this time with reference to the motion in




















where the differentiation denoted with ′ is in the variable
(
t − (z− z0)/VP
)
. At z = z0 the velocity


























The force-response relationship in Equation A.13 is indicative of the spring K and damper C constants
associated with the displacement w0 and the velocity dw0/dt respectively. By considering a time-
harmonic excitation of the kind w0(t) = ŵ0(ω)eiωt , with ω the angular frequency, Equation A.13
may be reformulated as:
f̂0(ω) = K(st)f z
[
k f z(ω)+ iω c f z(ω)
]
ŵ0(ω) = K̂ f z(ω) ŵ0(ω) (A.14)
Equation A.14 shows the general form of the time-harmonic force-response relationship with reference
to frequency-dependent spring k f z and the damping c f z coefficients that are conveniently scaled by the
static stiffness K(st)f z . By comparison of the latter with Equation A.13, it is evident that the cone model
provides frequency-independent spring and damping coefficients. The vertical dynamic stiffness at
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high-frequencies may be obtained as:
lim
ω→∞
K̂ f z(ω) = iω K
(st)
f z c f z = iωρsVPA0 (A.15)
This is indicative of the high-frequency behaviour of the cone model as an elastic bar, which acts as
a damper that dissipates the energy associated with the excitation at z = z0.
Equations A.7 and A.15 are representative of the limiting values of the vertical dynamic stiffness of
a rigid foundation at low and high frequencies respectively. The cone model is then based on this
doubly-asymptotic assumption that is reasonably valid by comparison of a more rigorous solution
(see Section 3.2). In general, the spring k f z and the damping c f z coefficients, associated with a
rigorous solution of a rigid foundation, are not constants along the frequency spectrum. In particular,
the cone models represent a better approximation in case of compressible soils (νs ≤ 3). For nearly
incompressible soils the cone model approximation works well only at low relatively low frequencies;
moreover, a trapped mass effect and a different wave propagation speed must be accounted for in
this case (see Section 3.2).
A.1.2 Dynamic stiffness matrix for a rigid foundation
Similarly to the previous discussion for the vertical motion, cone models can be obtained for the
horizontal and rocking motion of the rigid foundation. The reader is redirected to the book of
Wolf [84] for a review of the complete formulation. Here the properties of the cone models for the
horizontal, vertical and rocking motion of a rigid foundation are reported in Table A.1 as they are
implemented and used in this dissertation. Formulae for the approximate static stiffness, the spring
and the damping coefficients are also reported in Table A.2 with reference to a rectangular rigid
foundation of half-width b (along x) and c (along y), and to the customary dimensionless frequency
a0 = ωr0/Vs. Summarising, the force-response relationship for a rigid foundation by means of the
cone model can be written as:
ŝ0(a0) = K̂ f x(a0) û0(a0) = K(st)f x
[
k f x(a0)+ ia0c f x(a0)
]
û0(a0) (A.16a)
f̂0(a0) = K̂ f z(a0) ŵ0(a0) = K(st)f z
[
k f z(a0)+ ia0c f z(a0)
]
ŵ0(a0) (A.16b)
q̂0(a0) = K̂ f ϕ(a0)ϕ̂0(a0) = K(st)f ϕ
[
k f ϕ(a0)+ ia0c f ϕ(a0)
]
ϕ̂0(a0) (A.16c)
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Table A.1 Cone models properties for the horizontal, vertical and rocking motion of a rigid founda-
tion with area A0, polar moment of inertia I0 resting on a soil with Poisson’s ratio νs and shear wave
speed VS.
Motion Static Stiffness spring coeff. damping coeff.















































Table A.2 Expressions for the static stiffness K(st.)f , the spring k f and the damping c f coefficients for
a rectangular rigid foundation.
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A.1.3 Dynamic stiffness of a rigid footing in vertical direction
Based on previous results, a simplified force-response relationship can be established for the case
of a rigid footing. The wave pattern is simplified by means of an unfolded cone model. Firstly, the
underlying half-space is assumed to be rigid (i.e. bedrock, see Figure 3.7a) so that wave reflections
are expected at the interface. This assumption is then removed (see Figure 3.7b) for obtaining an
expression of a refraction coefficient for the wave propagating into the half-space.
Case of elastic layer on rigid bedrock
Additionally to what seen for the cone model in Section A.1.1, the unfolded cone model in Figure 3.7a
accounts for:
• decay of waves as they propagate away from the footing within the layer;
• reflections at both the interface and the free-surface.



















with w̄0 referring to the displacement of the equivalent cone model (i.e. thickness h of the layer
assumed infinite), and V the wave speed according to Table A.1. In general for superposition of






with wi the displacement referring to the equivalent semi-infinite cone models with apex i, as illustrated
by the unfolded cone models in Figure 3.7a. Figure A.1 shows a more convenient representation
with the cones referring to the different boundary conditions unfolded in a single layered cone.
Equation A.18 may be written in terms of wave amplitudes f and g that are both propagating
























The actual propagation of waves within the layer is restored by the change of variables into the global
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Fig. A.1 Unfolded layered cone model for a rigid footing on an elastic layer of thickness h resting
on a rigid bedrock.
coordinate z as schematically reported in Figure A.1. Moreover, substituting Equation A.17 into
Equation A.19:
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By ensuring compatibility of displacements at the free-surface and null displacement at fixed boundary
for each wave reflection, one can write:
g(2j) = (−1) f(2j−1) at the fixed boundary (A.21)
f(2j+1) = g(2j) at the free boundary (A.22)
By consideration of the latter into Equation A.20, the wave amplitudes can be traced back to f1(t)
that is equal to w̄0(t). The following general expression is obtained for the displacement within the
layer:
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The process of generating waves due to reflections is infinite. However, the unfolded layered
cone model in Figure A.1 demonstrates that late reflections may contribute marginally to the total
displacement by virtue of the general solution in Equation A.11: an increase of the z coordinate will
result in a decrease in displacement amplitude and radiation in the horizontal direction of the layer.





(−1) j w̄0(t − jT )
1+ jκ
(A.24)
with the time constant T = 2h/V and the space constant κ = 2h/z0. Introducing echo constants ε j, a










for j ≥ 1
(A.25)
A Fourier transformation of Equation A.25 by virtue of the time-shift theorem provides a relationship





ε j e−i jωT ˆ̄w0(ω) (A.26)



































= K(st)f z S(ω) ŵ0(ω) = K̂ f z(ω) ŵ0(ω)
(A.28)
The dynamic stiffness K̂ f z(ω) for the rigid footing on a layer resting on a bedrock is obtained from
the static stiffness K(st)f z of an equivalent rigid foundation (see A.2) and from a dynamic factor S(ω)
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that accounts for the multiple reflections and radiation of energy within the layer in agreement with
the model assumptions discussed in this section.
Case of elastic layer on elastic half-space
The fixed-boundary adopted at the rigid bedrock may be relaxed in order to account for the presence of
an elastic half-space with different properties from the layer. The boundary condition in Equation A.21







The reflection coefficient for the j reflection can be obtained by ensuring equilibrium and compatibility
for the first reflection. Wolf argues that the more rigorous procedure of a reflection coefficient
dependent on j is not necessary [84].
The presence of the elastic half-space may be then accounted for by substitution of the factor
(−1) j in Equation A.28 with the factor (−α(ω)) j.
A.1.4 Dynamic stiffness matrix for a rigid footing
The horizontal, vertical and rocking dynamic stiffness terms for a rigid footing on an elastic layer of
thickness h resting on an elastic half-space (see Figure 3.7b) are reported in the following. Formally,
the expressions are the same for the horizontal and vertical motion, given that the appropriate static
stiffness and wave speed are adopted from Table A.1 and A.2. Different formulas for S(ω) and α(ω)
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The dynamic stiffness, in terms of the dimensionless frequency a0, for the horizontal and vertical
motion may be written:
ŝ0(a0) = K(st)f x Sx(a0) û0(a0) = K̂ f x(a0) û0(a0) (A.32)

































































































ρsV 2s (z0c +h)
(A.35)
The dynamic stiffness for the rocking case may be written as:
q̂0(a0) = K(st)f ϕ Sϕ(a0)ϕ̂0(a0) = K̂ f ϕ(a0)ϕ̂0(a0) (A.36)
A.2 Novak’s pile
In Chapter 3, a simplified model for the vertical vibration of a single pile foundation is adopted
for sake of comparison with the rigid footing and rigid foundation models. The pile model used is
also known in literature as the Novak’s pile [223, 224] from the author who first introduced it. The
model assumes that the reactions provided by the surrounding soil, during the vertical vibration of
the pile, may be obtained by assuming each infinitesimal portion of the pile to behave rigidly and
independently. It follows that the reaction provided by the soil per unit length of the pile may be
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obtained by the analytical solution of anti-plane motion of an infinitely-long, rigid, cylindrical cavity
in a full-space. The force per unit length of the rigid cavity required to sustain a unit amplitude motion





with H(2)n the Hankel functions of the second kind of order n. By modelling a finite pile as a bar, the
governing equation for the axial vibration in Appendix B.1a, with the element aligned along the z axis







−GsSww = 0 (A.38)
with Ep,Ap,ρp the Young’s modulus, the cross-sectional area and the density of the pile, ans Gs the
shear modulus of the surrounding soil. Assuming a time-harmonic response of the type w(z, t) =
ŵ(z,ω)eiωt , the solution of Equation A.38 may be found as:









−1, with the dependence of frequency ω omitted in the following and expressed by the
symbol ‘ˆ’ in the following. The interest lies on the dynamic stiffness at the pile-head for coupling
the foundation model to a building, as seen in Chapter 3. Assuming the origin of the local reference





with f̂d the force transmitted at the lower end of the pile to the underlying soil and Lp the pile’s
length. Consistently with the assumption of the surrounding soil responding as a series of independent,
infinitely-thin horizontal layers, the reaction at the lower-tip of the pile may be retrieved from the
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impedance of a rigid disk of area Ap on an elastic half-space of properties ρbr,Vbr,νbr. The force on
the disk required for the motion at the lower-end of the pile may be expressed as:
f̂d = K̂dŵ(0) (A.42)
By consideration of the derivative of Equation A.39 as:
∂w
∂ z
= ikp(c1 eikpz − c2 e−ikpz) (A.43)






=−EpApikp(c1 − c2) (A.44)
and, by substitution, the boundary conditions give the system of equations for the two unknown
constant: 
c1 eikpLp + c2 e−ikpLp = 1
EpApikp(c1 − c2) = K̂d(c1 + c2)
(A.45)
After some algebra, the system of equations can be solved to give the force at the pile-head required
for a unit motion, which is the dynamic stiffness of interest:
K̂fPz =−EpApkp
(
EpApkp sin(kpLp)− K̂d cos(kpLp)
EpApkp cos(kpLp)+ K̂d sin(kpLp)
)
(A.46)
The dynamic stiffness for a floating pile, which considers a free lower-end, can be obtained from
Equation A.46 by setting K̂d = 0:
K̂ (free-end)fPz =−EpApkp tan(kpLp) (A.47)
which is formally in agreement with the dynamic stiffness at the base of a free-end column, as reported
in Equation 3.15, but this time with the wavenumber obtained by consideration of the soil reactions as
in Equation A.40.
The dynamic stiffness of the rigid disk, used for the pile model in this dissertation, is that of the cone
model for a rigid foundation K̂fW z as presented in this appendix. The original Novak’s model [224]
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makes use of the approximate expression by Bycroft [225] that are consistent with the cone model
but limited to two values of Poisson’s ratio. Here, the “bedrock” representing the half-space at the
bottom of the pile has the same properties of the surrounding soil, which is consistent with the
pile being embedded in a homogeneous soil. It is customary in foundation analysis to define the




= Izz + iJzz (A.48)
These are compared in Figure A.2 with those obtained by a rigorous boundary element of a single
pile in a homogeneous and elastic half-space [2]. Although the comparison of the Novak’s pile
results are favourable in terms of the general frequency-dependence of the flexibility coefficients,
important differences up to 40 % may be found with the rigorous counterparts. Nevertheless, there is
experimental evidence [47, 226] suggesting that the pile-head driving-point response is adequately
captured up to approximately 100 Hz, which corresponds, for experiments carried out by Cryer [47],
Fig. A.2 Comparison of the vertical pile-head flexibility coefficients obtained by the Novak’s pile
model presented here and the rigorous model of Sen et al.[2]. The coefficients refer to a single
pile with Lp/r0 = 20, a ratio Ep/Es = 100, aratio ρp/ρs = 0.75 and a Poisson’s ratio νs = 0.4 for
the surrounding soil. The lower end of the pile is coupled to cone model of a rigid circular disk of
radius r0.
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to a0 ≈ 1. Differences at higher frequencies are observed and expected due to the shorter wavelengths
involved that make the assumption of the soil responding as independent, infinitely-thin layers invalid.

Appendix B
The Dynamic-Stiffness Method for portal-
frame structures
A rigorous building model in the form of a 2D portal-frame structure is discussed and adopted in
this dissertation. Here, the dynamic-stiffness method (DSM) is reviewed with reference to analytical
solutions [121] of an elastic bar and an Euler beam for the axial and bending response of a single
element as represented in Figure B.1.
Fig. B.1 Representation of a beam-bar element of length L in the global reference system x− z.
An element dynamic-stiffness matrix Ke relates the generalised forces f ,s,q to the respective
displacements u,w,ϕ at the ends of the element in the local reference system x′− z′.
A typical element of a 2D portal frame building is defined by its length L, cross-sectional area A,
second moment of area I, density ρ and Young’s modulus E.
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The governing equations for the dynamic equilibrium of an undamped bar and an undamped Euler








+ρAẅ(x, t) = 0 (B.1b)
For time-harmonic motion at frequency ω , the general solutions for the axial and bending motion
may be written respectively as:














+ k2A u(x,ω) = 0 (B.3a)
∂ 4w(x,ω)
∂x4
− k4B w(x,ω) = 0 (B.3b)



















VA and VB are the wave speeds of the axial and bending waves respectively. The solutions of
Equations B.3 may be written in the form [121]:
u(x,ω) = c1 eikAx + c2 e−ikAx (B.5a)
w(x,ω) = c3 ekBx + c4 eikBx + c5 e−kBx + c6 e−ikBx (B.5b)
with i =
√
−1 and the constants c1 to c6 to be determined. For the sign convention as in Figure B.1,
the rotation, the bending moment, the shear force and the axial force at a point x may be found as:
ϕ =−∂w
∂x
; q =−EI ∂
2w
∂x2
; s =−EI ∂
3w
∂x3





The generalised forces and displacements at the ends of the element may be written:
u1 = u; w1 = w; ϕ1 = ϕ; f1 =− f ; s1 =−s; q1 =−q; at x =−L/2 (B.7)
u2 = u; w2 = w; ϕ2 = ϕ; f2 = f ; s2 = s; q2 = q; at x = L/2 (B.8)
The generalised displacements may be written in terms of the unknown constants by means of



































































∴ ue = Mc



























































∴ fe = Nc
with r the radius of gyration of the cross section. The vector c collecting the unknown constants in
Equation B.10 may be eliminated by use of Equation B.9. A force-response relationship can then be




]−1 ue = Ke ue (B.11)
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with Ke the dynamic-stiffness matrix of the beam-bar element in the local reference system x− z.
In general, the element is part of a larger assembly that refers to a global coordinate system as in
Figure B.1. A coordinate transformation allows to refer to forces and displacements vectors in the
global reference system given the angle of orientation θ :
f(e)g = Rfe; u
(e)
g = Rue; with R =

cosθ −sinθ 0 0 0 0
sinθ cosθ 0 0 0 0
0 0 1 0 0 0
0 0 0 cosθ −sinθ 0
0 0 0 sinθ cosθ 0
0 0 0 0 0 1

(B.12)
with the transformation matrix R being orthogonal. The element dynamic stiffness matrix in the
global reference system follows by substitution of Equation B.11 into Equation B.12:
f(e)g = Rfe = RKe ue = RKe
[
R
]−1 u(e)g = RKe RT u(e)g = K(e)g u(e)g (B.13)
Appendix C
The Stiffness-Matrix Method for horizon-
tally layered media
A rather common representation of a layered ground is composed by a number of horizontal layers
overlying an half-space, as illustrated schematically in Figure 4.16, which are all assumed to be
homogeneous, linear-elastic and isotropic. In reality the ground is a complex structure intrinsically
heterogeneous and anisotropic. Moreover, the assumption that layering of the ground carries a specific
directionality (i.e. vertical) may be misleading and dependent strongly on the geological structure
of the site that is under investigation. Despite the actual complexity of the ground, a great deal
of existing literature on wave propagation in soils refers to the assumption of horizontally layered
media. Considering the purpose of this dissertation in the context of ground-borne vibration, this
model of the ground may be sufficient to capture the essential features of wave propagation in the
underground of a building’s site. Early developments for the response of such stratified media to
plane-wave excitation refer to the transfer matrix method of Thomson [227] and Haskell [228]. A
superior stiffness or impedance matrix method has been developed by Kausel and Röesset [189]. The
latter is, in principle, an exact method that provides mathematical expressions for the general response
of the layered system (i.e. displacement and/or stresses) that is free from errors [194]. However,
such expressions are intractable by analytical means and must be implemented numerically. In the
following, the method is reviewed, as it is used in this dissertation, starting from the equilibrium of
a homogeneous, linear-elastic and isotropic solid.
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C.1 The governing equations
Consider a Cartesian coordinate system, denoted by the axes x,y, and z, in which we define a homo-
geneous, linear-elastic and isotropic solid B of density ρ and Lamé constants λ ,µ with associated
displacement and force fields u(x, t) and f(x) respectively. The equilibrium, constitutive and com-
patibility equations of motion can be written in the following indexed form:
σi j, j +ρ fi = ρ üi (C.1)




(ui, j +u j,i) ; ωi j =
1
2
(ui, j −u j,i) (C.3)
with the infinitesimal strain tensor ε , the infinitesimal rotation tensor ω , the stress tensor σ and the
Kronecker symbol δi j . The index notation refers to the ith, jth axes in the coordinate system with a
comma- and dot-notation denoting a space and time partial-derivative respectively. By substitution
into the constitutive Equation C.2, the equations of motion can be written in terms of the displacement
field u(x, t) in vectorial form as:
(λ +µ)∇(∇ ·u)+µ∇2u+ρf = ρü (C.4)
which is known as the Navier’s equation. Introducing the scalar Φ(x, t), F(x) and the vector H(x, t),
B(x) potentials and following a Helmholtz decomposition, the displacement and force fields can be
written:
u = ∇Φ+∇×H with ∇ ·H = 0 (C.5)
f = ∇F +∇×B with ∇ ·B = 0 (C.6)
Substituting the latter expressions into Equation C.4 and neglecting any force field f(x) present in
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that represent the propagation of dilatational (Equation C.7) and rotational (Equation C.8) disturbances
with speed VP and VS respectively, otherwise known as compressional P-waves and shear S-waves.
For a plane-wave excitation in the x− z plane the any of the variables in the problem is independent
of the coordinate y. Moreover, for such excitation, the displacement field is uniquely defined by
the propagation of dilatational waves (P-waves), and rotational waves polarized in the vertical (SV-
waves) and horizontal (SH-waves) planes. Based on the plane-wave assumption, the following












Ḧp with p = x,z and Hx,x+Hz,z= 0 SH-waves (C.11)
Equations C.9 and C.10 are related to the 2D in-plane wave propagation that is uncoupled from the
2D out-of-plane wave propagation related to Equation C.11. For problems related to ground-borne
vibration, the in-plane wave propagation represents better the vibration field generated at the source
(i.e. train-line along y axis). For a time-harmonic plane-wave excitation, the relation between the
potentials in the time-space and frequency-wavenumber domain can be written as:
Φ(x,z, t) = Φ̃(kx,z,ω)ei(ωt−kxx)
Hy(x,z, t) = H̃y(kx,z,ω)ei(ωt−kxx)
(C.12)
with ω the angular frequency of the time-harmonic excitation, kx the wavenumber along the x axis,
and i =
√
−1. By substitution of the latter expressions into the respective Equations C.9 and C.10, the
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with kP and kS the wavenumbers related to the compressional and shear waves respectively. The
solution of the latter equations is in the form of incoming and outgoing waves:
Φ̃(kx,z,ω) = AI e−ikzPz +AR eikzPz (C.15)
H̃y(kx,z,ω) = BI e−ikzSz +BR eikzSz (C.16)
with kzP and kzS the wavenumbers along the z axis for compressional and shear waves respectively.
Equations C.15 and C.16 are harmonic solutions in the variable z of the potentials, which refer
impicitly to the case kx ≤ kP and kx ≤ kS respectively. Substitution of these solutions into the
respective C.13 and C.14, excluding the trivial solution related to zero-amplitude waves, gives the











The plane-wave propagation problem is then defined for a given horizontal wavenumber kx in that
the vertical wavenumbers can be retrieved from the dispersion relations in Equations C.17 and C.18.
Propagation of P- or S-waves in a full-space occupied by a homogeneous, isotropic and elastic material
remains undisturbed with an elastic state that relates to the propagating wave. Introducing boundary
conditions related to stress and/or displacement fields on a sub-domain of the body results in scattering
with the origination of different wave types.
C.2 2D in-plane wave Propagation in a Half-space
An example of boundary condition relates to a plane z = 0 being stress-free for the plane-wave
excitation previously examined. This is illustrated in Figure 4.2 where P- or SV-waves are impinging
the free-surface of a half-space. An incident P-wave, of amplitude AI , at an angle θP is reflected at the
free-surface with an outgoing P-wave of amplitude AR. Moreover, mode conversion occurs in that
an outgoing SV-wave at an angle θS and an amplitude BR is originated. Because of the plane-wave
assumption, the following relationship between the horizontal wavenumber and the directionality of
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the associated P- and SV-wave holds:
kx = kP cosθP = kS cosθS (C.19)
The same argument applies to the alternative case of an incident SV-wave. It is apparent that, in
general, for values of kx > kP and/or kx > kS the associated angle θP and/or θS are not real-valued.
In this case the potentials Φ̃ and/or H̃y are evanescent functions along the z axis. For instance, an
evanescent potential Φ̃ along the z axis is obtained when considering an incident SV-wave at θS < θ
(c)
S .
The latter is called critical angle and satisfies the condition γP cosθ
(c)
S = 1 with γP = VP/VS. The
critical angle assumes the value of π/3 for the soil properties in Table 3.1. In general, the values to be
assigned to kzP and kzS and used in Equations C.15 and C.16 may be summarised as in Table C.1.
P-wave SV-wave
kx ≤ kP kx > kP kx ≤ kS kx > kS
kzP =
√
k2P − k2x kzP =−i
√
k2x − k2P kzS =
√




kzP = kP sin θ̄P kzS = kS sin θ̄S
θ̄P = θP θ̄P =−θP θ̄S = θS θ̄S = θS
Table C.1 Values of the vertical wavenumbers kzP and kzS to be used in Equations C.15 and C.16
depending on the value of the horizontal wavenumber kx with respect to kP and kS. The angle of P-
and SV-waves θP and θS are obtained from Equation C.19 for a given value of kx.
C.2.1 The case of incident P- or SV-waves
For the case of incident plane P- or SV-waves at an angle θP or θS, the horizontal wavenumber kx
is uniquely defined by Equation C.19. Consequently, the vertical wavenumbers can be found from
Table C.1 and the solution can be obtained, in terms of potentials, from Equations C.15 and C.16
for the incident wave-amplitude AI or BI , the reflected wave-amplitude AR or BR and the originated
amplitude BR or AR. By imposing the free-stress condition at the free-surface of the half-space (z = 0),
one can obtain the reflected and originated amplitudes in terms of the incident P- or SV- incident
wave:
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sin2θ̄P sin2θ̄S − γ2P cos2 2θ̄aS






sin2θ̄P sin2θ̄S + γ2P cos2 2θ̄S
(C.20b)




sin2θ̄P sin2θ̄S − γ2P cos2 2θ̄S







sin2θ̄P sin2θ̄S + γ2P cos2 2θ̄S
(C.21b)
Our interest remains the vibration field generated by such wave propagation at the free-surface. This
can be obtained in terms of displacements ũ0 = [ũ0 w̃0] in the frequency-wavenumber domain by
consideration of Equation C.5:

















































C.2.2 The case of Rayleigh waves
For a homogeneous, linear-elastic, isotropic half-space an additional type of wave exists, which is
confined closely to the free-surface. This was first investigated by Rayleigh [79], who obtained a
characteristic equation and the travelling wave speed for such waves. The effects of Rayleigh waves
decrease rapidly with depth and their velocity of propagation is smaller than that of body waves,
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which depends only on Poisson’s ratio. This type of wave relates to the free-boundary condition of the
half-space, thus they arise further away from the source (i.e. far-field). Because of their evanescent
nature along the z axis, both the dilatational Φ̃ and rotational H̃y potential are evanescent and the
conditions kx > kP and kx > kS apply with the outgoing waves of amplitude AR and BR. The free-stress
condition can be written as: 
k2P sin2θ̄P AR + k
2
S cos2θ̄S BR = 0
cos2θ̄S AR − sin2θ̄S BR = 0
(C.24)
Solving the system in Equation C.24, the following non-trivial solution is obtained:
sin2θ̄P sin2θ̄S + γ2P cos
2 2θ̄S = 0 (C.25)
The latter is the denominator of Equations C.20 and C.21, which indicates Rayleigh waves may be
thought as the “natural mode” of the homogeneous and elastic half-space. The displacement vector in
















Retrieving the Rayleigh wave velocity VR for the homogeneous half-space from the characteristic
equation of Rayleigh [79] or from simplified expressions suggested by different authors [77, 78],
the horizontal wavenumber associated with a travelling Rayleigh wave is kx = kR = ω/VR. From
Equation C.19, θP and θS can be obtained as the complex angles associated with the evanescent
potentials Φ̃ and H̃y respectively. The displacement-field with the amplitude as in Equation C.26 is
characterised by a retrograde elliptical particle motion at the free-surface with out-of-phase horizontal
and vertical motion. A value of w̃0 ≈ 1.5 ũ0 is obtained for ν = 1/3.
C.3 Stiffness matrix formulation
Horizontal layering may be reduced to stress and/or displacement boundary conditions at z = z̄ in
the full-space for which the governing equations in Section C.1 hold. This is done in the stiffness
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matrix method [189, 194] where a relation between tractions and displacement at one (i.e. halfspace)
or two (i.e. layer) horizontal planes is obtained by cancellation of the unknown wave-amplitudes. The
formulation is in the frequency-wavenumber domain and, because of the plane-wave assumption,
variables in the time-space domain may be obtained by similar expressions to Equation C.12. From





 cos θ̄P sin θ̄S−sin θ̄P cos θ̄S

e
ikP sin θ̄Pz 0





cos θ̄P −sin θ̄S
sin θ̄P cos θ̄S

e
−ikP sin θ̄Pz 0






























 ũ = Tu ũ (C.28)








−ikP cos2 θ̄P −ikS cos θ̄S sin θ̄S
−ikP sin2 θ̄P ikS cos θ̄S sin θ̄S






−ikP cos2 θ̄P ikS cos θ̄S sin θ̄S
−ikP sin2 θ̄P −ikS cos θ̄S sin θ̄S
−ikP sin2θ̄P −ikS cos2θ̄S
E
R
z aR = SI E
I
z aI +SR E
R
z aR = SEz a
(C.29)
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λ +2µ λ 0
λ λ +2µ 0
0 0 µ
ε̃ = Qε̃ (C.30)










 σ̃ = Tσ Qε̃ (C.31)
C.3.1 Half-space
Let us re-consider the case of incident waves of amplitude aI as in Section C.2.1. The problem can
be equivalently approached by imposing the free-stress condition on the plane z = 0 making reference
to Equation C.31:
−σ̃|z=0 = 0 ⇔ −Tσ Qε̃|z=0 =−Tσ Q
[
SI EIz|z=0 aI +SR ERz |z=0 aR
]
= 0









Although the result is conceptually equivalent to what obtained in Equations C.20 and C.21, it refers to
the reduced stress and displacement vectors σ̃,ũ. The free-surface wave-field in terms of displacement,
equivalently to Equation , can be obtained as:
ũ0 = Tuũ|z=0 = Ra =⇒ ũ0 = [Tu]T Ra (C.33)
with ũ0 equivalent to the one obtained in Equations C.22 and C.23.
The dynamic stiffness matrix for the half-space element refers tractions and displacement vectors
at the free-surface in the reduced form as in Equations C.31 and C.28. The half-space responds to
a disturbance at the free-surface with outgoing waves of amplitudes aR. The displacement and traction
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vectors related to the outgoing wave-amplitude vector can be written as:
ũe = Tuũ|z=0 = Tu RR aR (C.34)
t̃
e
=−σ̃|z=0 =−Tσ Qε̃|z=0 =−Tσ QSR aR (C.35)








ũe = K̃e ũe (C.36)
C.3.2 Layer
Similarly to what seen for the half-space, the dynamic stiffness matrix of a layer with thickness
h can be obtained by seeking a relationship between traction and displacement vectors. The layer
displacement vector t̃e =
[
ũ|z=h ũ|z=0










z|z=h Tu RR ERz |z=h




















Similarly, the layer traction vector t̃e =
[
σ̃|z=0 − σ̃|z=0
]T collects the traction vector at z = h and
















z|z=h SR ERz |z=h
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By elimination of the unknown wave-amplitude vector a, the following dynamic stiffness matrix K̃e




























∴ t̃e = K̃e ũe
(C.39)

